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1. Introduction

Let G = (V(G),E(G)) be a simple graph and v € V(G). The open neighborhood
of v in G is the set Ng(v) = {u € V(G) : wwv € E(G)} and the closed neighborhood
of v is the set Ng[v] = Ng(v) U{v}. For X C V(G), the open neighborhood of X in
G is the set Ng(X) = N(X) = U N¢g(v) and its closed neighborhood is the the set

veX

NglX] = N[X] = N(X)U X. Aset D C V(G) is a dominating set in G if for every
v € V(G) \ D, there exists u € D such that wv € E(G), that is, N[D] = V(G). The
minimum cardinality of a dominating set in G, denoted by ~(G), is the domination number
of G. Any dominating set in G of cardinality v(G) is referred to as y-set in G.

The theory of independent domination was formalized by Berge [1] and Ore [9] in
1962. The independent domination number and the notation i(G) were introduced by
Cockayne and Hedetnieme [2]. Let G be a connected graph. A dominating set S in G is
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an independent dominating set of G if no two vertices in S are adjacent, that is, S is an
independent set. The independent domination number i(G) of a graph G is the minimum
cardinality of an independent dominating set.

A domination parameter called fair domination was introduced by Caro, Hansberg,
and Henning [4] in 2012. For an integer k > 1, a k-fair dominating set (kfd-set) is a
dominating set S C V(G) such that |[N(u) N S| = k for every u € V(G)\S. The k-fair
domination number of G, denoted by ~irq4(G), is the minimum cardinality of a k fd-set.
Clearly, k < yr4(G) < [V(G)|.

In 2014, Maravilla, Isla, and Canoy [6] characterized the k-fair dominating sets in the
join, corona, lexicographic product, and Cartesian product of graphs and determined the
bounds or exact values of the k-fair domination numbers of these graphs. Two variants
of k-fair domination, namely connected k-fair domination and neighborhood connected
k-fair domination, were studied by Bent-Usman, Gomisong, and Isla [3] in 2018 and by
Bent-Usman, Isla, and Canoy [7] in 2019, respectively.

Another domination parameter is the semitotal domination of graphs introduced by
Goddard, Henning, and McPillan [5] in 2014. For a graph G with no isolated vertices, a
set S C V(G) is a semitotal dominating set in G if S is a dominating set in G such that
for every x € S there exists y € S\ {z} such that dg(z,y) < 2. In 2019, Aniversario,
Canoy, and Jamil [8] characterized the semitotal dominating sets in the join, corona, and
lexicographic product of graphs.

Let G be a graph without isolated vertices. A set S C V(G) is a semitotal k-fair
dominating set in G, if S is a k-fair dominating set in G and for every = € S, there
exists y € S\ {z} such that d(z,y) < 2. The semitotal k-fair domination number of G,
denoted by 7}3((}), is the minimum cardinality of a semitotal k-fair dominating set. A
semitotal k-fair dominating set of cardinality fy,tff(G) is called a minimum semitotal k-fair
dominating set or a ’y}gp—set.

Let G be a connected graph. A set S C V(G) is an independent k-fair dominating
set in G if S is a k-fair dominating set in G and if no two vertices in S are adjacent.
The independent k-fair domination number of G, denoted by vlif(G), is the minimum
cardinality of an independent k-fair dominating set. An independent k-fair dominating
set of cardinality 'y,if(G) is called a minimum independent k-fair dominating set or a
'y,’; f—set.

The join G + H of two graphs G and H is the graph with vertex-set V(G + H) =
V(G)UV (H) and edge-set E(G + H) = E(G)UE(H)U{uv : u € V(G),v € V(H)}. The
corona of two graphs GG and H, denoted by G o H, is the graph obtained by taking one
copy of G of order n and n copies of H, and then joining the i-th vertex of G to every
vertex in the i-th copy of H. For every v € V(G), we denote by HY the copy of H whose
vertices are joined or attached to the vertex v. For each v € V(G), the subgraph (v) + H"
of G o H will be denoted by v + HY. The lexicographic product of two graphs G and
H, denoted by G[H], is the graph with vertex set V(G[H]|) = V(G) x V(H) and edge
set F(G[H]) satisfying the following conditions: (u1,v1)(ug,v2) € E(G[H]) if and only if
either ujus € E(G) or uy = ug and vivy € E(H). The Cartesian product of two graphs
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G and H, denoted by GOH, is the graph with vertex-set V(GOH) = V(G) x V(H) and
edge-set E(GOH) satisfying the following conditions: (u1,v1)(ug,ve) € E(GOH) if and
only if either ujus € E(G) and v1 = v9 or u; = ug and vive € E(H).

