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Abstract. A set S C V(G) is a hop dominating set of G if for each v € V(G) \ S, there exists
w € S such that dg(v,w) = 2. Tt is a global hop dominating set of G if it is a hop dominating
set of both G and the complement G of G. The minimum cardinality of a global hop dominating
set of G, denoted by v,,(G), is called the global hop domination number of G. In this paper, we
study the concept of global hop domination in graphs resulting from some binary operations.
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1. Introduction

Domination is a well-studied topic in Graph Theory. From the standard concept, many
other variations of domination have been investigated by researchers. Connected, total,
independent, and global domination are among the numerous well-known variants of the
standard domination concept. Other variants may be found in the two books authored by
Haynes et al. (see [5] and [6]).

Recently, Natarajan and Ayyaswamy [10] introduced and studied the concept of hop
domination in a graph. In another study, Ayyaswamy et al. [1] investigated the same
concept and gave bounds of the hop domination number of some graphs. Henning and
Rad [7] also studied the concept and answered a question posed by Ayyaswamy and
Natarajan in [10]. They showed that the hop dominating set problem is NP-complete
for planar bipartite graphs and planar chordal graphs. Hop domination and some of its
variants are studied in [3], [8], [9], and [11]. In this paper, we study another variation of
hop domination called global hop domination. This is obviously the analogue to global
domination studied in [2] and [4].
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Let G = (V(G), E(G)) be a simple graph. The distance between two vertices u and
v of G, denoted by dg(u,v), is equal to the length of a shortest path connecting u and
v. Any path connecting v and v of length dg(u,v) is called a u-v geodesic. The open
neighbourhood of a vertex v of G is the set Ng(v) = {u € V(G) : wv € E(G)} and
its closed neighbourhood is the set Ng[v] = Ng(v) U {v}. The open neighbourhood of a
subset S of V(G) is the set Ng(S5) = UyesNg(v) and its closed neighbourhood is the set
N¢g[S] = Ng(S)U S. The degree of v, denoted by dega(v), is equal to |[Ng(v)|. The
minimum degree of G is 0(G) = min{degg(v) : v € V(G)} and its mazimum degree is
A(G) = max{degg(v) : v € V(G)}. The open hop neighbourhood of vertex v of G is the
set Ng(v,2) ={w € V(G) : dg(v,w) = 2}. Aset S C V(G) is a dominating set (resp. total
dominating set) of G if Ng[S] = V(G) (resp. Ng(S) = V(G)). The smallest cardinality of
a dominating (resp. total dominating) set of G, denoted by v(G) (resp. v(G)), is called
the domination number (resp. total domination number) of G. A dominating (resp. total
dominating) set of G with cardinality v(G) (resp. v(G)), is called a y-set (resp. ~-set) of
G. Tt should be noted that only graphs without isolated vertices admit total dominating
sets.

A set S C V(G) is a hop dominating set of G if for each x € V(G) \ S, there exists
z € S such that dg(z,z) = 2. The smallest cardinality of a hop dominating set of G,
denoted by v4(G), is called the hop domination number of G. A hop dominating set of G
with cardinality v, (G) is called a ~yp,-set of G. A set S C V(G) is a global hop dominating
set of G if it is a hop dominating set of G and G. The smallest cardinality of a global hop
dominating set of G, denoted by v4,(G), is called the global hop domination number of G.
A global hop dominating set of G with cardinality v4,(G) is called a v,4,-set of G.

A set D C V(G) is a pointwise non-dominating set of G if for each v € V(G)\ D, there
exists u € D such that v ¢ Ng(u). The smallest cardinality of a pointwise non-dominating
set of G, denoted by pnd(G), is called the pointwise non-domination number of G. A
dominating set .S which is also a pointwise non-dominating set of G is called a dominating
pointwise non-dominating set of G. The smallest cardinality of a dominating pointwise
non-dominating set of G will be denoted by v,,4(G). Any pointwise non-dominating (resp.
dominating pointwise non-dominating) set of G with cardinality pnd(G) (resp. Ypna(G)),
is called a pnd-set (resp. Ypnq-set) of G. These concepts and parameters have been defined
and used in [3] and [9].

2. Results

It is worth mentioning here that every graph G admits a global hop dominating set.
Indeed, the vertex set V(G) of G is a global hop dominating set. Further, we have

Remark 1. 1 < v,,(G) < |V(G)| for any graph G. Moreover, v4i,(G) = 1 if and only if
G =K.

Theorem 1. Let G be a non-trivial graph. Then v4,(G) = 2 if and only if there exist
distinct vertices x and y of G satisfying the following conditions:
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(2) NG($>2> N NG(y7 2) =3 and V(G) \ {JT,y} = NG('%" 2) U NG(y72);

(1) Ng(r,2) = Ng(y) \ {z} and Na(y,2) = No(z) \ {y}; and

(13i) ifzy € E(G), then Ng(x)\Ng(w) # & for eachw € Ng(z,2) and Ng(y)\Ng(v) # @
for each v € Ng(y,2).

