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Abstract. In this paper, using rational type contractive conditions, the existence and uniqueness
of common coupled fixed point theorem in the set up of Gy-metric spaces is studied. The derived
result cover and generalize some well-known comparable results in the existing literature. Then we
use the derived results to prove the existence and uniqueness solution for some classes of integral
equations. Further more, an example of such type of integral equation is presented.
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1. Introduction and Preliminaries

The notion of metric space has been generalized in different directions. In particular,
Mustafa and Sims [18] introduced a new generalization of metric space known as G-metric
space. In fact, they assigned a non-negative real number to every triplet of elements of a
metric space M and studied fixed point results. Further, in the setting of G-metric space,
Mustafa et al. [20] investigated some fixed point results for mappings via rational type
contractions. Abbas and Rhoades [2] opened the study of finding common fixed points
in G-metric spaces. Shatanawi [15] studied applications to integral equations via fixed
point results for two weakly increasing mappings f and g with respect to partial ordering
relation =< in G- metric spaces. After that several fixed point results were proved in these
spaces. Some of these works are noted in [[8],[3],[19],[22],[23]].

Recently Aghajani et al. [1] introduced the concept of Gy-metric spaces by combining
the definition of G-metric and b-metric spaces and studied a common fixed result for six
mappings. Jamal Rezaei et al. [13] obtained common fixed point results for three maps
in discontinuous Gy-metric spaces. Sedghi et al. [14] derived coupled fixed point theorems
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in Gp-metric spaces. Khomdram et al. [4] obtained a coupled fixed point theorem in
Gp-metric space using rational type contractive conditions. In addition Mustafa et al.
[21] worked on applications to a system of integral equations with the help of tripled
coincidence point in ordered Gy-metric spaces.

Guo and Lakshmikantham [5] gave the concept of coupled fixed point of non-linear
operator with applications. Lakshmikantham et al. [16] introduced Ciri¢ type mappings in
the framework of Gy—metric spaces. Sintunavarat et al. [17] used the nonlinear contraction
to established a coupled fixed point results in complete metric spaces without the mixed
monotone property. Using generalized contractive condition, Nashie et al. [6] proved the
existence and uniqueness of a common coupled fixed point theorem for a pair of mappings
in complete cone metric space. Radenovi¢ [10] presented some remarks on some recent
coupled coincidence point results in symmetric G-metric spaces and reduce some coupled
coincidence point results to more general forms. For more details on coupled fixed point
results we refer the reader to [[12], [9],[10], [11], [7]].

In the current work we will obtain a common triple fixed point in Gp-metric space
using contraction with rational type.

Definition 1. [18] Let S # () and G : S® — R* satisfies :
G1) G(p,g,r) =0 ifp=q=r;

) G(p,p, q) >0 for all p,q € S with p # q;
G3) G(p,q,9) < G(p,q,r) for all p,q,r € S with q # r;
G4) G(p,q, r) = G(q,r,p) = G(r,p,q) = --- (symmetry in all three variables);
G5) G(p,q,r) < G(p,t,t) + G(t,q,r) for all p,q,r,t € S.

Then G is called generalized metric on S, and the pair (S, G) is called G-metric space.

Definition 2. [1] Let Y # 0 and s > 1 be a given real number. Suppose that a mapping
Gp:Y XY xY — R" satisfies:

=0ifa=b=c,

b) >0 for all a,b €Y with a # b,

b) < Gy(a,b,c) for all a,b,c € Y with b # c,

= Gyp(p{a, b, c}) where p is a permutation of a,b,c (symmetry)

< s(Gp(a,u,u) + Gp(u, b, ¢)) for all a,b,c,u €Y.

Then Gy is called Gy-metric on Y, and the pair (Y, Gp) is called Gp-metric space. If
s = 1, then G} reduce to G-metric space. Gy is the generalization of G-metric, evidently
every G-metric is a Gp-metric.

Remark 1. Every G-metric space (X,G) defines a Gy-metric space with s = 2P~1 by
Gy(z,y,2) = (G(z,y,2))P, where p > 1 is a real number. Further every Gy-metric is a
G-metric when s = 1, but, in general, not every Gy-metric is a G-metric, for example, let
X =R and the metric Gy, is defined by Gy(z,y,z) = max {|z — y|?, |y — 2|, |z — z|?}, for
all z,y,z € R. Then Gy is a Gy-metric on R with s = 2271 = 2, but it is not a G-metric
on R.
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Proposition 1. [1] Let X be a Gy-metric space, then for each x,y,z,a € X the following
holds:

(1) if Gp(x,y,2) =0 then x =y = 2.

(2) G(z,y,2) < s(Gp(x,x,y) + Gp(z, z, 2)).

(3) Gb(l'a Y, y) < 23Gb(y7 x, 1:)

(4) Gp(z,y, 2) < s(G(z,a,z2) + G(a,y, 2)).

Definition 3. [1]
Let X' be a Gy-metric space. A sequence {x},} in X is said to be:
(1) Gy-Cauchy sequence if, for each € > 0 there exists ny € Zy such that for all m,n,l >
no, Gp(Tn, Tm, 1) < €.
(2) Gy-convergent to a point x € X if for each € > 0, there exists ng € Z4 such that, for
all myn > ng, Gp(xp, Tm, ) < €.

Proposition 2. [1] Let X be a Gy-metric space, Then the following are equivalent:
(1) the sequence x, is Gy-Cauchy.
(2) for any € > 0, there exists ng € N such that G(zy, Tm, Tm) < €, for all m,n > ng.

Proposition 3. [1] The following are equivalent in (X, Gy) metric spaces:
(A1) {z,} is Gy-convergent to x.
(A2) Gy(xp, zpn,z) — 0 as n — +o0.
(A3) Gy(xzpx,z) = 0 as n — +o0.

Definition 4. [1] A Gy-metric space X is called Gy-complete if every Gy-Cauchy sequence
is Gy-convergent in X.

Definition 5. [5] Let M’ be a metric space and let F : M x M — M be a function.
An element (m,n) € M x M is said to be a coupled fixed point of the mapping F if
F(m,n) =m,F(n,m) =n.

