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Abstract. The transmission of a vertex u in a connected graph G is defined as the sum of the
distances between u and all other vertices of a graph G. The reciprocal transmission of a vertex
u in a connected graph G is defined as the sum of the reciprocal of distances between u and all
other vertices of a graph G. In this paper, we introduce and study new topological co-indices
based on the transmission and reciprocal transmission of a vertex, such as transmission and re-
ciprocal transmission sum-connectivity co-indices, transmission and reciprocal transmission atom
bond connectivity co-indices, transmission and reciprocal transmission geometric-arithmetic co-
indices, transmission and reciprocal transmission augmented Zagreb co-indices, and transmission
and reciprocal transmission arithmetic-geometric co-indices. Further we obtain general formulae
for some graphs.
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1. Introduction

Topological indices are proved to be very useful in chemistry, biochemistry and nan-
otechnology in isomer discrimination, structure-property relationship, structure-activity
relationship and pharmaceutical drug design. According to the International Academy of
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Mathematical Chemistry, to identify whether any topological index is useful for prediction
of chemical properties, the correlation between the values of that topological index for dif-
ferent octane isomers and parameter values related to certain physicochemical property
of them should be considered. Generally octane isomers are convenient for such studies,
because the number of the structural isomers of octane is large enough to make the sta-
tistical conclusion reliable. Furtula and Gutman [5] showed that for octane isomers both
M; and F' yield correlation coefficient greater than 0.95 in case of entropy and acentric
factor. They also improved the predictive ability of these index by considering a simple
linear model in the form (M; + AF'), where A varies from —20 to 20.

For graph theoretical parameters, we refer the book [10]. Let G be a graph having
n vertices and m edges. Let V(G) be the vertex set and E(G) be the edge set of G.
The edge e joining the vertices u and v is denoted by e = uv. e is said to be incident
to u and v and u and v are called adjacent. The degree of a vertex u is the number of
edges incident to it and is denoted by d(u). The distance between the vertices u and v is
the length of the shortest path joining u and v and is denoted by d(u,v). The diameter
of G is the maximum distance between all pair of vertices of G and is denoted by diam(G).

A topological index is a numerical invariant of a given graph [13]. Particular topo-
logical indices include the Zagreb indices, ABC index, GA index, Balaban index, Harary
index, molecular topological index and Wiener index. Unless otherwise stated, hydrogen
atoms are usually ignored in the computation of such indices as organic chemists usually
do when they write a benzene ring as a hexagon.

In the literature, several degree based topological indices have been introduced and
studied [6]. The most studied degree based topological indices are the family of Zagreb
indices, [1-4, 7, 12, 17, 18, 20-24, 26-28]. The first and second Zagreb indices of a graph
G are defined by

M(G)= ) [du)+d)] and My(G)= 3 d(u)d(v),

weE(G) weE(G)
see [8].

The transmission (or status) of a vertex u € V(G), [9, 16], denoted by o(u), is defined

by
o(w)= > d(u,v).

veV(G)

The reciprocal transmission (or reciprocal status) of a vertex u € V(G), denoted by
rs(u), is defined by

1
rs(u) = Z TCROR

veV(G)
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The oldest transmission based topological index is the Wiener index [25] defined by

W(G) = Z d(u,v) = % Z o(u).

{u,w}CV(G) ueV(G)

The Wiener index is also called as gross status or total status, [9].

The transmission sum-connectivity index of a graph G, [19], denoted by Tsc(G), is
defined by

1
Tso(G) = _— .
5¢ uveZE;G) Vo(u)+o(v)

The transmission geometric-arithmetic index of a graph G, [11], denoted by Ta(G),

is defined by
Tea(G) = Z 2/o(u)o(v)

e B(G) o(u) + o(v)

The transmission arithmetic-geometric index of a graph G, [15], denoted by T4g(G),
is defined by

o(u)+o(v)
Tac(G) = oW+ o)
A6 UGZE:( & 2V (v)

The transmission atom-bond connectivity index of a graph G, [15], denoted by T4pc(G),
is defined by

Tapo(G) = Z o(u) +o(v) — 2.
weE(G)

The transmission augmented Zagreb index of a graph G, [15], denoted by T4z (G), is
defined by

L@ = Y [U( U(U)U(v)_ 2]3'

weE(G)

The reciprocal transmission arithmetic-geometric index of a graph G, [14], is denoted
by RT4c(G) and it is defined by

rs(u) + rs(v)

RT4c(G) = (1)

WeB(G) 2v/rs(u)rs(v)

The reciprocal transmission geometric-arithmetic index of a graph G, [14], is denoted
by RT4(G) and it is defined by