Proof. Suppose v4,(G) = 2. Let S = {x,y} be ygn-set of G. Suppose there exists z €
Ne(2,2)NNe(y,2). Then zz,yz € E(G). This implies that dg(z, 2) # 2 and dg(y, z) # 2.
Hence, S is not hop dominating set of GG, a contradiction. Thus, Ng(z,2) N Ng(y,2) = @.
Further, V(G)\{z,y} = Ng(z,2)UNg(y,2) because S is a hop dominating of set G. This
shows that (¢) holds.

Now let z € Ng(z,2). Then z ¢ S and zz € V(G). Since S is hop dominating set of
G, it follows that z € Ng(y,2). This implies that z € Ng(y) \ {z}. On the other hand,
if u € Ng(y) \ {z}, then u € Ng(z,2) since S is a hop dominating of set G. Therefore,
Ng(z,2) = Ng(y) \ {z}. Similarly, Ng(y,2) = Ng(x) \ {y}, showing that (ii) holds.

Next, suppose that zy € E(G) and let w € Ng(x,2). Then w ¢ S and zw € E(G).
Since S is a hop dominating set of G, w € Ng(y,2). Hence, there exists z € V(G)\ S such
that z € Ng(w) N Ng(y). It follows that z € Ng(z) \ Ng(w), ie., Ng(z) \ Ng(w) # @.
Similarly, Ng(y) \ Na(v) # @ for each v € N¢(y,2), showing that (¢iz) holds.

Conversely, suppose that there exist distinct vertices x and y of G satisfying conditions
(i), (1), and (iii). Let S = {x,y}. By (i), S is a hop dominating set of G. Let v € V(G)\S.
Assume, without loss of generality, that v € Ng(z,2). Then v € Ng(y) \ {z} by ().
Suppose zy ¢ E(G). Then zy,zv € E(G). Thus, dg(y,v) = 2. Next, suppose that
ry € E(G). Then by (iii), there exists z € Ng(z) \ Ng(v). Hence, z € Ng(v) N Ng(y),
i.e., d(y,v) = 2. Therefore, S is a global hop dominating set of G. Accordingly, v4,(G) =
2. O

Theorem 2. Let G' be a graph of order n > 2. Then v4,(G) = n if and only if one of
the following statements holds:

(1) Every component of G is complete.

(19) For each v € V(G), V(G) \ Ng(v) is an independent set and Ng(v) = Ng(a) for
each a € V(G) \ Ng(v).

Proof. Suppose v44(G) = n. Suppose first that G is disconnected and suppose that G
has a component C' which is not complete. Then there exist distinct vertices z,y € V(C)
such that dg(z,y) = do(x,y) = 2. Let S = V(G) \ {z}. Then S is a hop dominating set
of G. Let z € C such that [z,z,y] is an x-y geodesic in G. Let C’ be a component of
G with C' # C and pick any w € C’. Then [x,w, 2] is an 2-z geodesic in G. It follows
that dz(z,z) = 2. Thus, S is a hop dominating set of G, showing that S is a global hop
dominating set of G. Therefore, v44,(G) < |S| = n—1, a contradiction. Accordingly, every
component of GG is complete.

Next, suppose that G is connected. Suppose further that G is connected. Then,
clearly, G # K,. Let u,v € V(G) such that dg(u,v) = 2 and let [u,p,v] be a u-v
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geodesic in G. Then S* = V(G) \ {u} is a hop dominating set of G. Since up ¢ E(G),
it follows that de(u,p) > 2. It follows that there exists ¢ € S such that dg(u,q) = 2.
This shows that S* is hop dominating set of G. Thus, S* is a global hop dominating set
of G and v4,(G) < |S*| = n — 1, a contradiction. Therefore G is disconnected. Since
Ygr(G) = Ygn(G) = n, this would imply that every component of G is complete (as in the
first case applied to G). Let v € V(G) = V(G) and suppose there exist distinct vertices
a,b € V(G)\ Ng(v) such that ab € E(G). Then [a,v,b] is an a-b geodesic in G, implying
that S, = V(G)\{a} is a hop dominating set of G. Now, since a € V(G)\ Ng(v), it follows
that dg(a,v) > 2. This implies that there exists w € S, such that dg(a,w) = 2, showing
that .S, is also a hop dominating set of G. Hence, v44(G) < |Sq| =n — 1, a contradiction.
Therefore, V(G) \ Ng(v) is an independent set. Let a € V(G) \ Ng(v). Let C, be the
component of G with v € C,. Since a € Ng(v) and C,, is complete, Ng(a) = Ng(v), that
is, az € E(G) for every z € Ng(v). This shows that (i) holds.

For the converse, suppose first that (i) holds. Then, clearly, S = V(&) is the only hop
dominating set of G. It follows that S is the only global hop dominating set of G. Thus,
Ygn(G) = n. Next, suppose that (i) holds. Then every component of G is complete. Since
V(@) = V(G) is the only hop dominating set of G, it follows that V(G) is the only global
hop dominating set of G. Therefore,yy,(G) = n. O

The next result is a consequence of Theorem 2.

Corollary 1. vy,(Kp) = Ygn(Kin—1) = n for all integer n > 2.