2. Preliminary Results

Remark 1. Any semitotal kfd-set is a kfd-set, where k is a positive integer.

Theorem 1. Let G be a nontrivial connected graph. Then ’yﬁ(G) = 2 if and only if
there exist adjacent vertices a and b such that Ng(a) N Ng(b) = @ and V(G) \ Ngla] =

Ne(b) \ {a}.

Proof. Suppose 'y%(G) =2. Let S = {a,b} be a Vﬁc—set of G. Since S is a 1fd-set, no
vertex v € V(G)\ S with v € Ng(a) N Ng(b) exists, i.e., Ng(a) N Ng(b) = @. This implies
that ab € E(G) because S is a semitotal dominating set. Moreover, V(G) \ Ngla] =
Na () \ {a} (or V(G) \ Ng[b] = Ng(a) \ {b}) because S is a dominating set.

The converse is clear. O

Corollary 1. ’yﬁc(Kg) = 7{?([(1 +(K1UH)) = fyﬁ(Kg o H) =2 for any graph H.

Lemma 1. [6] Let G be a connected graph of order n > 1 and let k be a positive integer
such that k¥ < n. Then:

(i) k < ykpa(G) <.
(i1) vrfa(G) =k if and only if G has a kfd-set S with |S| = k.
(¢43) If virq(G) = n, then G has no vertex of degree k.

Theorem 2. Let G be a connected graph of order n > 2 and let k be a positive integer
with 2 < k < n. Then *y,tjp(G) =k if and only if n = k or G = Hy + Hy for some graphs
H, and Hy with |V (Hy)| = k.

Proof. Suppose fyﬁ[(G) = k. Suppose further that £k < n. Let S be a ’yﬁ[—set of G.
Then |S| = k. Set H; = (S) and Hs = (V(G) \ S). Since S is a k-fair dominating set of
G, it follows that V(G) \ S C Ng(v) for each v € S. Hence, G = H; + Ho.

For the converse, suppose that G = H; + Hs where |V(H;)| = k. Then clearly,
S = V(H;) is a k-fair dominating set of G. Let z,y € S with  # y. Suppose zy ¢
E(G). Pick any z € V(Hz). Then z € Ng(z) N Ng(y). This implies that dg(x,y) = 2.
Therefore, S is a semitotal kfd-set of G. By Lemma 1 (ii), S is a ’y}gp—set of G, that is,
WG =S| =k -

Corollary 2. Let G be a connected graph of order n > 3. Then 7530(6’) = 2 if and only if
G =Ky+ H or G =Ky + H for some graph H.
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Proof. Suppose 7%?((1) =2,say S ={a,b}isa véi—set of G. Let H = (V(G) \ S). Since
S is a 2-fair dominating set, V(H) = V(G) \ S € Ng(a) N Ng(b). Since S is a semitotal
2-fair dominating set, either ab € E(G) or dg(a,b) = 2. Thus, G = Ko+H or G = Ko+ H.
For the converse, suppose G = Ky + H or G = K, + H. Then clearly, 7530(6‘) =2. 0

Theorem 3. Let G be a connected graph of order n > 2 and let k > 2. Then S C V(G)
is a semitotal k fd-set if and only if it is a kfd-set. In particular, ’y}g[(G) = Yerd(G).

Proof. Suppose S is a semitotal kfd-set. Then S is a kfd-set by Remark 1. For the
converse, suppose S is a kfd-set. Let z € S. If Ng(z) NS # @, then there exists w € S
such that dg(z,w) = 1. Suppose Ng(z) NS = &. Let v € Ng(z). Then v € V(G) \ S.
Since S is a kfd-set and k > 2, there exists u € S\ {z} such that wv € E(G). Hence,
da(z,u) = 2. Thus, dg(x,z) < 2 for some z € S. Therefore, S is a semitotal kfd-set of
G. Accordingly, 'yﬁc(G) = Yera(G). O

Remark 2. Not every connected graph of order n admits an independent k fd-set, where
k is a positive integer and 1 < k < a(G), where o(G) is the independence number of G.

To see this, consider Cy. 71£4(C4) = 2 but C4 has no independent 1fd-set.