2. Main Result

Throughout the paper we will use the following generalized contraction. Assume that
(X, Gyp) is generalized Gy-metric space. The mappings F, H,T : X x X — X are said to
satisfy the generalized contraction if for a,b,u,v,z,y € X

Gy, (F(a, b), H(u,v),T(z, y)) < N(a,b,u,v,z,y),
where
Gb(av u, :C) + Gb(b7 v, y)
2
Gb (F(CL, b)7 H(U, U)7 T(l‘, y)>Gb(av u, l‘)
Qs(a7 u7 $7 b7 U? y)

Gy (F(a,b), H(u,v), T(x,y) ) Gy(b, v,y)
Qs(a’a u,zx, ba v, y)

N(a’ b7 u,v,x,y) = al(a’7u) '

+a2(aa U)

+a3(a’7 U)
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Gy (a, a, F(a, b))Gb(a, u, T)
Qs(a,u,x,b,v,y)
Gy (u, u, H(u, v))Gb(a, u, )
Qs(a,u,x,b,v,y)
Gy (a:, z, T (x, y))Gb(a, u, )
Qg(a,u,x,b,v,y)
Gy (a, u, T(z, y))Gb(a, U, T)
Qs(a,u,x,b,v,7)
Gy (ac, a, H(u, v))Gb(a, u, x)
Qs(a,u,z,b,0,y)

Gy (a, a, F(a, b))Gb(b, v,Y)
Qs(a,u,x,b,v,y)
Gy (u, u, H(u, v))Gb(b, v,Y)
Qs(a,u,x,b,v,y)
Gy (m, z, T (x, y))Gb(b, v,Y)
Qs(a,u,z,b,v,y)
Gy (u, x, F(a, b))Gb(b, v, Y)
Qs(a,u,x,b,v,y)

: (1)

Ql(%“aiﬂyb,%y) = [1 + Gb(d,u, l’) + Gb(bvv7y)]7 QS(CL, u,x,b,v,y) - Sﬁl(a,u,x,b,v,y)
and a; : X x X —[0,1), i=1,2,3,---,12. such that

—|—044(Cl, U)

+ Oz5(U, .%')

+ag (ua l‘)

+ a?(u) l’)

+ag(u, ) + ag(z,a)

+aqo(z, a) + a1(z, a)

—I-Oé12(fU7 a)

11
0 < slai (2, y)+aa(z, y)+as(z, y)+ao(z, y) +ars(e,y)+as(e,y)+as(@,y)+Y  ai(z,y)] < 1.

=6
(2)

Theorem 1. Let (X,Gy) be a complete Gy-metric space and let F,H/'T : X x X — X

be mappings satisfying the above generalized contraction(1) and the following conditions
satisfied Vi, i =1,--- ,12:

(1) ci(F(x1,91),y) < ai(z1,y) and ai(z, F(z1,41)) < iz, 21));
(i) oi(H(z1,91),y) < ai(z1,y) and ai(z, H(z1,51)) < aiz, 11));
(i) ai(T(w1,91),y) < a1, y) and o(2,T(x1,51)) < iz, 21)).
Then F,H,T have a unique common coupled fixed point in X.
Proof. Define the sequences {x,} and {y,} in X by the rule:

3k+r1 = F(x3k,Ysk), (3)
ysk+1 = F(ysk, x3k), -
Takt2 = H (3511, Y3k+1), (4)

Yak+2 = H (Yrt1, T3k41),

r3k43 = T(T3k42,Ysk+2) (5)
Ysk+s = T(Yk+2, T3kt2),
where £ =0,1,2,3,--- and xg,yo to be arbitrary in X. Now, consider

Gy(T3k+1, T3k42, T3k+3) = Go(F(@3k, y3k), H(T3k+1, Y3k+1), T (23142, Y3k+2))
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Gy(23k, T3k+1, T3k+2) + Go(Y3k, Y3k+1, Y3k+2)
2

Gy (F(£E3k;, yak), H(x3k41, Y3k+1), T (23542, ySk+2)) Gy(T3k, T3kt1, T3k+2)

< a1 (@3k, T3k+1)-

oo (T3, T3k41) -
Qo (X3k, T3kt-15 T3k+25 Y3k Y3kt-15 Y3k+2)

Gy (F(wsm yak), H(x3k41, Ysk+1), T (T3542, ?/3k+2)> G (Y3k, Y3k+1, Y3k+2)

o3 (23, T3k41) -
Qs (X3k, T3kt-15 T3k+25 Y3k Y3kt-15 Y3k+2)

Gy(w3k, 23k, F (231, Y3k) )G (T3k, T3k 11, T3k12)
Qs (3k T3kt 15 T3k-+2, Y3k> Y3k-+1> Y3k+2)
Gb(xSka T3k, F($3k7 y3k))Gb(y3k7 Y3k+1, y3k+2)
Qs (@3, T3k415 T3k+25 Y3k> Y3k+1> Y3k+2)

Go(T3k41, T3kt 1, H (03841, Y3k+1)) Go(T3k, T3k 41, T34 2)
Qs (T3k, T3k415 T3k+25 Y3k Y3k+15 Y3k+2)
Go(T3k41, T3kt 1, H (03841, Y3k+1)) Go (Y3, Y3kt 1, Y3k+2)
Qs (T3ky T3k4-15 T3k4+2 Y3k Y3k+-1> Y3k+2)
Gp(23k42, T3kr2, T (23612, Y3k+2)) Go(T3k, T3k11, T3ky2)
Qs (T3ky T3k415 T3k4+25 Y3k Y3k+-1> Y3k+2)

Gy(T3p42, T3k12, T (T3612, Y3k+2)) Go(Ysks Y3k+1, Y3kt2)
Qs (38, T3k415 T3h+25 Y3k Y3k+15 Y3k+2)
Gy(w3k, T3kt1, T(T3542, Y3r+2)) Go (T3ks L3611, T3k+2)
Qs (T3ky T3k415 T3k4+25 Y3k Y3k+1> Y3k+2)
Go(3k41, T3k42, F (238, Y3k)) Go Y3k, Y3k+15 Y3k+2)
Qs (3k T3kt 15 T3k+25 Y3ks Y3k-+1> Y3k-+2)
Gy (w3k42, T3k, H (23141, Y3k+1)) Go (T3k, T3k41, T3k+2)
Qs (238, T3k415 T3k+25 Y3k Y3k+1> Y3k+2)

o (3, T3k41) -

o (23541, T3k42) -

o6 (T3k+1, T3k+2) -

+o7(T3k+1, T3k42) -

+og(T3k+1, T3k42) -

+ag (2342, T3k) -

+oo(23k42, T3k) -

+o1(23k42, T3k) -

+o2(23k42, T3k) -

Now, with the help of condition (i), we have

i(z3k, T3py1) = ai(@sg, F(23k, ysk)) < i@y, Tar)

ai(z3k, F(23p—1,y3k-1)) < (3, T3p—1)

i (F(73k-1,Y3k-1), T3k—1)

ai(zap—1,236—1) < -+ < a;(z0, ) for all i = 1,2, 3, 4.

)

IN

Similarly by using (i) and (7i7) one can show that

i (T3k+1, T3ktr2) < ai(zo,x0) for all i =5,6,7,8.
a;(T3g+2, T3k) < ai(zo,x0) for all ¢ =9,10,11,12.