A set S C V(G) is a pairwise non-dominating set of G if for each v € V(G) \ S, there
exists vertex w € SN Ng(v) such that Ng({w,v}) # V(G). A set S C V(QG) is a pairwise
and pointwise non-dominating (ppnd) set of G if it is both a pairwise non-dominating and
pointwise non-dominating set of G. The minimum cardinality of a ppnd set of G is denoted
by Yppnd(G). Any pairwise and pointwise non-dominating set of G with cardinality equal
t0 Yppnda(G) is called a ypppq-set of G.

Remark 2. A pairwise non-dominating set of G is a dominating set of G.

Theorem 3. Let G be any graph of order n. Then 1 < ppnd(G) < n. Moreover,
(©) Yppnd(G) =1 if and only if G = K,
(1) Yppnd(G) = 2 if and only if one of the following statements holds:

(a) G = KQ

t) G =T

(¢) There exist non-adjacent vertices x,y € V(G) such that Ng(z) N Ng(y) = @
and Nglz] U Ngly] = V(G).

(d) There exist adjacent vertices x,y € V(G) such that Ng(x)N\Ng(y) = &, Ng(x)U
Nea(y) = V(G), and for each v € Ng(z)\ {y} and w € Ng(y) \ {z}, there exist
p € Na(y) \ Ng(v) and g € Ne(x) \ No(w).
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(431) Yppna(G) = n if and only if G = K, or G is connected such that Ng({u,v}) = V(G)
for each pair of adjacent vertices u,v € V(G).

Proof.  Clearly, by definition, a pairwise and pointwise non-dominating set of G
is nonempty. Thus, ppnd(G) > 1. Also, since V(G) is a pairwise and pointwise non-
dominating set of G, it follows that v,pnd(G) < n.

(i) Next, suppose that y,pna(G) = 1, say S = {v} is a yppng-set of G. If such a
vertex outside S exists, then this would require two distinct vertices from S to satisfy the
property of S. This forces us to conclude that G = K. Further, since vppna(K1) = 1, (7)
holds.

(#4) Suppose now that Vp,nd(G) = 2, say S = {z,y} is a Yppna-set of G. If n = 2,
then G = Ky or G = K. Suppose n > 3 and assume first that xy ¢ E(G). Since
S is a ppnd set of G, Ng(x) N Ng(y) = @ and Ngz] U Ngly] = V(G). Hence, (c)
holds. Suppose zy € E(G). Again, since S a ppnd set of G, Ng(x) N Ng(y) = @ and
Ng(x) U Ng(y) = V(GQ). Let v € Ng(z) \ {y}. Since Ng({z,v}) # V(G), there exists
p € V(G) \ Ng({z,v}). Since Ng(x) N Ng(y) = @, it follows that p € Ng(y) \ Ng(v).
Similarly, for each w € Ng(y) \ {z}, there exists ¢ € Ng(z) \ Ng(w), showing that (d)
holds.

For the converse, suppose first that G = K3 or G = K. Then, clearly, vppna(G) = 2.
Next, suppose that (¢) holds. Let S = {z,y} and let v € V(G)\S. By assumption, we may
assume that v € Ng(z) \ Ng(y). Since y € V(G) \ Na({z,v}), No({z,v}) # V(G). Thus,
S'is a ppnd set of G. Since G # K7, it follows that S is a yppnd-set, i.e., Yppna(G) = |S| = 2.
Finally, suppose that (d) holds. Let S’ = {z,y} and let v € V(G) \ S. Assume, without
loss of generality, that v € Ng(z). By assumption, there exists p € Ng(y) \ Ng(v). This
implies that p ¢ Ng({x,v}). Therefore, S is a yppng-set of G, implying that v,,nq(G) = 2.
This proves statement (7).

(i43) Suppose Yppnd(G) = n. Suppose first that G is disconnected. Suppose further
that G # K,,. Then G has a non-trivial component C. Hence, there exist distinct vertices
x,y € V(C) such that zy € V(G). Let S, = V(G) \ {z}. Then y € SN Ng(x). Since G
is disconnected, Ng(z,y) # V(G) and there exists w € S\ Ng(z). Hence, S is a ppnd set
of G and Yppna(G) < |S| =n — 1, a contradiction. Therefore, G = K.

Next, suppose that G is connected. Suppose there exist distinct adjacent vertices u, v €
V(G) such that Ng({u,v}) # V(G), say w € V(G) \ Ng({u,v}). Let S, = V(G) \ {u}.
Then v,w € S, uw ¢ E(G), uv € E(G), and Ng({u,v}) # V(G). This implies that S

is a pairwise and pointwise non-dominating set of G. Hence, Yppna(G) < [S| = n — 1,
a contradiction. Therefore, Ng({u,v}) = V(G) for each pair of adjacent vertices u,v €
V(G).

For the converse, suppose first that G = K,. Then, clearly, S = V(G) is the only
pairwise and pointwise non-dominating set of G. Thus, v,pnd(G) = n. Next, suppose
that G is connected and satisfies the condition that Ng({u,v}) = V(G) for each pair
of adjacent vertices u,v € V(G). Let S be a 7ppna-set and suppose that there exists
w € V(G)\ S. Then there exists ¢ € SN Ng(w) such that Ng({¢g,w}) # V(G), contrary
to our assumption. Therefore, S = V(G) and vppnd(G) = n. O
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Theorem 4. Let G and H be any two graphs. A set S C V(G + H) is a global hop
dominating set of G + H if and only if S = Sqg U Sy and Sg and Sy are pairwise and
pointwise non-dominating sets of G and H, respectively.