2y/rs(u)rs(v)

RIoa(@) = D, ot rsto)”

T
weE(G)

(2)
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The reciprocal transmission sum-connectivity index of a graph G, [14], is denoted by
RTsc(G) and it is defined by

RTsc(G) = ) (3)

1
WeB(G) Vrs(u) + ’I“S(U)'

The reciprocal transmission atom-bond connectivity index of a graph G, [14], is denoted
by RTapc(G) and it is defined by

rs(u) +rs(v) —2

RTapc(G) = Z (rl(U)rs(v) W

weE(G)

The reciprocal transmission augmented Zagreb index of a graph G, [14], is denoted by
RT47(G) and it is defined by

REr(@) = 3 [ rs(w)rs(v) r 5

weB@) rs(u) +rs(v) — 2

In the next section, we obtain bounds for the other transmission and reciprocal transmission-
based topological co-indices.

Now we define the following transmission and reciprocal transmission based topological
co-indices of graphs.

The transmission sum-connectivity co-index of a graph G, denoted by Tsc(G), is

defined by
1

(e) R S ———

wEB(C) o(u) +o(v)

The transmission geometric-arithmetic co-index of a graph G, denoted by Tga(G), is

defined by
TanlG) = Z 2/o(u)o(v)

wEB(G) o(u) + o(v)

The transmission arithmetic-geometric co-index of a graph G, denoted by T g (G), is
defined by

— o(u) + o(v)
Tac(G) = Z —_
WEB(G) 2\/o(u)o(v)

The transmission atom-bond connectivity co-index of a graph G, denoted by T 4pc(G),
is defined by

Tapc(G) = Z o(u) +o(v) — 2
wé¢E(G)
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The transmission augmented Zagreb co-index of a graph G, denoted by T4z (G), is
defined by

Taz(@G) = ) o) 1°
ol -2
w¢ E(G)
The reciprocal transmission arithmetic-geometric co-index of a graph G is denoted by

RT oc(G) and it is defined by

rs(u) + rs(v)

RTac(G) = ) (6)

WEB(G) 2¢/rs(u)rs(v)

The reciprocal transmission geometric-arithmetic co-index of a graph G is denoted by
RT¢A(G) and it is defined by

RTga(G)= ) W (7)

wenig) + rs(v)

The reciprocal transmission sum-connectivity co-index of a graph G is denoted by
RTsc(G) and it is defined by

_ 1
RTso(G) = ) :
wWEB(G) Vrs(u) +rs(v)

The reciprocal transmission atom-bond connectivity co-index of a graph G is denoted

by RT apc(G) and it is defined by

(8)

— u) +rs(v) —2
RT . (9)
ape(@ uvgézE: 7“8( )rs(v)

__ The reciprocal transmission augmented Zagreb co-index of a graph G is denoted by
RT oz(G) and it is defined by

— rs(u)rs(v) 3
RT 4z(G) = . (10)
AZ uvng:(G) [rs(u) +rs(v) — 2]

We have already obtained explicit formulae for transmission and reciprocal transmis-
sion based topological coindices in terms of order and size. In the following, we obtain
bounds for the above defined transmission and reciprocal transmission based topological
co-indices.
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2. Bounds for transmission and reciprocal transmission based
topological co-indices

Now we obtain inequalities for transmission and reciprocal transmission based topo-
logical coindices:

Theorem 1. Let G be a connected graph with n vertices and let D = diam(G). Then

1 J—
Tsc(G
“vg V2D(n —1) — (D = 1)(d(u) + d(v)) < Tso(G)

1
= Z \/471 d(u) + d(v)) 1

wé¢E(G
Equality holds on both sides if and only if diam(G) < 2.

Proof. For any vertex u of G, there are d(u) vertices which are at distance 1 from wu.
Further, the distance between u and remaining n — 1 — d(u) vertices is at least 2 and at
most D. Therefore

o(u) <d(u)+D(n—1—-d(u))=D(n—1)— (D —1)d(u)

and
o(u) > d(u)+2(n—1—d(u)) =2n—2—d(u)

with equality in both cases if and only if D = 2. Therefore,
dn —4 — (d(u) +dv)) < o(u) +o(v) <2D(n—1) — (D — 1)(d(u) + d(v)).

Hence

_ 1 1
T G) = - -
= 2 e © 2, VADm 1 (D ) T d))

and

Tsc(G) = - < -
D= 2 e S A, Vi T )

Equality holds in both cases if and only if D = 2.
Theorems 2, 3, 4 and 5 can be proved analogously to Theorem 1.