Theorem 4. Let G be a connected graph of order n and let k be a positive integer with
1 <k < a(G). Then G admits an independent kfd-set (and hence, VIif (G) = k) if and
only if G = K, + H for some graph H.

Proof. Suppose G admits an independent kfd-set, say S = {a1,aq,...,ar}. Let H =
V(G)\ S). Since S is a kfd-set, V(H) = V(G) \ S C Ng(a;) N Ng(a;) for all 4,5 =
1,2,....,k and i # j. Since S is an independent kfd-set of G, |[Ng(S) N S| = @. Thus,
G=K,+H.

For the converse, suppose G = K + H for some graph H. Then clearly, S = V(K})
is an independent k fd-set of G and 'y,if(G) = k. O

Theorem 5. Let G be a connected graph and suppose G admits an independent 1fd-set.
Then 1 < vif(G) < a(G). Moreover,

(1) wif(G) =1 if and only if G = K1 + H for some graph H, and

(17) yif(G) = a(G) > 2 if and only if G has a maximum independent set such that
dg(x,y) > 3 for each pair of vertices x,y € S with x # y, and no other independent
set satisfies this property.

Proof. Let S be a fyff—set. Since S is an independent set, 1 < |S| = ’y{'f(G) < o(G).
(7) is an immediate consequence of Theorem 4.
(73) Suppose 'y{f(G) = a(G) > 2. Let S be a ’y{'f—set of G. Then S is a maximum
independent, set of G. Let z,y € S with x # y. Since S is an independent 1 fd-set,
dg(z,y) > 3.
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For the converse, suppose that G has a maximum independent set S such that dg(x,y) >
3 for all x,y € S with x # y, and that no other independent set satisfies this property.
Then S is a dominating set of G. Let z € V(G) \ S. Then there exists v € S N Ng(2).
Since dg(v,y) > 3 for all y € S\ {v}, Ng(2) NS = 1. Thus, S is an independent 1 fd-set
of G. Hence, yff(G) < |S| = a(G). By the additional property, yff(G) = a(G). O

Since K,, = Kj + K,,—1 and a(K,,) = 1, the next result immediately follows.
Corollary 3. For any positive integer n > 1, ﬂf(Kn) =1.
Remark 3. Any independent kfd-set is a kfd-set, where k is a positive integer.

Theorem 6. Let G be a connected graph with |V(G)| > 4 and suppose G admits an
independent 1fd-set. Then vif(G) = 2 if and only if there exist non-adjacent vertices a
and b of G satisfying the following conditions:

(i) Ngla] U Nglb] =V (G)
(11) Ngla] N Nelb) =2

Proof. Suppose S = {a,b} is a v poset of G. Since S is a dominating set, Condition
(7) holds. Suppose there exists y € Ng[a] N Ng[b]. Then dg(a,b) = 2, contrary to the fact
that dg(a,b) > 3 since S is an independent 1fd-set. Thus, Condition (i) holds.

For the converse, suppose that S = {a, b} satisfies Conditions (z) and (i7). Then clearly,
M f(G) =2. u

Theorem 7. For any positive integer n > 1, fyff(Pn) =53]

Proof. Let P, = {1)1,1)2,1')3,...,1)71}. Clearly, yff(Pl) = "}/{f<P2) = ’)/if(Pg) = 1. Let
n > 3 and consider the following cases:
Case 1: n=3r

Group the first 3r vertices of P, into r disjoint subsets

S1 = {vi,v2,v3,}

Sy = {v4,v5,06}
Sr—1 = {v3p_5,V37-4,V3,_3}
Sr = {v3r—2,V3-1,03: }.

For every induced subgraph (v;, viy1, viyo) of P,, where i = 1,4, ..., 3r —2, the vertices v;y;
form an independent 1-fair dominating set of P,,. Thus, the set T' = {va, vs, ..., U3yp_4, U371}
is an independent 1-fair dominating set of P,. Since |T'| = r, +! #(P) < r. Note that every
three adjacent vertices in P,, can be dominated by a single vertex. Thus, every independent
1-fair dominating set of P,, contains at least [%] vertices. Hence, ~} #(Pn) > [3] =r. Thus,

My(Pn) =151
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Case 2: n=3r + 2