Proof. Suppose S is a global hop dominating set of G + H. Let S¢ = SN V(G) and
Sy = SNV(H). Since S is a hop dominating set of G + H, S¢ # & and Sy # &. Let
v € V(G)\ Sg. Since S is a hop dominating set of G + H, there exists u € S such that
dg+m(u,v) = 2. This implies that wv ¢ E(G). Now, since S is also a hop dominating
set of G+ H = G U H, there exists w € Sg such that dgrz(v,w) = dg(v,w) = 2.
This implies that vw € E(G) and there exists z € V(G) such that z € Ng(v) N Ng(w).
Thus, z ¢ Ng({v,w}), showing that Ng({v,w}) # V(G). Therefore, Sg is a pairwise
and pointwise non-dominating set of G. Similarly, Sy is a pairwise and pointwise non-
dominating set of H.

For the converse, suppose that S = SqUSy and S and Sy are pairwise and pointwise
non-dominating sets of G and H, respectively. Let v € V(G + H) \ S. Suppose, without
loss of generality, that v € V(G)\Sg. Since Sg is a pairwise and pointwise non-dominating
set of G, there exist u,w € Sg C S such that wv ¢ E(G), wv € E(G), and Ng({w,v}) #
V(G). It follows that dg g (u,v) = 2 and dgrz(w,v) = dg(w,v) = 2. Thus, S is a global
dominating set of G + H. O

The next result is immediate from Theorem 4 and Theorem 3(iiz).

Corollary 2. Let G and H be any two graphs. Then vgn,(G+H) = Yppna(G) +Yppnd (H).
In particular,

(0) Ygn(Kpn + H) = n+ Yppna(H) for all integer n > 1, and

(1) Ygh(Kmmn) = m~+n for all positive integers m and n.

The corona of graphs G and H, denoted by G o H, is the graph obtained from G by
taking a copy H" of H and forming the join (v) + H” = v + H" for each v € V(G).

Theorem 5. Let G be a connected non-trivial graph and let H be any graph. A set
C CV(GoH) is a global hop dominating set of G o H if and only if C = AU (Uyev (q)Sv);
where A C V(G), Sy C V(H"Y) for each v € V(G) and satisfy the following properties:

(i) For each w € V(G) \ A, there exists x, € A with dg(w,z,) = 2 or there exists
y € V(G) N Ng(w) with S, # @.

(13) Sy is a dominating set of H' for each v € Ng(A) \ A.
(7i1) Sy is a pointwise non-dominating set of HV for each v € A\ Ng(A).

(iv) Sy is a dominating pointwise non-dominating set of HY for each v € V(G) \ N¢[A].



G. Salasalan, S. Canoy, Jr. / Eur. J. Pure Appl. Math, 14 (1) (2021), 112-125 118

Proof. Suppose C'is a global hop dominating set of Go H and let A =CNV(G). Let
Sy = CNV(HY) for each v € V(G). Then A C V(G), S, C V(H") for each v € V(G),
and C = AU (Uyey(g)Sv). Now, since C' is a hop dominating set of G, (i) holds. Next,
let v € V(@) and consider the following cases:

Case 1: ve Ng(A)\ A

Let x € V(H") \ S,. Since C is hop dominating set of G o H, there exists y € C such
that desz(2,y) = 2. Since v ¢ A and V(G o H) \ V(v + H") C Ng;z(x), it follows that
y € Sy. Thus, y € S, N Nyv(z), showing that S, is a dominating set of H". Therefore,
(i) holds.

Case 2: v e A\ Ng(A)

Let w € A\ Ng(A) and let ¢ € V(H")\ S,. Since C' is a hop dominating set of Go H,
there exists u € C such that dgor(q,u) = 2. By assumption, u ¢ A. Thus, u € S, and
qu ¢ E(H"). Therefore S, is a pointwise non-dominating set of H", showing that (7i7)
holds.

Case 3: v € V(G)\ Ngl4]

Since v ¢ A and C' is a hop dominating set of G, similar arguments in Case 1 will
show that S, is a dominating set of HV. Further, since v ¢ Ng(A), the arguments in Case
2 can be used to show that S, is a pointwise non-dominating set of H", showing that (iv)
holds.

For the converse, suppose that C' has the given form and satisfies properties (i), (i7),
(#i7), and (iv). Next, let z € V(Go H)\ C =V(Go H) \ C and let v € V(G) such that
z € V(v+ H"). Consider the following cases:

Case 1. z =v

Then there exists h € C such that dgog(2,h) = 2, by (7). Now, from the assumption
that (i7) and (iv) hold, it follows that S, # @. Pick any p € S, and y € V(H"), where
w € V(G) N Ng(z). Then zy,yp € E(G o H); hence, dgsz(2,p) = 2.