So by using the above and (3) and (4) one has

Gp(x3k, Tak+1, Tak+2) + Go(Ysk, Ysk+1, Ysk+2)
2

Gy(T3k+1, T3k+2, Tak+3) < ai1(xo, zo).
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Gy(23k41, T3k+2, T3k+3) Go( T3k, T3k41, T3k+2)
Qs (@3, T3k415 T3k+2> Y3k> Y3k+1> Y3k+2)
Go(T3k41, T3k42, T3%+3) Go(Y3k, Y3k+1, Y3k+2)
Qs (T3ky T3h415 T3k4+25 Y3k Y3k+1> Y3k+2)

Gy (3%, T3k, 3k41) Go(T3k, T3k11, T3k42)
Qs (38, T3k415 T3k+25 Y3k Y3k+15 Y3k+2)
G (3%, T3k, T3k4+1) Go(Y3k11, Y3k+1, Y3k+2)
Qs (38, T3k415 T3k+25 Y3k Y3k+15 Y3k+2)
Gp(T3k+1, T3k41, T3k+2) G (T3k, T3k41, T3k42)
Qs (T3ks T3k4-15 T3k425 Y3k Y3kt-1> Y3k+2)

G (T3k41, T3k4 1, T3k42) Go (Y3k, Y3k+1, Y3k-+2)
Qs (T3ky T3k415 T3k425 Y3k Y3k+1> Y3k+2)
Gp(23k+2, T3k42, T3k+3) Gp(T3k, T3k41, T3k42)
Qs (T3ks T3k415 T3k+25 Y3k Y3k+1> Y3k+2)
G(3k+2, T3k42, T3k+3) Gu(Y3k, Ysk+1, Y3kt2)
Qs (T3ky T3h415 T3k+25 Y3k Y3k+1> Y3k+2)
Go(T3k, T3k11, T35+3) Go(T3k, T3k11, T3k12)
Qs (T3ks T3k4-15 T3k425 Y3k Y3k+-1> Y3k+2)
Gy(T3541, T3k42, T35+1) G (Y3k, Y3k+1, Y3k12)
Qs (T3ks T3k415 T3k+25 Y3k Y3k-+1> Y3k+2)

Go(T3k12, T3k, T3k+2) Go(T3k, T3k+1, T3k12)
Qs (T3ks T3k415 T3k+25 Y3k Y3k+1> Y3k+2)

+a (0, z0) -

+ag (o, o) -

+au(xo, zo) -

+O[5(:E0a .’E[)) :

+O[6(IEO, .’E[)) :

+ar(xo, zo) -

+O[8(IEO, :EO) :

+O[9(IEO, :EO) :

+ai0(zo, o) -

+ai1(zo, o) -

+ai2(zo, o) -

Now using (G43), (Gp4) and (Gp5) of Definition 2 we have

Gy(23k, T3k+1, T3k+2) + Go(Y3k, Y3k+1, Y3k+2)
2

Gy(T3k+1, T3k42, T3kt3 < a1 (T0, Zo)-

Gp(T3k41, T3k42, T3%+3) Go(T3k, T34 1, T3k 12)
Qs (3%, T3k415 T3k+25 Y3k Y3k+15 Y3k+2)
Gp(T3k41, T3k42, T3%+3) Go(Y3k, Y3k+1, Y3k+2)
Qs (3% T3k 15 T3k4+25 Y3k Y3kt-1> Y3k+2)

Gy(3k, T3k+1, T3k+2) Go(T3k, T3k41, T3142)

Qs (23k, L3415 T3k+25 Y3k Y3k+-15 Y3k+2)

Gy(23k, T3k+15 T3k+2) G (Y311, Y3kt1, Y3k42)
Qs (23k, T3k4-15 T3k+25 Y3k Y3k+15 Y3k+2)

Gy(T3k+1, T3k+2, Z3k+3) G (238, T3k+1, T3k42)
Qs (3%, T3ht-15 T3k+2> Y3k Y3k+15 Y3k+2)

Gy(23k41, T3k+2, T3k+3) Go(Y3k, Y3k+1, Y3k+2)
Qs (23k, T3k4-15 T3k+25 Y3k Y3k+-15 Y3k+2)

+a(z0, z0) -

+as(zo, o) -

+ou(zo, z0) -

+as(xg, o) -

+ag(xo, o) -

+ar(zg, o) -
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Go(23k41, T3k+2, T3k+3) G T3k, T3k+1, T3k+2)
Qo (T35, T3k415 T3k42, Y3k Ysk+1, Y3k+2)

+ag (o, o) -

Gy(T3541, T3k+2, T35+3) G (Y3k, Y3k+1, Y3k12)
Qs (T3ks T3k415 T3k+25 Y3k Y3k-+1> Y3k+2)
Gy(z3k, T3k41, T3k+2) Go(T3k, T3k11, T3k12)
Q1 (3%, T3k+1, T3k+25 Y3k Y3k+15 Y3k-+2)
G(T3k+1, T3k+2, T3k+3) Go(T3k, T3k41, T3k+2)
Q1 (38> T3k+15 T3k425 Y3k Y3kt 15 Y3k+2)
Gy(23k415 T3k42, T3%+3) Go (Y3k, Y311, Y3k+2)
Qs(T3k, T34 15 36425 Y3ks Y3k-+15 Y3k+2)
Go(T3k; T3k+1, T3k4+2) Go(T3k, T3k11, T3k42)
Qs(T3k, T34 15 T3k+25 Y3ks Y3k-+15 Y3k+2)

+ag(zg, o) -

+ai0(zo, x0) -

+ai0(zo, o) -

+a11(zo, 20) -

+ai2(zo, x0) -

Which implies that

Gp(z3k, T3k+1, T3k+2) + Go(Ysks Y3k+1, Y3k+2)
2
+az (w0, 20) - Gp(T3k41, T3k+2, T3k+3) + @3(T0, 20) - Go(T3k41, T3k42, T3k+3)

(
Fau (o, z0) - Gi(
(
(

Go(23k41, T3k42, T3k43) < a1 (xo, o).