In Case 1, the set T is a 'y{f—set of the induced subgraph (v1,ve, ..., vs,) of P,. Since
n = 3r + 2, the set TU {vz, 42} is a vif—set of P,. Thus, ’yff(Pn) =r+1=[3£2] =[2].
Case 3: n=3r+1

Consider the grouping of the first 3r vertices of P, given in Case 1. The set S =
{v1,v4, ..., 03,2} U{v3,41} is an independent 1-fair dominating set of P,. Thus, fo(Pn) <
IS|+1 =7r+1=[2H] = [2] Note that each of the first 7 — 1 induced subgraph
(Vi Viy1,viy2) can be dominated by a single vertex, while the induced subgraph (vs,_o,
U3p—1, U3p, U3,41) can be dominated by the vertices vs,_s and vs,4+1. Thus, every independent
1-fair dominating set of P, contains at least (r — 1) +2 = r + 1 = [22H] = [2] vertices.

Hence, ’yif(Pn) > [%]. Therefore, fyif(Pn) = [2]. .
Corollary 4. For any positive integer n = 0 (mod 3), fy{f(()’n) = 3.
Proof. Immediately follows from Case 1 of Theorem 7. 0

The following results are used in the succeeding sections.

Theorem 8. [6] Let G and H be nontrivial connected graphs of orders m and n, respectively,
and k a positive integer with 1 < k < maz{m,n}. Then S C V(G + H) is a kfd-set in
G + H if and only if one of the following holds:

(a) S=V(G+H).

(b) SCV(Q), |S| =k and S is a kfd-set in G.
(¢ SCV(H),|S|=k and S is a kfd-set in H.
)

(d) S=SgUSpy, where Sg is a (k— |Su|)fd-set in G and Sy is a (k — |Sg|) fd-set in
H.

() S=V(G)UT, where |V(G)|=m < k and T is a (k —m) fd-set in H.
(f) S=DUV(H), where |V(H)|=n <k and D is a (k —n)fd-set in G.
Theorem 9. [6] Let G and H be nontrivial connected graphs and let k be a positive

integer with k < |V (H)|. Then C CV(Go H) is a kfd-set in G o H if and only if one of
the following holds:

(a) C =V(G)UB, where B= & or B = U Sy, where each Sy is a (k—1)fd-set in
veV(Q)
H".
(b) C = U Sy, where each Sy is a kfd-set in HY and |S,| = k.
veV(Q)

Theorem 10. [6] Let G and H be nontrivial connected graphs. Then C = U ({x}xTy) C

€S
V(G[H]) is a kfd-set in G[H] if and only if the following hold:
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(i) S is a dominating set in G.

(1) For each x € SN Ng(S), T, = V(H) and |V(H)| = r < k whenever C # V(G[H])
or Ty is an rfd-set and Z T, =Fk—r.
zE€Ng(z)NS

(tit) For each x € S\Ng(S), T, = V(H) and |V(H)| <k or |T,| =k and T, is a kfd-set
m H.

(iv) For each y € V(G)\S, Z |T,| = k.
vENg(y)NS

Corollary 5. [6] Let G and H be nontrivial connected graphs. Then C = U {z}xT,) C
€S

V(G[H]) is a 1fd-set in G[H] if and only if S is a 1fd-set in G, SN Ng(S) =2, Ty is a
dominating set of H, and |T;| =1 for each x € S.

Theorem 11. [6] Let G and H be nontrivial connected graphs of orders m and n,
respectively, and k a positive integer with 1 < k < min{m,n}. Then C = U [{x} x

zeV(G)
T.) CV(GOH) is a kfd-set in GOH if and only if

(i) VIH\T: € Nu(T2) U (Ueng ) T%) for each z € V(G), and

(i4) For each x € V(G), T, = V(H) or for each a € V(H)\Ty, either |[Ngy(a) NT,| =k
and |[{z: z € Ng(z),a € T,}| =0 or |[Ng(a) NTy| =r <k and a € ﬂf:f Ty,, where
x; € Ng(z) fori=1,2,...k—1r .

Corollary 6. [6] Let G and H be nontrivial connected graphs of orders m and n,
respectively, and k a positive integer with k < min{m,n}. Then

Vepa(GOH) < min{n - vea(G),m - yipa(H)}-

3. Semitotal 1-Fair Domination

In view of Theorem 3, which shows that the concept of semitotal k-fair dominatioin
coincides with the notion of k-fair domination when k& > 2, this section investigates
semitotal k-fair domination in graphs only for k = 1.