Case 2. z #v

Then z € V(HY) \ S,. If v € Ng(A), then dgom(z,a) = 2 for a € AN Ng(v). If
v ¢ Ng(A), then there exists b € S, C C such that dgom(z,b) = 2 by (iii) and (iv).

Next, suppose first that v € A. Pick any w € V(G) \ {v} and let p € V(H"). Then
p € Ngog(2) N Ngogr(v). Thus, dgsp(2,v) = 2. Suppose now that v ¢ A. By (i) and
(iv), Sy is a dominating set of HV. It follows that there exists ¢ € S, N Npg»(z). Pick
any u € V(G) \ {v}. Then u € Ngsz(2) N Ngg(q). Hence, there exists ¢ € C such that

d@(z, q) = 2.
Accordingly, C' is a hop dominating set of Go H and G o H, showing that C' is a global
hop dominating set of G o H. O

Corollary 3. Let G be a connected non-trivial graph and let H be any graph. Then
Ygn(G o H) = [V(G)|.

Proof. Let A = V(G) and set S, = @ for each v € V(G). Then C = A = AU
(Upev()Sv) is a global hop dominating set of G by Theorem 5. Hence, v4,(G o H) <
ICl = [V(G)I.
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Next, let Cp be a ygp-set of GoH. Then Cp = AgU(Uyey(g) o), where A9 C V(G) and
R, CV(H") for each v € V(G) and satisfy conditions (4), (i¢), (i7i), and (iv) of Theorem 5.
Since Cj is a ygp-set of Go H, it follows that R, = @ for all v € D; = AgN Ng(Ap). From
conditions (i7), (ii7), and (iv), we find that |R,| > 1 for each v € Dy = V(G) \ D;. Thus,
V(G o H) = |Co| = |Ao| + X pep, [Rol = [Ao| + [D2] = [V(G)| + ([Ao| = [D1]) = [V(G)].
Therefore, 4, (G o H) = |V (G)|. O

The lexicographic product of graphs G and H, denoted by G[H], is the graph with
vertex set V(G[H]) = V(G) x V(H) such that (v,a)(u,b) € E(G[H]) if and only if either
uwv € E(G) or u=wv and ab € E(H).

Note that every non-empty subset C' of V(G) x V(H) can be expressed as C =
Uzes[{z} x Ty], where S C V(G) and T,, C V(H) for each x € S.

Theorem 6. Let G and H be connected non-trivial graphs. A subset C = Uzegl{z} X
T.] of V(G[H]) is a global hop dominating set of G[H] if and only if the each following
conditions holds:

(i) S is both a dominating and a hop dominating set of G.
(1) Ty is a pointwise non-dominating set of H for each x € S with |[Ng(z,2) NS| = 0.

(791) Ty is a dominating set of H for each x € S with SN Ng(x) = @ or [V(G)\ Ng(z)]N
[V(G)\ Ng(y)] = @ for each y € SN Ng(z). If, in addition, Nglz] = V(G), then

T, is a pairwise non-dominating set of H.

(iv) For each z € V(G)\ S, there exists y € SN Ng(2) such that [V(G)\ Ng(2)|N[V(G)\
Na(y)l # @.

Proof. Suppose C'is a global hop dominating set of G[H]|. Let v € V(G) \ S and pick
any a € V(H). Since C is a hop dominating set of G[H| and (u,a) ¢ C, there exists
(y,b) € C such that dgg)((u,a)(y,b)) = 2. This implies that y € S and dg(u,y) = 2.

Also, since C' is a hop dominating set of G[H] and (u,a) ¢ C, there exists (z,c¢) € C such
that dm((u, a)(z,c)) = 2. It follows that z € S and dg(u,z) = 1. Hence, S is both a
dominating and a hop dominating set of G, showing that (i) holds.

Let z € S. Suppose that |[Ng(x,2) 0S| = 0. Then T, is a pointwise non-dominating
set of H. Hence, (i) holds. Suppose now that SN Ng(z) = @ or [V(G) \ Ng(x)|N[V(G)\
Na(y)] = @ for each y € SN Ng(z). Let p € V(H) \ Ty. Since (z,p) € V(G[H])\ C an C
is a hop dominating set of G[H], there exists (w,¢) € C such that d@((x,p)(w, q)) =2,
that is, dgim((z,p)(w,q)) = 1. If SN Ng(z) = @, then w = x and ¢ € T, N Ny(p),
implying that T, is a dominating set of H. Suppose SN Ng(x) # &. Suppose further that
w # x. Then w € SN Ng(z). By assumption, [V(G) \ Ng(x)|N[V(G) \ Ng(w)] = @. Let
[(z,p), (u,t), (w, q)] be an (z,p)-(w, q) geodesic in G[H]. Suppose u # z. Since zu € E(G),
u € V(G) \ Ng(x). The assumption would now imply that u ¢ V(G) \ Ng(w). Thus,
u € Ng(w), a contradiction. Hence, u = x. This, however, is not possible because

zw € E(G). Therefore, w = x, implying that ¢ € T,, N Ng(p). Hence, T, is a dominating
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set of H. Finally, suppose that Ng[z] = V(G). Then u = x and t € Nz (p) N Nz (q). It
follows that t ¢ Ng[{p,q}]. Thus, T, is a pairwise non-dominating set of H. Therefore,
(7i7) holds.

