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Abstract. By applying the concept of Lukasiewicz fuzzy set to BE-algebras, the notions of
Lukasiewicz fuzzy BE-algebra and Lukasiewicz fuzzy BE-filter are introduced, and their prop-
erties are investigated. Characterizations of Lukasiewicz fuzzy BE-algebra and Lukasiewicz fuzzy
BE-filter are discussed, and the relationship between fuzzy BE-algebra (resp., fuzzy BE-filter) and
Lukasiewicz fuzzy BE-algebra (resp., Lukasiewicz fuzzy BE-filter) is established. The conditions for
the e-set, g-set and O-set of Lukasiewicz fuzzy set to be BE-subalgebras are explored. Lukasiewicz
fuzzy BE-filter is created by using BE-filter.
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1. Introduction

BCK-algebra and BClI-algebra, introduced by Y. Imai, K. Iséki and S. Tanaka in 1966,
are algebraic structures of universal algebra which describe fragments of propositional
calculus related to implications known as BCK and BClI-logic. After that, various gener-
alizations were attempted, and BCC-algebras, BCH-algebras, BH-algebras, d-algebras etc.
appeared. In 2007, H. S. Kim and Y. H. Kim [3] introduced the notion of a BE-algebra as
a dualization of a generalization of a BCK-algebra. They defined and studied the concept
of a filter in BE-algebras. In [7] and [6], S. S. Ahn et al. and A. Rezaei et al. studied fuzzy
BE-algebras. G. Dymek and A. Walendziak [1] developed the theory of fuzzy filters in
BE-algebras. In the website https://plato.stanford.edu/entries/lukasiewicz/, we can see
that Jan Lukasiewicz (1878-1956) was a Polish logician and philosopher who introduced
mathematical logic into Poland, became the earliest founder of the Warsaw school of logic,
and one of the principal architects and teachers of that school. His most famous achieve-
ment was to give the first rigorous formulation of many-valued logic. He introduced many
improvements in propositional logic, and became the first historian of logic to treat the
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subject’s history from the standpoint of modern formal logic. Lukasiewicz logic, which
is the logic of the Lukasiewicz t-norm, is a non-classical and many-valued logic. It was
originally defined in the early 20th century by Jan Lukasiewicz as a three-valued logic.
Using the idea of Lukasiewicz t-norm, Y. B. Jun [2] constructed the concept of Lukasiewicz
fuzzy sets based on a given fuzzy set and applied it to BCK-algebras and BCI-algebras.
In this paper, we apply the concept of Lukasiewicz fuzzy set to BE-algebras. We
introduce the notion of Lukasiewicz fuzzy BE-algebra and Lukasiewicz fuzzy BE-filter,
and investigate several properties. We discuss the characterization of Lukasiewicz fuzzy
BE-algebra and Lukasiewicz fuzzy BE-filter. We conside the relationship between fuzzy
BE-algebra (resp., fuzzy BE-filter) and Lukasiewicz fuzzy BE-algebra (resp., Lukasiewicz
fuzzy BE-filter). We explore the conditions for the €-set, g-set and O-set of Lukasiewicz
fuzzy set to be BE-subalgebras. We use BE-filter to create Lukasiewicz fuzzy BE-filter.

2. Preliminary

[13 7

A BE-algebra (see [3]) is defined to be a set X together with a binary operation
and a special element “1” satisfying the conditions:
(BE1) (Va € X) (axa=1),
(BE2) (Va € X) (ax1=1),
(BE3) (Va € X) (1*xa=a),
(BE4) (Va,b,c € X) (a* (bxc)=0bx (axc)).
The order relation “ <” in a BE-algebra X is defined as follows:
(Va,be X)(a<b & axb=1). (1)
Every BE-algebra X satisfies the following conditions (see [3]):
(Va,be X)(ax*(bxa)=1). (2)
(Va,b e X)(ax((axb)xb)=1). (3)
A subset A of a BE-algebra X is called
e a BE-subalgebra of X if it satisfies:
(Va,be A)(axbe A), (4)
e a BE-filter of X (see [3]) if it satisfies:
1eA, (5)
(Va,be X)(axbe A,ac A = be A). (6)