The following remark is an immediate consequence of Remark 1 for £ = 1.

Remark 4. For any connected graph G of ordern > 2, v154(G) < 'nyf(G) and ’yﬁ(G) > 2.

The succeeding two results are easy to verify.
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Proposition 1. Let n and r be positive integers where n > 2 and r > 1. Then

2, 2<n<4

2r, n =A4r

2r+1, n=4r+1

2r+2, n=4r+2, 4r + 3.

'Y%‘(Pn) =

Proposition 2. Let n and r be positive integers where n > 3 and r > 1. Then

3, n=3
27, n =A4r
'yﬁc(Cn) =<¢2r+1, n=4r+1
2r+2, n=4r+42
(2r +3, n=4r+3.

Theorem 12. Let a and b be positive integers such that 2 < a < b. Then there exists a
connected graph G such that v1£4(G) = a and 'yﬁ[(G) =b.

Proof. Consider the following cases:
Case 1. a=1b

Let G = G1 be the graph shown in Figure 1.

T Z2 T3 T4 Ta—1 Tq

Figure 1: A graph G with v1£4(G) = a = 'yﬁc(G) =b

It is clear that the set A = {x1, %2, ...,Zq—1,Zq} is both a 1 ¢4-set and a 'yﬁ- set in GG1.
It follows that v, 74(G) = a = fyﬁf(G) =b.
Case 2. a<b

Let G = G2 be the graph shown in Figure 2.

T X9 T3

Y1 Y2 Y3 Yo—a
Figure 2: A graph G with y174(G) = a < 7{3(G) = b

Let A = {x1,22,...,2.}. It is clear that the set A is a 7iq-set and the set B =
(A\ A{zo}) U{v} U{y1,y2, Y3, .., Yp—a } Is a 'yﬁe—set in G. It follows that v ¢4(G) = |A| = a
and 7{3(G) = |Bl|=(a = 1)+ 1+ (b—a) =b. O
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Corollary 7. yﬁc — Y14 can be made arbitrarily large.

We now characterize the semitotal 1-fair dominating sets in the join, corona, lexicograph-
ic product, and Cartesian product of graphs in this section. We also establish the exact
value or sharp bounds of the corresponding semitotal 1-fair domination number.

Theorem 13. Let G and H be any two graphs of orders m and n, respectively. A set
C CV(G+H) is a semitotal 1 fd-set of G+ H if and only if C =V (G+H) or C = {v,w}

for some isolated vertices v and w of G and H, respectively.

Proof. Immediately follows from yﬁ(G + H) > 2 and Theorem 8. O

Corollary 8. Let G and H be any graphs of orders m and n, respectively. Then vﬁc(G—i—
H) =2 if G and H both contain isolated vertices and 'yﬁ(G + H) = m + n otherwise.

Theorem 14. Let G be a nontrivial connected graph and H be any graph. Then C' C
V(G o H) is a semitotal 1fd-set in G o H if and only if C =V (G) or C =V (Go H).

Proof. Suppose C C V(G o H) is a semitotal 1fd-set in Go H. Then C is a 1fd-set in
G o H. It now follows by Theorem 9 that C' =V (G) or C =V (G o H).
The converse is obvious. g

Corollary 9. Let G be a nontrivial connected graph and H be any graph. Then
VA(G o H) = [V(C)).

Theorem 15. Let G and H be nontrivial connected graphs. A set C C V(G[H]) is a
semitotal 1fd-set of GIH] if and only if C = V(G[H]).

Proof. Suppose C = U ({z} x T,) is a semitotal 1fd-set of G[H]. Then S is a

z€eS
1fd-set of G, SN Ng(S) = @, T, is a dominating set of H, and |T,| = 1 for each

x € S, by Corollary 5. Suppose C # V(G[H]), say there exists (y,a) € V(G[H]) \ C.
If y ¢ S, then |[Ng(y) N S| = 1 because S is a 1fd-set of G. Let Ng(y) NS = {z}
and let T, = {b}. Since C is a semitotal 1fd-set of G[H], there exists (w,c) € C such
that dgg)((2,0), (w,c)) < 2. Now, since SN Ng(S) = @ and w € S\ {z}, it follows
that dg(z,w) = 2 (that is, dga)((2,b), (w,c)) = 2). Let u € Ng(z) N Ng(w). Then
u € V(G)\ S. Since z,w € Ng(u) NS, S is not a 1fd-set, a contradiction. Suppose
y € S. Then |T| = 1. Again, since C is a semitotal 1fd-set of G[H], SN Ng(S) = @, and
|T,| = 1, there exists p € Ng(y) NS such that dg(y,p) = 2. This implies that there exists
g€ V(G)\ S (g € Ng(y) N Ng(p)) such that |Ng(q) NS| > 2, contrary to the fact that S
is a 1fd-set of G. Thus, C = V(G[H)).