Now let z € V(G)\ S. Choose any b € V(H). Since C is a hop dominating set of G[H],
there exists (y,c¢) € C such that dG[H]((z,b)(y,c)) = 2, that is, dgg)((2,0)(y,c)) = 1.

Hence, y € SN Ng(z). Let [(2,b),(s,d), (y,c)] be a (z,b)-(y,c) geodesic in G[H]. Then
s € [V(G)\ Ng(2)]N[V(G) \ Ng(y)], showing that (iv) holds.

For the converse, suppose that C' satisfies properties (i), (ii), (iii), and (iv). By (i)
and (i7), C' is a hop dominating set of G[H]. Let (v,a) € V(G[H]) \ C and consider the
following cases:

Case 1. v ¢ S

By (iv), let y € SN Ng(v) and let uw € [V(G) \ Ng(v)] N [V(G) \ Na(y)] = @. Let
p € T Then (y p) € C and [(v,a), (u,a), (y,p)] is a (v, a)-(y,p) geodesic in G[H]. Thus,
=2.

G[Bg‘ase 2 v 6 S

Suppose SNN¢g(v) # @ and [V (G)\Ng(v)]|N[V(G)\Ng(y)] # @ for some y € SNNg(v).

Choose any ¢ € T and let w € [V(G) \ Ng(v)] N [V(G) \ Na(y)]. Then (y,q) € C and
I

[(v,a), (w,a),(y,q)] is a (v,a)-(y, q) geodesic in G[H]. Thus, dG[H](( a)(y,q)) = 2. Next,
suppose that SN Ng(v) = @ or [V(G)\ Ng(v)|N[V(G)\ Ng(y)] = @ for ally € SN Ng(v).
Suppose Ng[v] = V(G). Then T, is a pairwise non-dominating set of H by (iii). Hence,
there exists d € T,N Ny (a) such that Ny ({a,d}) # V(H). This implies that (v,d) € C and
there exists t € V(H)\ N ({a,d}). Hence, [(v,a), (v,t), (v,d)] is a (v, a)-(v,d) geodesic in
G[H], that is, dm((v, a), (v,d)) = 2. Suppose Ng[v] # V(G). By (iii), T, is a dominating
set of H. Again, let d € T, N Ng(a) and pick w € V(H) \ Ng[v]. Then (v,d) € C and
[(v,a), (w,a),(v,d)] is a (v,a)-(v,d) geodesic in G[H]. Thus, dG[H](( a),(v,d)) =2
Therefore, C' is a hop dominating set of G[H]. Accordingly, C' is a global hop domi-
nating set of G[H]. O

A set S C V(Q) is said to be dominating complement-neighborhood intersecting (deni)
(resp. total dominating complement-neighborhood intersecting (tdcni)) set of a graph G
if for each v € V(G) \ S (resp. for each v € §), there exists w € S N Ng(v) such that

(V(G)\ Ne(v)) N (V(G) \ Na(w)) # 2. Let
Ah (@) = min{|S| : S is a deni hop dominating set of G}, and

Yeeni(G) = min{|S| : S is a tdeni set of G}.

Any deni hop dominating set of G with cardinality vgm-(G) is called a vélm—set of G and
any tdeni set of G with cardinality vieni(G) is called a 7yeni-set of G.

Observe that for any graph G, the vertex set V(G) is a dominating complement-
neighborhood intersecting and hop dominating set of G. Also, if GG; is the graph obtained
from the cycle Cy = [a, b, ¢, d, a] by adding the edges av and bw, then S = {a, b} is a deni
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hop dominating set of G.
Proposition 1. Let G be graph without isolated vertices.

(1) If G is disconnected, then G admits a tdcni set.

(13) If G admits a tdeni set, then 3 < Yeni(G) < |V(G)].

(791) If %(G) # 2, then G admits a tdeni set. If, in addition, G has at most one vertex
of degree one, then Yieni(G) < |V(G)| — 1.

Proof. (i) Suppose G is disconnected and let S = V(G). Let v € S. Since G has no
isolated vertices, there exists w € SN Ng(v). Let Cy and Cs be distinct components of G
with w,v € C;. Pick any z € Cy. Then z € (V(G) \ Ng(v)) N (V(G) \ Ng(w)). Hence,
S =V(G) is a tdeni set of G.

(7i) Suppose G admits a tcnid set. Since a tdeni set is a total dominating set, it follows
that 2 < Yieni(G) < n. Suppose Yeni(G) = 2, say S = {x,y} is a yeni-set of G. Since S is
a dominating set, V(G)\ S C Ng({z,y}). Hence, (V(G)\ Ng(z))N(V(G)\ Ng(y)) = 2,
contrary to the assumption that S is a tdeni set. Thus, 3 > Yieni(G).