A fuzzy set £ in a BE-algebra X is called
e a fuzzy BE-algebra of X (see [7]) if it satisfies:

(Va,b € X)(&(a*b) > min{&(a),§(D)}). (7)
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e a fuzzy BE-filter of X (see [1]) if it satisfies:

(Va € X)(£(1) = &(a)), (8)
(Va,b € X)(£(b) = min{&(a +b),{(a)}). (9)
A fuzzy set £ in a set X of the form

£(b) ;:{ {1 izﬁ;iﬁ

is said to be a fuzzy point with support a and value ¢ and is denoted by [a/¢].
For a fuzzy set £ in a set X, we say that a fuzzy point [a/t] is

(i) contained in &, denoted by [a/t] € &, (see [5]) if {(a) > t.
(ii) quasi-coincident with &, denoted by [a/t] ¢&, (see [5]) if £(a) +t > 1.

If [a/t] & is not established for a € {€, ¢}, it is denoted by [a/t] @&.
Let € be a fuzzy set in a set X and let € € (0,1). A function

Lg: X —[0,1], z — max{0,{(z) +¢ -1}

is called the Lukasiewicz fuzzy set of € in X.
For the Lukasiewicz fuzzy set Lg of £ in X and ¢ € (0, 1], consider the sets

(B t)e :=A{z € X | [2/t] € Lg},

(Le,t)g :={z € X | [z/t] g Lg},
which are called the €-set and g-set, respectively, of Lz (with value t). Also, consider a
set:

O(LZ) ={reX| Lz(aﬁ) > 0} (10)
which is called an O-set of LZ. It is observed that

OLg) ={zrec X |{(x)+ec—-1>0}.

3. Lukasiewicz fuzzy BE-algebras

In what follows, let X and £ be a BE-algebra and a fuzzy set in X respectively, and ¢
is an element of (0, 1) unless otherwise specified.

Definition 1. The Lukasiewicz fuzzy set L of & in X is called a Lukasiewicz fuzzy BE-
algebra of X if it satisfies:

[z/ta] € £g, [y/t] € B = [(2 x y)/min{ta, t}] € L (11)

for all x,y € X and tq,t, € (0,1].
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Example 1. Consider a set X = {1,b1,ba,bs,bs, b5} with a binary operation “«” given in
the table below.

* 1 b1 ba bs ba bs
1 1 b1 ba bs ba bs
b1 1 1 b1 b3 b3 ba
ba 1 1 1 bs bs bs
bs 1 b1 by 1 b1 by
by 1 1 b1 1 1 b1
bs 1 1 1 1 1 1

Then (X, *,1) is a BE-algebra (see [7]). Define a fuzzy set & in X as follows:

0.76 if 2 € {1,by,bo},

£: X =101, z— { 0.52 otherwise.

Given € := 0.67, the Lukasiewicz fuzzy set Lg of & in X is given as follows:

043 if z € {1 by bz}
g . Y ) )
fg: X = 0,1), 2+ { 0.19 otherwise.
It is routine to verify that £ is a Lukasiewicz fuzzy BE-algebra of X.
We provide a characterization of Lukasiewicz fuzzy BE-algebra.

Theorem 1. Given the Lukasiewicz fuzzy set Lg of £ in X, the following assertions are
equivalent.

(i) £ satisfies Lg(z *y) > min{Lg(z), Lg(y)} for allz,y € X
(ii) Lg is a Lukasiewicz fuzzy BE-algebra of X.
Proof. (i) = (ii). Let z,y € X and t4,% € (0,1] be such that [z/t,] € L and
ly/to] € Lg. Then Lg(z) > ¢, and Lg(y) > tp, which implis that
Lz(x ky) > min{Lz(:z:), Lz(y)} > min{t,, tp}.

Therefore [(z * Y)min{t,,}] € L, and consequently Lf is a Lukasiewicz fuzzy BE-algebra
of X.