Theorem 2. Let G be a connected graph with n vertices and let D = diam(G). Then

2D(n —1) — (D —1)(d(u) 4 d(v)) — 2 Tapc(G

uv%G) (n 1))2 - D(n - 1)(D - 1)(d(u) + d(U) - (D o 1)2d(u)d(7)) : ABC( )
4n — 6 — (d(u) + d(v))

< D, 4n? — 8n — 4+ (2 — 2n)(d(u) + d(v)) + d(u)d(v)’ -

uvéE(G
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Theorem 3. Let G be a connected graph with n vertices and let D = diam(G). Then

Z 2D(n—1) — (D —1)(d(u) + d(v)) < Tus(G)
w¢E(G) 2\/(D(n — 1)) = D(n—1)(D —1)(d(u) + d)) + (D — 1)2d(u)d(v)
< Z dn — 4 — (d(u) 4+ d(v)) (13)

wiB(E) 2+/(2n — 2 —d(u))(2n — 2 — d(v))

Theorem 4. Let G be a connected graph with n vertices and let D = diam(G). Then

> [(D(n —1))* ~ D(n — 1)(D — )(d(w) + d(v)) ~ (D — D2d(w)d(v) ]

< Taz(G)
wiB(G) 2D(n — 1) + (D = 1)(d(u) + d(v)) — 2 ] v

<

TL2— n — —2n u v u v
3 [4 8n— 4+ (2 —2n)(d( )Zd( )) + d(uw)d( )} (14)

wEB(G) dn — 6 — (d(u) + d(v))

Theorem 5. Let G be a connected graph with n vertices and let D = diam(G). Then,

T 2y/(D(n —1) = (D = 1)d(u)) (D(n — 1) — (D = 1)d(v))
9D(n— 1) — (D — 1)(d(u) + d(v))

< Tga

uwwéE(G)

2¢/(2n — 2 —d(u)) (2n — 2 — d(v))
Z dn — 4 — (d(u) + d(v)) '

(15)
uw¢E(G)

Theorem 6. Let G be a connected graph with n vertices and let diam(G) = D. Then,

1 —
< RTsc(G) <
W;E(c) \/ (n— 1) + 3(d(u) + d(v))

> ! . (16)

weB(@) /255 4 (1 - &) (d() + d(v)

Proof. Lower bound: For any vertex u of G there are d(u) vertices which are at
distance 1 from u and remaining n — 1 — d(u) vertices are at distance at least 2. Therefore
rs(u) < 2(n— 1+ d(u)) and rs(u) +rs(v) < (n — 1) + 2(d(u) + d(v)). We have

1
RTs0(G) = )
wEB(C) Vrs(u) + rs(v)
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1
UU%G) V= 1)+ () + d(v))

Upper bound: For any vertex u of G there are d(u) vertices which are at distance 1
from u and remaining n — 1 — d(u) vertices are at distance at most D. Therefore rs(u) >

L(n—1)+ (1 — 3)d(u) and rs(u) +rs(v) > @ + (1= 3) (d(u) + d(v)). We have

>

1

RTsc(G

Theorems 7, 8, 9 and 10 can be proved analogously to Theorem 6:

Theorem 7. Let G be a connected graph with n vertices and let diam(G) = D. Then

2(n — 1) +d(u) +d(v) —4) —
e G0 = D)+ dw) + ddy) = TS
200 4 (1— L) (d(u) + d(v)) —
D D . 17
P J B e D e s Ty

Theorem 8. Let G be a connected graph with n vertices and let diam(G) = D. Then

(n—1)2+ (n — 1)(d(u) + d(v)) + d(u)d(v)
> | 5

3
2(2(n—1)+d(u) +d(v) — ] < RTAz(G) <

w¢E(G)

Lin—1))"+(1-
Z !(D( )) 2(751
Q)

uvg E(

Theorem 9. Let G be a connected graph with n vertices and let diam(G) = D. Then

2(n —1) 4 (d(u) + d(v)) < BT4a(G) <
ung: o/ —1tdw)n—1tdw)y — = =

2l 4 (1- ) +d( )
M¢E @2/ (Hn-1)"+ 5 —1) (1-5) )+ (1— %) d(u)d(v)
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Theorem 10. Let G be a connected graph with n vertices and let diam(G) = D. Then

Z 2¢/(n —1+d(u))(n—1+d(v))
2(n—1) + (d(u) + d(v)) -

A

WGA(G) <

uwe E(G)

> 2/ (5(n—1)+ <n—1> (1- )(d( )+ d() + (1= 2)° d(u)d(v)
wB(G) 20 1 (1- ) (d(w) + d(v))

3. Transmission and reciprocal transmission based topological co-indices
of some graphs

For any vertex u of a complete graph K,, we have o(u) = n — 1. Hence we get the
following result:

Proposition 1. For a complete graph K, on n vertices,

Tsc(K,) =0, Tapc(Ky) =0, Tac(K,) =0, Taz(K,) =0,
Taa(Ky,) =0, RTsc(Ky) =0, RT apc(K,) =0, RT aq(K,) =0,
RT 4z(K,) =0, RTga(K,) =0.