(7i1) Suppose 1 (G) # 2. Let v € V(G) and let w € V(G) N Ng(v). By assumption,
Na({v,w} # V(G). This implies that there exists y € (V(G) \ Ng(v)) N (V(G) \ Ng(w)),
showing that V(G) is a tdcni set of G. Suppose further that G has at most one vertex
of degree one. Let v € V(G) such that 6(G) = degg(v) and let S = V(G) \ {v}. Note
that if degg(v) = 1, then degg(w) > 2 for all w € V(G) \ {v}. Let u € SN Ng(v). Since
v(G) # 2, (V(G) \ Ng(v)) N (V(G) \ Ng(w)) # @. Let z € S. Since degg(z) > 2, there
exists y € SN Ng(z). Again, since v(G) # 2, (V(G)\ Na(2)) N (V(G)\ Na(y)) # @. This
implies that S is a tdeni set and Yieni (G) < |S] = |V(G)| — 1. O

Corollary 4. Let G and H be non-trivial connected graphs.
(i) Ifv(G) =1, then ygn(GH]) < 72 (G)-Yppna(H)-
(i) If ¥(G) # 1, then yon(G[H]) < 7i(G)Apna(H).

Proof. Let S be a vgm—set of G. Let Dy and D3 be, respectively, a 7,,nq4-set and
Ypnd-set of H. Set T, = D for each z € S and R, = Dsy. If v(G) = 1, then Cy =
Ugzesl{z} x T;] =S x D; is a global hop dominating set of G[H] by Theorem 6. Hence,
Yor(G[H]) < |C1| = |S||D1| = v2,.(G) Appna(H), proving that (i) holds. If v(G) # 1, then
Cy = Uges[{z} x Ry] = S x D3 is a global hop dominating set of G[H| by Theorem 6.
Hence, v, (G[H]) < |Ca| = |S||Da| = +,;(G)-Apna(H), showing that (ii) holds. O

Remark 3. The bounds in Corollary 4 are sharp.
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To see this, let G be the graph obtained from the cycle Cy = [a,b, ¢, d, a] by adding
the edges av and bw, and let H = P3. As pointed out earlier, S = {a,b} is a deni hop
dominating set of Gy. In fact, v .(G1) = |S| = 2. Now, Ypna(H) = 2 by Theorem 3(iii).
It can easily be verified that v,,(G[H]) = 4 = 72.(G)Apna(H). Also, von(Pa[P2]) =
7?ni(P4)-'and(P2) = 2(2) = 4 and ygp(P[P]) = ygn(Ka) = '7?ni(P4)-7ppnd(P2) =2(2) =4

The Cartesian product of graphs G and H, denoted by GLIH, is the graph with vertex
set V(GOH) = V(G) x V(H) such that (v,p)(u,q) € E(GOH) if and only if wv € E(G)
and p=g¢ € E(H)] or u=v and pq € E(G).

Theorem 7. Let G and H be connected non-trivial graphs. A subset C = Uzeg[{z} X T}]
of V(GOH) is a global hop dominating set of GLH if and only if the following conditions
hold:

(i) For each x € V(G)\ S and for eachp € V(H),

(a) there exists y € S N Ng(x) such that T, N Ny(p) # @ or there exists z €
SN Ng(x,2) such that p € T, and

(b) there exists w € SN Ng(x) such that p € Ty, and [Nglp| # V(H) or (V(G) \
Ne(z)) N (V(G) \ No(w)) # 2].

(13) For each v € S and for each p € V(H) \ Ty, the following statements are satisfied:

(¢) Nu(p,2)NT, # & or there exists y € SN Ng(v) such that T, Ny (p) # @, or
there exists z € SN Ng(v,2) such that p € T}.

(d) Nu(p)NT, # @ and [V(G) \ Nglv] # @ or |V(H)| > 3] or there exists u €
SN Ng(v) such that p € Ty, and [Ng[p] # V(H) or (V(G) \ Ng(v)) N (V(G) \
Ng(u)) # 2].

Proof. Suppose C' is a global hop dominating set of GOH. Let z € V(G) \ S and let
p € V(H). Since C' is a hop dominating set of GOH and (x,p) ¢ C, there exists (y,q) € C
such that deomp((x,p)(y,q)) = 2. Since y € S, z # y. If zy € E(G), then pg € E(H).
Hence, ¢ € T,NNg(p). So suppose that y ¢ Ng(z). Since deon ((z,p)(y, q)) = 2, it follows
that y € Ng(z,2) and p = ¢. Hence, p € T, showing that (a) holds. Now, since C'is also
a hop dominating set of GLIH, there exists (w,t) € C such that dg=7((z,p)(w,t)) = 2.
It follows that deop((z,p)(w,t)) = 1. This implies that w € SN Ng(z) and p € T),.
Now, if [(z,p), (2, 8), (w,t)] is an (z,p)-(w,t) geodesic in GUH, then s € V(H) \ Ng[p] or
z € (V(G)\ Ng(z) N (V(G) \ Ng(w)). This shows that (b) holds.

Next, let v € S and let p € V(H) \ T,,. Since C is a hop dominating set of GOH
and (v,p) ¢ C, there exists (y,q) € C such that dgog((v,p)(y,q)) = 2. Suppose y = v.
Then dg(p,q) = 2 and so ¢ € Ng(p,2) NT,. Suppose y # v. If dg(y,v) = 1, then
y € SN Ng(v) and dy(p,q) =1, i.e. ¢ € T,N Ny (p). If da(y,v) # 1, then dg(y,v) = 2,
Hence, y € SN Ng(v,2) and p = g, that is, p € T},. Thus, (b) holds.