T3k, T3k11, T3k+2) + a5(T0, o) - Gp(T3k, T3k11, T3kt2)

+a6(z0, 70) - Go(T3k41, T3k+2, T3k43) + @7(T0, T0) - G (T3k41, T3k12, T3k43)
+as(z0, 20) - Go(T3k+1, T3k+2, T3k+3) + @ (To, To) - Gp(T3k+1, T3k+2, T3k+3)
+a10(zo, 7o) - Go(3k, T3k+1, T3k12) + @10(Z0, 0) - Go(T3k+1, T3k42, T3k43)

+ai1(zo, 20) - Go(T3k+1, T3k+2, T3k+3) + 12(z0, o) - Gp(T3k, T3k+1, T3k42)-

Which further implies that

11
(1 — az(wo, zo) — a3(@o0, 20) — Zaz‘(xo,ﬂ?o)) + Gy (T3k41, T3k+2, T3k43)
1=6

< (Oél(ﬂ?o,xo)
- 2
+a1(w§,l’o)

Which gives

+ a4 (o, x0) + a5(z0, 20) + cio(zo, o) + ar2(xo, 330)) - Gy(T3k, T3k41, T3k42)

-~ Gu(Y3ks Ysk+1, Ysk+2)-

G (@341, T3k+2, T3k+3) (6)

(W + a4(wo, z0) + as(wo, 20) + a10(z0, To) + a12(0, 960))

O Go(@3k, T3k+1, T3k+2)

(1 — (o, x0) — (o, x0) — l; az‘(3707370)>




M.M.M. Jaradat et al. / Eur. J. Pure Appl. Math, 13 (4) (2020), 995-1015 1002

a1(To, Lo
- ( : 11 -~ Gu(Y3ks Y3k+1, Y3k+2)-
2(1 — as(z0, o) — az(zo, o) — Y ai(%#ﬂo))
i=6

Similarly for the sequence {y,}, we have

Go(Y3k+15 Y3k+25 Y3k+3) (7)

(M + a4(wo, z0) + as(wo, zo) + a10(zo, To) + a12(x0, ﬂfo))

Gp(Y3ks Y3k+1, Y3k+2)

11
(1 — az(@o, z0) — as(xo, 20) — 3 Oéi(fﬂo,ivo))
i=6
a1(To, Lo
" ( : 11 - Go(T3k, T3k41, T3h42)-
2(1 — as(z0, o) — az(zo, o) — Y Oéz'(l‘o,:vo))

=6

Adding inequalities (6), and (7) we get
Gy(Z3k41, T3k42, T3k43) + Go(Y3k+1, Y3kt2, Y3k+3) < h. (Gb($3ka L3415 T3k+2) T Go(Y3k, Y3kt1, ysk+2)),
where

) (Oél(xo,ifo) + au4(xo, zo) + as(xo, x0) + a10(z0, o) + ar2(xo, 900))
0<h=

11
(1 — ag(xo, x0) — as(xo, o) — Z ai(acg,xo))
=6

By (2) we have
1
0<h< 5 (8)
Similarly,

Go(23842, T3k43, T3k+4) + Go(Ysk+2, Ysk+3, Ysk+4)

<h- (Gb(x?)k—i-la T3k42, T3k+3) + Gb(y3k+1793k+2,?/3k+3))-

Continuing this way, we have

Gy(Tn, Tnt1; Tnt2) + Go(Yns Ynt1, Ynt2)

< h - (Gp(Tn—1, T, Tnt1) + Go(Yn—1, Yn Yn+1))

< h? (Gp(Tn-2,Tn-1,2n) + Go(Yn—2,Yn—1,Yn))

< h* - (Go(n-3,Tn—2,Tn-1) + Gp(Yn—3, Yn—2,Yn—1))

<o <A (Gy(wo, 71, 72) + Gi(Yo, Y1, y2))- (9)
Let

Gb<1’n, Tnt1, Tnt2) + Gb(yna Yn+1, yn+2) =U,.
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Then the pattern (9) can be written as
U, < hU,_1 <h2W, o <---<h" . (10)

Now, we prove that sequences {z,,} and {y,} are G,—cauchy. By (8) we have 0 < sh < 1.
Let 5 > k. Then

Go(zk, x5, 25) + Go(Yr, Yj» Y5)
< s[Gp(Tks Thr1, Thr1) + Go(@ht1, T4, T5) + Go(Yk, Ykt 15 Ye+1) + Go(Yk+1, Yj» Y5)]
< s[Gy(h, Thr1s Tha) + Go(Uks a1, Yrr1)] + $2(Go(@hs1, Thr2, Thya) + Go(Yrr1, Yrr2, Yrr2)]
+5°[Go(Tht2, Tht3 Thrs) + Gy (Yrt2, Yets Yras] + -
+57 PGy (w1, 25, 25) + Go(yi-1, 95, 95
< shFWo + $2RF 10 4+ SBRE20, + - 4 SRR,
< sh*[1 4 sh 4 (sh)? + (sh)® +---]¥,
shk
~1—sh

Uy. >0 as k— +oc.

Hence Gy(zk, zj, ;) + Gp(yk, yj, yj) — 0 as k — 400, which shows that {z,} and {y,} are
Gp—cauchy sequences in X by Proposition 2. But due to the completeness of Gp-metric
spaces, we have x,, = x and y, — y as n — +o0, for x,y € X.

Now, we show that (z,y) is common coupled fixed points of F, H and T. Suppose that
x # F(x,y) and Gy(z, F(z,y), F(x,y)) > 0. Thus from definition of Gp-metric we have

Gb(x7F(ny)7F(xay)) S Gb(.’lﬂ',$3k+2,F(.’1},y))
<s- [Gb(fﬂ, T3k+3, T3k+3) + Gu(T3k43, T3kt2, (2, y))}

= 5 Gy(x, T3k+3, Takts) + 5 - Go(T(@3kt2, Ysk+2)s H(T341, Yskt1), F (2, y))
G312, T3k41, T) + Gp(Y3k+2, Y3k+1,Y)
2
Go (T (312, Y3k+2)s H (23041, Ysk+1), F (2, 1)) Go(T3k+2, T3kt1, )
Qs (@3k42, T3kt15 Ty Y3kt25 Y3k+15 Y)
Gy (T (230425 Y3ks2)s H (3511, Ysks1), F(2,9)) ) Go(Ysk+2, Ysk1, )
Qs (3812, T3k11, T, Y3k+25 Y3k+1,Y)
Gy(23k42, T3k42, T (L3842, Y3k+2)) Go(T3k+2, T3kt 1, T)
Qs (T3k42, T3k41, T, Y3k+25 Y3k+15 Y)
Gy(3k42, 3642, T (T3k+2, Y3k+2))Go(Y3k+2, Y3k+1,Y)
Qs (3812, T3k41, T, Y3k+25 Y3k+1,Y)
Gy(23k41, 3641, H (Z3k41, Y3k+1)) Go (3642, T3k41, T)
Qs (3812, T3k41, T, Y3k+25 Y3k+1,Y)
Gy(3k41, T3k4 1, H (23841, Y3k+1)) Go(Y3k+2, Y3k+15 Y)
Qs (3812, T3k11, T, Y3k+25 Y3k+1,Y)