The vertex set of a complete bipartite graph K, , can be partitioned into two sets V;
and V3 such that every edge of K, , has one end in V; and other end in V3, where |Vi| = p
and |Va| = ¢. If the vertex w € V; and v € V3, then d(u) = p and d(v) = q. Recall that
the graph K, has n = p+ ¢ vertices and m = pq edges. Also diam(K) ,) < 2. Therefore
by the equality part of Theorems 1, 2, 3 and 4, we get the following result

Proposition 2. For a complete bipartite graph K, 4, we have

Toctin) = (("3") 1) gy

Tanctiin) = ((737) -m)\ e vy
Tac(Kpq) = ((p ; q) - pq> (2\/(;, i ziip:rl;]))(q j 2(p - 1))) ’
roit = (7)) (MEEGEET),
Pt = (3% ) (B2 ER).

e = () ) ()
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- p+q 5(p+4q) -3
RT Apc(Kpq) = << q)\/p—i—Q (g—1)(g+2(p—1))°
 ((p+a Sp+q) -1
Tac(Kpq) (( pq) (2\/ +2(q - ))(q+2(p—1))>’
s = (7)) (“EHREED)

3
= _ ((r+aq\ (P+2(¢—1))(g+2(p—1))
Flazlfpa) = << 2 > pq)( Sp+q) -3 )

For any vertex u of a cycle C, on n > 3 vertices, we have

2[1+2+...+"T*1}+%:”T, if n is even
+ 171 = ol if pis odd
and

m
P) l 2 . .
2) ;2 7+, if nis even

2525 L if nis odd.

Proposition 3. For a cycle Cp, on n > 3 vertices, we have

Tsc(Ch) ((g) —n) \/nz% if n is even
L@ =) \/% if nis odd
M —n) /2 i nis even
T apc(Cp) = ((i) ) 8(ng4— — i
((5) —n) wZ=1)2" if n is odd

((3) —n) (g(n%:l )3, if n is even
((n2—1)2)3 i .
g , if n is odd

Tac(Cp) = (Z) —n) for any value of n.

1066
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((5) =n) ——=

— if nis even
SC’( n)* ((721) —n) 173_1 , if n is odd
20/, 3 %

n—2
((g) —n) Zi:},j—i_%_lg, if n is even
Yo IR

n 2 nT_lll
() —n) |22y

i=1_ G __

\ 2( P 1)2, if n is odd
i=1 7

, if n is even
"z 1_+A)_

i=1 4 n

RT 4z (Cy) =

) if nis odd
252 1

—n> for any wvalue of n

RTca(Cr) = ((Z) —n) for any value of n

A wheel W, 11 is a graph obtained from the cycle C,,, n > 3, by adding a new vertex
and making it adjacent to all the vertices of C,. The degree of a central vertex of W11
is n and the degree of all other vertices is 3. Hence

Proposition 4. For a wheel W41, n > 3,

Tsc (Wny1) = (<n;r 1) - 2”) !

VAn =6’

Tapc (Wyt1) = ((n o

5 4dn — 8
— n —
2 V 4n2 — 12n+9’

(31 o) ()

4dn — 8

Taz Wai1)

1067
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Taa (Whyr) = <(n;1> - 2n> <2W> ;

Tag (Wns1) = ((n; 1> a 2n> (2%%) 7

n+1 n+3

J%TAG(WnH):(( 2 )_2n> 2y/(3+ 4(n —3))” |

n+1> _2n> 2\/(3+%(n—3))2

RT apc (Was1) = <<“‘2“ 1> N 2n> \/(3 - z(—; i 3)"

= (1)) (244552%)

1068

A friendship graph (or Dutch windmill graph) F,, n > 2, is a graph that can be
constructed by coalescence n copies of the cycle C5 of length 3 with a common vertex. It
has 2n + 1 vertices and 3n edges. The degree of a coalescence vertex of F), is 2n and the

degree of all other vertices is 2.

Proposition 5. For a friendship graph F,,, n > 2,

— 2n+1 1

Toctt = () -90) 5=
- 2n+1 4n — 3
Tanett = (') ~3) Voo va

_ om+1 8n2 — 8n+2\°
rana- (7)) (52
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RT spc(Fy) = ((2”; 1) - Bn) ﬂ

= () ) (25)'
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