On the other hand, since C' is also a hop dominating set of GLH and (v, p) ¢ V(GOH)\
C, there exists (u,t) € C such that dg=((v,p)(u,t)) = 2. Again, this would imply
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that deom((v,p)(u,t)) = 1. If u = v, then t € Ng(p) N Ty. Since demr((v,p)(u,t)) =
demg((v,p)(v,t)) = 2, V(G) \ Nglv] # @ or |V(H)| > 3. Suppose u # v. Then u €
SN Ng(v) and p € T,. Since dggz((v,p)(u,t)) = 2, V(H) \ Ng(p) # @ or (V(G) \
Ne(v)) N (V(G) \ Na(u)) # 2.

For the converse, suppose that C' satisfies properties (¢) and (7). Let (v,p) € V(G[H])\
C and consider the following cases:

Case 1. v ¢ S

By the assumption that (a) of (i) holds, suppose first that there exists y € S N
Ng(x) such that T, N Ny(p) # @. Let ¢ € T, N Nu(p) # @. Then (y,q) € C
and deop((v,p)(y,q)) = da(v,y) + du(p,q) = 2. Next, suppose that there exists z €
S N Ng(v,2) such that p € T,. Then (z,p) € C and deop((v,p)(z,p)) = dg(v,z) = 2.

Since (b) of (i) also holds, suppose that there exists w € S N Ng(v) such that p € Ty,.
Then (w,p) € C N Neou((v,p)). If Nu[p] # V(H), we may pick any s € V(H) \ Nu[p].
Then (w, s) ¢ Neou((v,p))UNeou((w, p)). It follows that [(v, p), (w, s), (w, p)] is a (v, p)-
(w, p) geodesic in GUH. Thus, deou ((v,p)(w,p)) = 2. Instead of Ny (p) # V(H), suppose
that (V/(G)\Na(2))N(V(G)\Na(w)) # 2], say u € (V(G)\Na(x))N(V(G)\Na(w)). Then
[(v,p), (u,p), (w,p)] is a (v, p)-(w, p) geodesic in GUH, implying that deom ((v, p)(w,p)) =
2.

Case 2. veE S

Utilizing (c) of (ii), suppose first that Ny (p,2)NT, # &. Let ¢ € Ny (p,2)NT,. Then
(v,q) € C and dgom((v,p)(v,q)) = du(p,q) = 2. Suppose there exists y € SN Ng(v) such
that T, NNy (p) # @. Then (y,t) € C and deou((v,p)(y,t)) = 2, where t € T,N Ny (p). If
there exists z € SN Ng(v,2) such that p € T, then (z,p) € C and dgou((v,p)(z,p)) = 2.

Now, using (d) of (i7), assume that Ny(p) N T, # &, say a € Ng(p) NT,. Then
(v,a) € C. If there exists w € V(G) \ Ng[v], then [(v,p), (w,p), (v,a)] is a (v,p)-(v,a)
geodesic in GUH. Thus, dgou((v,p)(v,a)) = 2. If |V(H)| > 3, then we may pick any
be V(H)\ {a,p}. Let z € Ng(v). Then [(v,p),(z,b),(v,a)] is a (v,p)-(v,a) geodesic
in GUH. Hence, dgom((v,p)(v,a)) = 2. Next, assume that there exists u € SN Ng(v)
such that p € T. Then (u,p) € C. If V(H) \ Nu(p), then [(v,p), (u,l),(u,p)] is a
(v,p)-(u,p) geodesic in GUH. This implies that dgop((v,p)(u,p)) = 2. If there exists
2 € (V(G)\ No(v)) N (V(G) \ Na(w)), then [(s,p), (2 p), (4, p)] is a (v, p)-(u, p) geodesic
in GOH, implying that dgom ((v,p)(u,p)) = 2.

Therefore, C' is a hop dominating set of GLOIH and GIJH. Accordingly, C is a global
hop dominating set of GLIH. O

Corollary 5. Let G and H be non-trivial connected graphs.
(1) Ifv(H) =1, then oo (GUH) < |V (H)|.71eni(G).
(it) If v(H) # 1, then ygn(GUH) < [V(H)|.-3%(G).

Proof. Let S be a ~yeni-set of G and let T, = V(H) for all x € S. Let C' = Ugeg[{z} X
T,)=SxV(H). If y(H) =1, then C is a global hop dominating set of GOOH by Theorem
7. Thus, v,,(GOH) < |C| = |V (H)|Ateni(G).
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Next, let S” be a y-set of G and let R, = V(H) for all z € S’. Let C" = Uzeg[{z} x
R, = SxV(H). If y(H) # 1, then C’ is a global hop dominating set of GOH by Theorem
7. This implies that 4, (GOH) < |C'| = |V(H)|.%(G). O

3. Conclusion

The global hop dominating sets in the join, corona, lexicographic product, and the
Cartesian product of two graphs have been characterized. From these characterizations,
we determined either the exact values or upper bounds of the global hop domination
numbers of the corresponding graphs.
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