<s- Gb(f& T3k+3, $3k+3) + 5041(553k+2, 9E3k+1)-

+$-a2($3k+Za $3k+1) :

+5.03(T3k42, T3kt1) -

+5.04(T3542, T3kt1) -

+s.05(23k41,T) -

+s.06 (2341, T) -

+s.a7(x3k41,T) -
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Gy(z,x, F(x,y))Gp(23k42, T3k+1, T)

Qs (T3k42, T3k415 T, Y3k425 Y3k+15 Y)

Gy(z,z, F(z,9))Go(Y3k+2, Y3kt 1, Y)

Qs (T3k42, T3k41, T, Y3k+25 Y3k+1,Y)

Go(T3k+2, T3k+1, F (2, Y)) Go(T3k42, T3k+1, T)

Qs (3812, T3k11, T, Y3k+25 Y3k+1,Y)

Gy(23k41, T, T (23842, Y3k+2) ) Go(Y3k+2 Y3k+15 Y)
Qs (342, T3k11, T, Y3k+25 Y3k+1,Y)

Gy(x, v3p42, H (3641, Y3k4+1)) Go(T3k42, T3k41,T)
Qs (T3k42, T3k415 T, Y3k+2> Y3k+15 Y) '

+s.08(23541, ) -

+s.09(x, T3542) -

+s.o10(2, T3k12) -

+s.011 (2, T3p42) -

+s.012(2, T3p12) -

Using (3) and (4), we have

Gy(z, F(z,y), F(z,y)) < Gp(z, 23512, F(2,Y))

Gy(T3k12, T3k41, T) + Go(Y3k+2, Y3k+1,Y)
2
Gy (23843, T3k42, F(2,9)) Gp(23642, T3641, T)
Qs (T3k42, T3k41, T, Y3k+25 Y3k+1,Y)
Gy (23113, T3rt2: F(2,9)) Go(Ysk+2, Ysk+1, )
Qs (3812, T3k11, T, Y3k+25 Y3k+1,Y)
G(T3k42, T3k12, T3k+3) Go(T3k 12, T3kt 1, T)
Qs (3812, T3k11, T, Y3k+25 Y3k+1,Y)
Gp(T3k42, T3k+2, T35+3) Go(Y3k12, Y3k 11, Y)
Qs (312, Y3611, T, Y3k+25 Y3k+1,Y)
Gy(3k41, T3k4 1, T3k+2) Go (3812, T3k 11, 7)
Qs (3812, T3k11, T, Y3k+25 Y3k+1,Y)
Gp(T3k415 T3k+1, T3k+2) Go(Y3k12, Y3k 11, Y)
Qs (3612, T3k11, T, Y3k+25 Y3k+1,Y)

< 5. Gy(x, T3k+3, T3k+3) + 501 (T3k42, T3kt1)-

+5.00(23k42, T3k+1) -

+s.03(23542, T3k41) -

+s.0u (23542, T3p41) -

+5.05(@3p41, T) -

+5.06(@3k+1,T) -

+s.a7(xsp41,T) -

Gy(z,z, F(z,y))Gp(T3k42, T3k41, )

Qs (T3k42, T3k415 T, Y3k+25 Y3k+15 Y)

Gy(z, 2, F'(2,y))Gp(Y3rt2, Y3k+1,Y)

Qs (3812, T3k41, T, Y3k+25 Y3k+1,Y)

Go(23k42, Z3k41, F'(2, ) G (03842, T3k41, T)

Qs (312, T3k11, T, Y3k+25 Y3k+1,Y)

Go(T3k41, T, T3543) G (Y3k+2, Y3k+1, Y)
Qs (3812, T3k11, T, Y3k+25 Y3k+1,Y)

Gy(x, T3k 12, T3k+2) G (T3k42, T3k41,T)
Qs(3k1+2, T3h115 T, Y3kt2, Y3k41,Y)

+s.ag(T3k41, ) -

+s.ag(z, T3p42) -

+s.a10(z, T3k42) -

+s.a11(2, T3p42) -

+s.012(%, T3p42) -

Since {x,} and {y,} are Gp—convergent sequences converges to z and y respectively.
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Therefore, by taking lim sup as k — +o0o of the above and using condition (i), we have

Gy(z,z,2) + Gp(y,y,y)
2
lim supy, o G (23543, T3kr2, F(2,9)) Go(, 2, )
Qs(z,2,2,9,9,y)
lim supy, o, G (23543, T3kt2, F (2, 4)Go(y, 9, y)
Qs(z,2,2,9,9,9)
Gy(x,z,z)Gp(z, x, )
Qs(z,7,7,9,9,9)
Go(@, 2, 2)Go(y, YY)
Qs(z,7,7,9,9,9)
Gy(x,z,2)Gp(z, x, )
Qs(z,7,7,9,9,y)
Go(2, 2, 2)Go(y, Y, y)
Qs(z,7,7,9,9,9)
Gy(z,z, F(x,y))Gp(z, x, )
Qs(z,2,2,9,9,9)
Go(z,2, F(z,9)Go(y, 9, y)
Qs(z,2,2,9,9,9)
lim supy, o G (¥3k+2, T3k41, F (2, 9)Go(, 2, )
Qs(z,2,2,9,9,9)
Gy(z,2,2)Gp(y, Y, y)
Qs(z,2,2,9,9,9)
Gp(z,z,2)Gp(z, z, x)
Q(x, 2, 2,9, 9,y)

Gb(x,F(x,y),F(:U,y)) < s Gb(.%',l‘,x) + 8061(560,1'0).

+  s.aa(xo, o) -

+  s.ag(xo,x0) -

+  s.ay(xo, o) -

+ s.as(xo, ) -

+ s.ag(xo, ) -

+ s.ay(xo,x) -

+ s.ag(xo, ) -

+ S.ag(l’, xo) .