The converse is clear. O

Corollary 10. Let G and H be nontrivial connected graphs of orders m and n, respectively.
Then ’yﬁc(G[H]) =m-n.
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Theorem 16. Let G and H be nontrivial connected graphs. Then C' = U {x} xT,] C
z€V(G)
V(GOH) is a semitotal 1fd-set of GOH if and only if:

(i) V(H\T: S Nu(T)U( | T2) for each x € V(G);
z€NgG(z)

(13) for each x € V(G), T, = V(H) or for each a € V(H)\T,, either |[Ng(a)NTy| =1
and {z : z € Ng(x),a € Tp} = &, or Ny(a) NT, = @ and a € T, for exactly one
y € Ng(x); and

(791) for each x € V(G) and for each a € Ty, there exists b € T, such that ab € E(H) or
there exists y € Ng(x) such that a € Ty,.

Proof. Suppose C = U [{z} x T;] € V(GOH) is a semitotal 1fd-set in GOH.
zeV(G)

Since C' is a 1fd-set in GOH, Conditions (i) and (i) hold by Theorem 11. Let x €
V(G). Suppose there exists a € T, such that for all b € T, ab ¢ E(H) and for all
y € Ng(z), a ¢ T,. Since C is a semitotal dominating set, there exists (x,c) € C such
that deom ((x,a), (x,¢)) = 2 or there exists (z,a) € C such that dgom ((z,a), (2,a)) = 2
or there exist y € Ng(x) and b € T}, such that deou ((z,a), (y,b)) = 2, where (y,b) € C.
However, in each of these cases, there exists (w,d) € V(GOH)\C such that |[Neom (w,d)N
C| > 2, contrary to the assumption that C' is a 1fd-set. Hence, Condition (#i7) must be
satisfied.

For the converse, suppose Conditions (4), (¢7), and (i27) hold. By Theorem 11, (¢) and
(74) imply that C'is a 1 fd-set in GO H, while (iii) implies that C' is a semitotal dominating
set. Thus, C' is a semitotal 1fd-set in GUH. 0

Corollary 11. Let G and H be nontrivial connected graphs. Then Cy = S1 x V(H) and
Cy = V(Q) x Sy are semitotal 1fd-sets in GOH if and only if S1 and S are 1fd-sets in
G and H, respectively.

The following result is an immediate consequence of Corollary 11.

Corollary 12. Let G and H be nontrivial connected graphs. Then
1WHGOH) < min{|V(H)| - 7174(G), [V(G)| - 11 ya(H)}.
Remark 5. The bound given in Corollary 12 is sharp.

To see this, consider the graph shown in Figure 3. The shaded vertices in P,[1FPs form
a ’yﬁ—set. Thus, ’yﬁc(R;DPg) =8 = min{6 - 2,4 -2} = min{|V(Ps)| - vifa(FPa), |V (Py)]| -
Yra(Po)} = [V(Pa)| - v17a(Fo)-
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Figure 3: The graph P,0Ps, with 413 (P40Ps) = 8.
4. Independent k-Fair Domination

We characterize the independent k-fair dominating sets in the join, corona, lexicographic
product, and Cartesian product of graphs in this section. We also determine the exact
value or sharp bounds of the corresponding independent k-fair domination number.

Theorem 17. Let G and H be nontrivial connected graphs of orders m and n, respectively,
and k a positive integer with 1 < k < max{[5],[5]}. Then G+ H admits an independent
kfd-set if and only if G or H admits an independent kfd-set. Moreover, S C V(G + H)
is an independent kfd-set in G + H if and only if one of the following holds:

(i) SCV(G), |S| =k and S is an independent kfd-set in G.
(15) SCV(H), |S| =k and S is an independent kfd-set in H.