+  s.aqo(w, zo) -

+ s.aq1(z,xo) -

+ s.aqa(w,xo) -

Since Gy(z, x,x) = Gp(y,y,y) = Gp(z,2,2) = 0for all z,y, z € X. Therefore, Gy(x, F(x,y), F(z,y)) <
0. Which is contradiction to our assumption that Gy(x, F'(x,y), F(z,y)) > 0.
Hence Gy(z, F(z,y), F(x,y)) = 0. Which implies that z = F(z,y) and similarly
y = F(y,z). Thus (z,y) is a coupled fixed point of F. Similarly we can show that (z,y) is
a coupled fixed point of H and T. Hence (z,y) is a common coupled fixed point of F';, H
and T.
To show the uniqueness, suppose that F, H and T have two common coupled fixed points
(z,y) and (u,v). Then from given condition one has

Gy(z,u,u) = Gp(F(z,y),H(u,v),T(u,v))
Gy(z,u,u) + Gp(y,v,v)
2
Gy(F(z,y), H(u,v), T(u,v)))Gy(z, u,u)

Qs(my u,u,y,v, /U)

< a(w,u)-

+ s.ag(z,u)-
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Gy (F(x, y), H(u,v), T (u, v))Gb(y, v, V)
Qs(z,u, u,y,v,v)
Gy(z,z, F(z,y))Gp(z,u,u)
Qs(z, u, u,y,v,v)
Gy(z,z, F(z,y))Gp(y,v,v)
Qs(z,u,u,y,v,v)
Gy(u, u, H(u,v))Gp(z, u, u)
Qs(z,u, u,y,v,v)
Gy(u, u, H(u,v))Gy(y,v,v)
Qq(z,u,u,y,v,v)
Gy(u,u, T(u,v))Gp(x, u, u)
Qq(x, u,u,y,v,v)
Gy(u,u, T(u,v))Gp(y,v,v)
Qq(x, u,u,y,v,v)
Gy(z,u, T(u,v))Gp(x,u,u)
Qg(x, u, u,y,v,v)
Gy(u,u, F(z,y))Gp(y,v,v)
Qq(x, u,u,y,v,v)
Gy(u,z, H(u,v))Gp(x, u,u)
Qs(z, u,u,y,v,v) '

+ s.az(x,u) -

+ s.ou(x,u) -

+ s.as(u,u) -

+ s.ap(u,u) -

+ s.ar(u,u) -

+ s.ag(u,u) -

+ s.ag(u,x) -

+ s.ago(u,x) -

+ s.a1(u,x) -

+ s.age(u,x) -

Which implies that

Gy(z,u,u) + Gp(y, v, v)
2
Gy(z,u,u)Gp(z, u,u)
Qq(x, u, u,y,v,0v)
Gy(z,u,u)Gp(y, v, v)
Qq(x, u, u,y,v,v)
Gy(z,z,z)Gp(z, u,u)
Qq(x, u, u,y,v,0v)
Gy(z,z,z)Gp(y, v, v)
Qq(x, u,u,y,v,v)
Gy(u, u, u)Gp(z, u, u)
Qq(x, u, u,y,v,v)
Gy(u, u, u)Gp(y, v, v)

Qq(x, u,u,y,v,v)

Gy(z,u,u) < ai(z,u)-

+ as(z,u)-

+ az(z,u)-

+ ag(z,u)-

+ as(u,u) -

+ ag(u,u) -

+ ar(u,u) -

Gy(u, u, u)Gp(z, u,u)

Qs(z, u, u, y,v,v)

+ as(u,u) -
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Gp(u, u, w)Gp(y, v, v)

' Qq(z,u, u,y,v,v)
Gz, u, u)Gy(,u, u)
Qq(z,u, u,y,v,v)

Gy(u,u, z)Gy(y, v, v)
Qq(z,u, u,y,v,0)

Gy(u, x,u)Gp(z,u, u)
Qs(z,u,u,y,v,v)

+ Ozg(’LL, :E)

+ aipo(u,x) -

+ an(u,x)-

+ ap(u,x)-

Thus we have

Gy(z,u,u) + Gp(y,v,v)
2
+ Oég(l’,U) . Gb(xauv U) + Oél(](u,$) : Gb(-ﬁU,u, U)

Gb(xauau) < al(x7u) : + ag(.%',u) : Gb(x7u7u)

+ a11(u, ) - Gp(z, u,u) + ara(u, x) - Gp(x, u, u)

Further simplification gives

12

<1 — al(;:,u) — ag(z,u) — ag(z,u) — Z Oéi(u,x)>Gb(1’7U; u) < on(@u) Go(y,v,v).
=10
(11)
Similarly
aq(z,u) 2 o (7, u)
(1= 55 — asfa,u) —as(a,w) = Y i) - Goly,v,v) < ST - Gl ).
=10
(12)
Adding inequalities (11) and (12), we get
aq(z,u) 2
(1 — IT’ —ag(z,u) — asz(r,u) — Z a;(u, x)) . [Gb(w,u, u) + Gp(y, v, v)]
i=10
< O‘l(;a U) . |:Gb(33, u, ’LL) + Gb(yu v, /U)] .
Which implies that
3 12
<]- - Zai(uym) - Z ai(u; .’E)) : |:Gb($, u, u) + Gb(ya v, ’U)il S 07
i=1 =10

but
3 12
1- Zai(u, x) — Z ai(u,x) > 0. Therefore, Gy(z,u,u)+ Gp(y,v,v) =0.
i=1 i=10
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Thus we have Gy(z,u,u) = Gy(y,v,v) = 0 which implies = u and y = v. Hence (z,y) is
the unique common coupled fixed point of F, H and 7.

Now, we present some corollaries.

Corollary 1. Let (X,Gy) be a complete Gy-metric space and let H,/T : X x X — X be
mappings satisfying the following condition,

(1) ai(H(z1,91),y) < ai(z1,y), ai(z, H(z,y)) < oz, o)),
i(T(z1,91),y) < ai(z1,y) and ai(z, T(r1,11)) < i, x1).

(i) Gy(H(a.b). H(u.). T(x.9)) < an (a,u) - “2LEBTE Ga(b,v,y)

Gy (H (a,0), H(u,v), T(w,y)) Gyla, u,2)
Qs(a,u,x,b,v,y)

Gy (H(a,0), H (u,0), T(w, ) ) Gy(b, v,y)
Qs(a,u,z,b,v,y)
Gy(a,a, H(a,b))Gy(a, u, z)
Qs(a,u,x,b,v,y)
Gy (u, u, H(u, v))Gb(a, u, )
Qs(a,u,x,b,v,y)
Gy (33, z,T(x, y))Gb(a, U, )

+az(a,u)

+Oé3((1, u)

Gy (a, a, H(a, b))Gb(b, v, Y)
Qs(a,u,x,b,v,y)
Gy (u, u, H(u, v))Gb(b, v,Y)
Qs(a,u,x,b,v,y)
Gy (m, x, T (x, y))Gb(b, v,Y)

+au(a,u) + as(u, z)

+ag(u, x) + az(u, )

+a8(u’ x) Qs(a7 U,JZ, b7v7 y) + ag(m’ a) QS(G’?u? x? b7 v7y)
Gb(a,uaT(x7y))Gb(aauax) Gb(u’x’fj(a7 b))Gb(b,’U,y)
tano(w,a) Qs(a,u,z,b,0,y) o) Qs(a, u, 2,b,0,y)
G ,a, H(u, G ) U,
+0612(-’L'7a) b(x ¢ (u U)) b(a “ x)v

Qg(a,u, x,b,v,y)

where 0 < slon(z,y) + aa(z, y) + a5(x,y) + aro(@,y) + caz(z, y)] + [a2(z,y) + az(z,y) +
11

> ai(z,y)] < 1. Then H,T have a unique common coupled fixed point in X.

i=6

Proof. Taking F' = H in Theorem 1 we get the required proof.

Corollary 2. Let (X,Gyp) be a complete Gy-metric space and let T : X? — X be a map
satisfying the following condition,

(i) i (T(z1,91),y) < ai(z1,y) and oz, T(xy, 1)) < a;i(x, 1))
(i) Gy(T(a,), T(w,v), T(x,y)) < on(a, ) Gy(a, u, @) + Go (b, v, y)

2
Gy (T(a,h), T(w,v), T(w,y) ) Gola, u, 2)
Qs(a,u,z,b,0,y)

+a2(a7 u)
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Gy (T(a, b), T (u,v),T(x, y)) Gp(b,v,7)
Qs(a,u,x,b,v,y)
Gy (a, a,T(a, b)) Gy(a,u, x)
Qs(a,u,x,b,v,y)

Gy (u, u, T'(u, v)) Gy(a,u,x)
Qs(a,u,x,b,v,y)
Gy(z,2,T(z,y))Gs(a, u, z)
Qs(a,u,x,b,v,y)

Gy (a, u, T(x, y))Gb(a, U, )
Qs(a,u,x,b,v,y)

Gy (:L‘, a,T(u, v))Gb(a, u, )
Qs(a,u,x,b,v,y)

+a3(a) u)

Gy (a, a,T(a, b))Gb(b, v,Y)
Qg(a,u,z,b,v,y)
Gy (u, u, T'(u, v))Gb(b, v,Y)
Qs(a,u,x,b,v,y)
Gy (:n, x, T (z, y)) Gp(b,v,7)
Qs(a,u,x,b,v,y)
Gy (u, z,T(a, b)) Gp(b,v,y)
Qs(a,u,x,b,v,y)

+a4(a7 u)

+ a5(’LL, ZL’)

+a6(u7‘r) + 047(U, 'CC)

+ag(u, x) + ag(x,a)

+aio(z,a) + aji(z,a)

+aqz(z, a)

)

where 0 < 8[041(113, y) + 044(-%, y) + 045(33, y) + alﬂ(xa y) =+ 0512(1" y)] + [OZQ(JZ’, y) =+ CY3(.Z‘, y) +
11
> ai(x,y)] < 1. Then T has a unique coupled fized point in X.

i=6
Proof. Taking F = H =T in Theorem 1, we get the required proof.

The proof of the following corollary follows word by word by using the same argument
as in the proof of Theorem 1.

Corollary 3. Let (X, Gyp) be a complete Gy-metric space and let FyH,T : X x X — X be
mappings satisfying the above generalized contraction(1) and the following conditions.

(1) oi(F(z1,51),y) < ai(z1,y) and o5(z, Fz1, 1)) < i@, 21));
(i) ai(H(z1,5),y) < ai(z1,y) and iz, H(z1,91)) < iz, 21));
(iii) o (T(21,91),y) < qi@1,y) and ai(z, T(z1,y1)) < iz, 21));
(iv) Gb(F(a,b),H(u,v),T(a:,y)) < N(a,b,u,v,z,y).

where

Gb<a7 u, x) + Gb(b7 v, y)
2

Gb <F(a7 b)7 H(’U,, ’U), T(JJ, y)>Gb(a7 u, .’IJ)
Q1 (a,u,z,b,v,y)

Gy (F(a,b), H(u,v), T(w,y) ) Golb, v.y)
Ql(a7 u7 x’ b7 v7 y)

Gy (aa a, F(CL, b))Gb(aa u, l’)

Ql(a7 u7 x? b’ /U7 y)

N(a,b,u,v,x,y) = Oél((L,’LL) '

+a2(a7 U)

+Oé3(0,, U)

Gy (a, a, F(a, b))Gb(b, v,Y)
Ql (CL, u,x, b7 v, y)

—|—O{4(CL, U) + a5 (u’ $)
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Gy (u, u, H (u, v))Gb(a, U, T)
Qi (a,u,z,b,v,y)

Gy (ZL‘, x,T(x, y))Gb(a, u, )

Q1 (a,u,z,b,v,7)

Gy (a, u, T'(z, y))Gb(a, u, )
Qs(a,u,z,b,v,y)

Gy (:z:, a, H(u, v))Gb(a, u, )
O (a,u,x,b,v,y)

Gy (u, u, H (u, v))Gb(b, v,Y)
O (a,u,z,b,v,y)
Gy, T(2,9)) Go(b, v, )
Q1 (a,u,z,b,v,9)
Gy (u, x, F(a, b))Gb(b, v,Y)
Qi (a,u,z,b,v,y)

+ Oz7(U, .%')

+a (u7 .’E)

—I—Oég(u, l‘) + Oég(l',a)

+aio(z, a) + aq1(z, a)

, (13)

+agz(z, a)

and o; : X x X = [0,1), i =1,2,3,---,12. such that 0 < s[aj(z,y) + as(z,y) +
11

a5 (2, y) +a1o(x, y) + arz(z, y)] + oz, y) +as(z,y) + > ai(z,y)] < 1. Then F, H,T have
i=6

a unique common coupled fized point in X.

Remark 2. If we put a;(z,y) = «; for i =1,2,3,---.,9 and a;(x,y) =0 for i =
10,11,12 in condition (13) we get the Theorem 16 of Khomdram et.al [4]

Remark 3. If we put ai(z,y) = o; for i =1,2,3,---,9 and a;(x,y) =0 for i =
10,11, 12 in Corollary 1 we get the Corollary 17 of Khomdram et.al [4]

Example 1. Let X = [0, 00) with complete G-metric defined by

0, ifr=y=z
max{z,y,z}, otherwise,

6o - {
and define the Gy metric by

Gb(l‘a Y, Z) = (G(.T, Y, Z))3'

Then, (X, Gy) is a complete Gy-metric space with s = 3. Define the mappings F, H and
T by

20 +y T+ 3y 4z + by
F(z,y) = 160 JH(z,y) = 70 and T(z,y) = 180

for all x,y,z € X. We will use the following fact: For d,3,> 0, then

(6 + B)P < 227267 + ) (14)
Now for a # u # x and b # v # y we have

20 4+b u+3v 4x + by

3
160 > 170 ~ 180 }
2a+0b u—|—3v)3 (4:c+5y

ox{(50 )" 170 w0 )
(2a +b)? (u+3v)? (4z + 5y)3
(160 (1703 ' (180)3 }

Gy(F(a,b), H(u,v), T(z,y)) = (max{

= max{
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( by using (14) forp=3) < 16 max{8