Proof. Suppose G+ H admits an independent k fd-set, where 1 < k < max{[F],[5]}.
Suppose further that S C V(G + H) is an independent kfd-set in G + H. If there exist
u,z € S such that v € V(G) and = € V(H), then uxr € E(G + H), contrary to the
assumption that S is an independent set in G+ H. Hence, either S C V(G) or S C V(H).
Assume that S C V(G). Let x € V(H). Then |[Ngig(z) N S| = |S| = k. Since S is
a kfd-set of G+ H, |[Ng(v) N S| = |Ngymg(v) N S| =k for every v € V(G) \ S. Hence,
S is a kfd-set in G. Since S is an independent set by assumption, Statement (z) holds.
Similarly, if S € V(H), then S is an independent kfd-set in H, showing that Statement
(73) holds. Therefore, G or H admits an independent k fd-set.

Conversely, suppose that Statement () or (i) holds. Assume that Statement (7)
is true. Then |[Ngim(v) 0S| = [Ng(v) N S| = k for each v € V(G) \ S. Moreover,
INg+m(z) NS| = |S| = k for every vertex v € V(H). Thus. S is a kfd-set in G + H.
Therefore, S C V(G + H) is an independent kfd-set in G + H. The same conclusion
similarly follows if Statement (i7) holds. O

The next result is an immediate consequence of Theorem 17.

Corollary 13. Let G and H be connected nontrivial graphs of orders m andn, respectively,
and k a positive integer with 1 < k < max{[%],[5]}. If G or H has an independent
kfd-set S with |S| =k, then v} (G + H) = k.

Theorem 18. Let G and H be nontrivial connected graphs, and let k be a positive integer
with k < {@—‘ Then G o H admits an independent kfd-set if and only if H admits
an independent kfd-set consisting of k vertices.
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Proof. Suppose G o H admits an independent k fd-set, where k < {M—‘ Suppose

further that C' C V(G o H) is an independent k fd-set in G o H. Suppose C NV (G) # &,
say v € CNV(G). Since C is an independent set, V(H")NC = @ and |Ngop(z)NC| =1
for all € V(H"). This implies that £ = 1. Now let w € Ng(v). Then w ¢ C. Since
INgorr(w)NC| =1, V(HY)NC = @. Hence, V(H") N Ngor[C] = &, a contradiction
(since C' is a dominating set). Thus, C NV (G) = @. Then by Theorem 9, C' = U Sy,
veV(Q)

where each S, is an independent k fd-set in H” and |S,| = k for each v € V(G). Therefore,
H admits an independent kfd-set consisting of k vertices.

Conversely, suppose H admits an independent k fd-set consisting of k vertices. Let
C= U Sy, where each S, is an independent kfd-set in H" and |S,| = k. Then C is

veV(Q)

an independent kfd-set in G o H by Theorem 9. g

The next result is an immediate consequence of Theorem 18.

Corollary 14. Let G and H be nontrivial connected graphs of orders m andn, respectively,
and let k be a positive integer with k < {%] If H has an independent kfd-set S with
|S| =k, then vlif(G o H) = mk.

Theorem 19. Let G and H be nontrivial connected graphs and let k be a positive integer
with 1 < k < {w—‘ . If G[H] admits an independent k fd-set, then C = U ({z} xTy) €

€S

V(G[H]) is an independent kfd-set in G[H] if and only if the following hold:
(i) S is an independent 1fd-set in G,
(13) for each x € S, |T,| = k and T, is an independent kfd-set in H.

Proof. Suppose C' = U ({z} x T;) € V(G[H]) is an independent kfd-set in G[H].
z€S
Then C'is a kfd-set in G[H| and by Theorem 10, S is a dominating set in G. Moreover,

since C'is an independent set, SNONg(S) = @. Finally, from Statement (iv) of Theorem 10,
for each y € V(G)\S, Z |Ty| = k, hence |[Ng(y)NS| = 1. Thus, S is an independent
vENg(y)NS

1fd-set in G and Statement (i) holds. Furthermore, for each z € (S\Ng(S)) = S, |T:| = k

and T} is a kfd-set in H by Statement (iii) of Theorem 10, where k < [M1 since C

is an independent set. Suppose there is a vertex a € T, which is adjacent to a vertex
b € T,. Then (z,a) is adjacent to (x,b) in C, contrary to assumption. Hence, T, is an
independent kfd-set in H and Statement (i¢) holds.