(@)’ + (0)° (u)?+27(v)* 64(x)° + 125(1/)3}
3

(1603 (1703 (180)3

16
= {160 max{8(a)® + (b)*, (u)® + 27(v)?, 64(z)® + 125(y)*}
16
= (1603 max{125(a) + 125(b)%, 125(u)? + 125(v)?, 125(2)3 + 125(y)*}
2
< (128())3<max{a3, ud, 23} + max{b3, 03, y3})
_ 4000 max{a37 U3, [B3} + maX{b37 'U37 y3}
~ (160)3 2
4000 (max{a, u,2})® + (max{b, v, y})?
~ (160)° 2
1 Gyla,u,x) + Gy(b,v,y)
1024 2
< N(a,b,u,v,z,y),
where a1 (x,y) = W124 and o;(x,y) = W fori=2,3,---,12. Note that for s = 3 we
have
11
sl (@, y) +ou(z, y)+os (2, y)+aio(z, y)+aiz(z, )] +lao (@, y) +as(@, y)+ Y ailz,y)] < 1.
i=6

Moreover, it is clear that the conditions (i), (ii) and (iii) of Theorem 1 are satisfied.
Hence, F,H,T satisfy all conditions of Theorem 1, and (x,y) = (0,0) is the unique
common coupled fixed point of F, H and T.

3. Application

Let X = (C|a, b],R) denote the set of all continuous functions from [a, b] to R. In this
section, we will use corollary 2 to show that there is a solution to the following integral
equation:

u(t) = / " H(t, 1) f o ul)ds € (0,8, (15)
where u(k) € X.
Theorem 2. Consider equation (15) and suppose:
(i) H :[a,b] X [a,b] — [0,00) is a continuous function,
(ii) f:[a,b] x R — R,is continuous,

(iti) maxy kela,b] H(t,r) <a= 4(b7—1a)’ where a1 = %,
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(iv) For all u(k) € X we have |f(k,u(k))| < (Ju(k)|)>.

Then equation (15) has a solution.

Proof. Let X be as defined above. Define a mapping T: X x X — X by

b u(k) vk
T(u(t),v(t)) = / H(t,r)f(k, (2) + %)d/‘i; t € [a,b]. (16)

For all u,v,w € X define the Gy-metric on X by

0 if u=v= ’
Gb(u,v,w):<{ ’ ifu=v=w, })

max{supne[a,b] |u|7 SUPke[a,b] |’U|, SUPke[a,b] |’LU|}, otherwise.
(17)

Clearly that (X,G}) is a complete Gy-metric space with constant (s = 4). Now, for
li(k) € X, where i = 1,2,3,4,5,6 we have
Gy(T(l1,12),T(I3,14), T(l5,16)) =

0, if T(l1,l2) =T(Is,ls) = T(l5, 1),
Supne[a,b] |T(ll7 l2)‘7 (18)
max { SUP.ciap |7(l3,1a)|, p, otherwise.
SUPke|a,b] ‘T(l57 lﬁ)’

Now,

b l l
swp [T(01)| = swp | [ HER) 0 B 4 B0y )
KkEla,b] KkElab] Ja
b l l
< sw 1R 1+ 2
Kk€lab] Ja
b
< sw [alix hir) | L),
k€la,b] Ja 2 2
b l
< swp [ oM+ 2 o
k€lab] Ja

b K K
( by using (14) forp=3) < sup / 1604[(]11(2 )\)34—(\12( )’)S]d/i
| Ja

KEla,b

IN

b
sup / 20 (L (M) + (la(x))?]dr

KE[a,b

b
/ 2c [Gb<ll, lg, l3> + Gb(lg, l4, ZG)] dr

IN

IN

b
QOé[Gb(ll,l:a,ls)+Gb(l2,l4>l6)}/ dk
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= 2a[Gy(l1,13,13) + Gp(l2, 11, 16) ] |b — al

a1

= 5 (Gy(11,13,13) + Gy(l2, 14, 16)].-

Similarly, one can show that

(67
s?p] 1T (13, 1) < 71 [Go(l1, 13, 13) + Go(la, La, I)]. (20)
Kk€Ela,b
and
«
sup [T'(I5,lg)| < ?I[Gb(llal&l?)) + Gi(la, 14, l6)] (21)
KkE€la,b]

Hence, by (19), (20) and (21) we have

SUPge[a,b] ‘T(llv l2)|’ o
max 4 SUDyel[q, 5] |T(I3,14)], < 5 [Gb(ll, I3, 13) + Gp(la, lg, lﬁ)] (22)
SUPge(a,b] ’T(l57 l6)‘

Thus,

Gy(T(l1,12), T(13,14), T(I5,16)) < %[Gb(llal&ls) + Go(la, 4, 16)] (23)

Therefore, all conditions of corollary 2 are satisfied for o; = % fori=1,2,---,12.
As a result of corollary 2 the mapping T has a unique coupled fixed point in X which
is a solution of (15).

The following example illustrate the validity of Theorem 2.

Example 2. The following integral equation has a solution in X = (C[0, 1], R).

1 K
u(t) = /0 S e ulw)P; 1€ [0,1] (24)

Proof. Let T : X x X — X be defined as

1 K UK VIR
T(u(t), v(t)) :/0 1t30<(2) + g))ge_”d/i;t e [0,1].

By specifying H (t, k) = 1'5:,,—”0, (k,t) = t3e™* in Theorem 2 we get that:
(i) The function H(t, k) is continuous on [0, 1] x [0,1],
(i) f(k,t) = t3e™" is continuous on [0,1] x R, .

_ te _ 1 1 _ _« _ 1
(iti) max wepo,1) H (¢, £) = maxy kej0,1] 130 = 9 < 120 = 4(17i)’ where ay = 35.

(iv) also |f(r,u(k))| = [e™"[|(u(x))’| < (Ju(x)])*.
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Therefore, all conditions of Theorem 2 are satisfied, hence the mapping T has a fixed point
in X, which is a solution to equation (24), that is

Vi u(k)  u(k Uitk
T(u(t),u(t)):/o t—( ( )+())3e“dm:/0 ! (u(k))2e "dr;t € [0,1] = u(t).

130" 2 2 130

4. Conclusions

We have introduced rational type contractive conditions on three mappings to give

the existence and uniqueness of common coupled fixed point theorem in the set up of
Gp-metric spaces. The derived result cover and generalize some well-known comparable
results in the existing literature. Also we presented examples to illustrate the main results
as well as we gave an application to prove the existence and uniqueness of a solution for
a class of integral equations.
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