Conversely, suppose Statements (i) and (ii) hold. Then T, is a kfd-set in H for each
x €5, and Z |T,| = k for each y € V(G)\S. Thus, C is a kfd-set in G[H] by

vENg(y)NS

Theorem 10. Let (x,a) € C. Then x € S and a € T,. Suppose there exists (z,b) € C such
that (z,a)(x,b) € E(G[H]). Then b € T,, and ab € E(H), contrary to Statement (i) that
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T, is an independent set. Hence, (z,a) is not adjacent to any (z,b) € C. Next, suppose
there exists (y,d) € C, y # x, such that (z,a)(y,d) € E(G[H]). Then y € Ng(x)N S,
contrary to the fact that S N Ng(S) = @. Hence, (x,a) is not adjacent to any (y,d) € C.
Therefore, C' is an independent kfd-set in G[H]. O

L . i V(H
Corollary 15. Let G and H be nontrivial connected graphs with ’ykf(H) =k< {y—‘
If G[H] admits an independent kfd-set, then

s (GIH]) = k- 714(G).

Proof. Let S be a 'yi'f—set of G and let {aj,...,ar} be a fy,if—set of H. Let T, =

{ai,...,ap} for each z € S. Then C = U ({z} x T}) is an independent kfd-set in G[H|
zes
by Theorem 19. Hence, %if(G[HD <|C|=k- 'yif(G).
Now, let Cj be a ’y,if—set of G[H]. By Theorem 19, Cy = U [{x} x Q.], where Sy is an

TESH
independent 1 fd-set and @, is an independent k fd-set of H with |Q,| = k for each x € Sy.

Hence, 7} 1 (G[H]) = |Co| = K|So| = k- oA #(G). This establishes the desired equality. [

Theorem 20. Let G and H be nontrivial connected graphs of orders m and n, respectively,

and let k be a positive integer with 1 < k < min{m,n}. If GOH admits an independent

kfd-set, then C = U ({z} x T) € V(GOH) is an independent kfd-set in GOH if
zeV(G)

and only if:

(i) T, is an independent set in H for each x € V(G),

(7i) for each x € V(G) and each a € Ty, |[{z € V(G) : z € Ng(x),a € T,}| =0,

(i) V(H\Te C Na(T:)U ( | To) for each x € V(G), and
2ENg(z)

(iv) for each b € V(H)\ Ty, either INg(b)NTy| =k and |[{z: z € Ng(x),b € T,}| =0 or
k—r

INg(b)NTy| =7 <k and b € ﬂ T,, where x; € Ng(z) fori=1,2,..k—r.
i=1

Proof. Suppose C' = U ({z} xT,) € V(GOH) is an independent k fd-set in GOH.
zeV(G)

Then by Theorem 11, (iii) and (iv) hold. Suppose there is a vertex a € T, which is adjacent
to some vertex b in T. Then (x,a) is adjacent to (x,b) in C, contrary to assumption.
Hence, T, is an independent set in H and (i) holds. Finally, suppose there is a vertex
a € T, such that for some vertex z € Ng(z), a € T,. Then (z,a) € C and (z,a) is adjacent
to (z,a) in C, contrary to assumption. Hence, (i¢) holds.

Conversely, suppose (i) to (iv) hold. From (éii) and (iv), C is a kfd-set by Theorem
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11. By (i) and (4i), C' is an independent set in GOH. Thus, C is an independent k fd-set
in GOH. O

The next result immediately follows from Remark 3 and Corollary 6.

Corollary 16. Let G and H be nontrivial connected graphs of orders m and n, respectively,
and k a positive integer with 1 < k < min{m,n}. If GOH admits an independent k fd-set,
then

Y (GOH) < min{m - yiga(H),n - yesa(G)}.

Remark 6. The bound given in Corollary 16 is sharp. Howewver, the strict inequality can
be attained.

To see this, consider the graphs shown in Figure 4. The shaded vertices in each graph
form a v -set. Thus, 7], (P0P3) = 2‘: min{2-1,3-1} = min{|V(P)| - v174(P3), |V (P3)|-
Yird(P2)} = V()] - v17a(Ps) and v3,(Ps0Ps) = 5 < min{3 - 3,3 - 3} = min{|V(P3)| -
Y3£a(Ps), |V (Ps)] - v3ra(Ps)}-

[ 1]

Figure 4: The graphs P,OPs; and PsOPs with 1 ;(P0Ps) = 2 and ~4,;(Ps0P3) = 5
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