(i) = (i). Let ,y € X. It is clear that [z/Lg(2)] € L and [y/Lg(y)] € L. Hence
[(2 = y) /min{L{(2), Lg(y)}] € Lg by (11), that is, Lg(x * y) > min{Lg(z), L(y)}-

Proposition 1. If £ is order preserving or order reversing in X, then its Lukasiewicz

fuzzy set Lz s also order preserving or order reversing in X.

Proof. Straightforward.

In Poposition 1, the converse may not be true as seen in the following example.
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Example 2. Consider the BE-algebra X given in Example 1. Its Hasse diagram is given
as follows:

1
b1 b3
ba ba
bs
(1) Let & be a fuzzy set in X defined as follows:
0.88 if =1,
0.78 if = = by,
) 0.63 if = = by,
CX 2L 220 g i by
0.55 if x = by,
0.47 if x = bs.

Given € := 0.43, the Lukasiewicz fuzzy set Lg of £ in X 1is given as follows:

(031 if 2 =1,
0.21 if = by,
. 0.06 if o = by,
£ X = [0,1], @ 0.00 if o — b
0.00 if x = by,
[ 0.00 if 2= bs.

Then L% is order preversing in X, but £ is not order preserving in X since by < bg and

§(bs) > &(b3).
(2) Let ¢ be a fuzzy set in X defined as follows:

(034 if x=1,

0.31 if z = by,

' 0.55 if = = by,
¢(: X —=[0,1], z— 0.48 if z = b3,
0.53 if z = by,

0.63 if z = bs.

Given 0 := 0.62, the Lukasiewicz fuzzy set L‘g of ¢ in X 1is given as follows:

((0.00 if x=1,

0.00 if =z = by,

5 0.17 if z = by,
L X = [0,1], 2 0.10 if x = bs,
0.15 if = = by,

0.25 if z = bs.

Then L is order reversing in X, but ( is not order reversing in X since by < 1 and

¢(b) < ¢(1).
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Lemma 1. If L is a Lukasiewicz fuzzy BE-algebra of X, then Lg(1) > Lg(z) for all
e X.

Proof. It can be induced by (BE1) and Theorem 1.

Proposition 2. If a Lukasiewicz fuzzy BE-algebra LZ of € is order reversing in X, then
1t 18 constant.

Proof. Let Lg be a Lukasiewicz fuzzy BE-algebra of X which is order reversing. Since
z < 1forall z € X, we have Lg(z) > Lg(1) for all z € X. The combination of this and
Lemma 1 induces Lg(z) = Lg(1) for all z € X. Hence Lg is a constant on X.

Theorem 2. If £ is a fuzzy BE-algebra of X, then its Lukasiewicz fuzzy set Le is a
Lukasiewicz fuzzy BE-algebra of X.

Proof. Assume that £ is a fuzzy BE-algebra of X. Let x,y € X and t,,t, € (0,1] be
such that [v/t,] € Lg and [y/tp] € L§. Then Lg(z) > t, and Lg(y) > tp, so

Lg(m xy) = max{0,&(x xy) +e— 1}
> max{0, min{¢(2),£(y)} + ¢ — 1}
= max{0, min{{(z) + e —1,&(y) + e — 1}}
= min{max{0,{(z) + ¢ — 1}, max{0,{(y) + € — 1}}
= min{Lg(z), L (y) } > min{t,, ¢}

Hence [(z*y)/ min{t,, tp}] € L, and therefore L{ is a Lukasiewicz fuzzy BE-algebra of X.

The converse of Theorem 2 may not be true as shown in the following example.

“y

Example 3. Consider a set X = {1,b1,bo,b3,bs} with a binary operation “«” given in
the table below.

* 1 b1 ba bs ba
1 1 b1 ba bs ba
b1 1 1 bo bs by
ba 1 b1 1 bs bs
bs 1 1 bo 1 bo
by 1 1 1 1 1

Then (X, *,1) is a BE-algebra (see [7]). Define a fuzzy set & in X as follows:

0.73 if 2 =1,
042 if 7= by,
€:X =[0,1], 2= 059 if z=bs,
0.46 if z = bs,

0.68 if z = by.
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Given € := 0.41, the Lukasiewicz fuzzy set Lg of & in X is given as follows:

014 if x =1,
0.00 if = b,
L5 X = [0,1), 2 { 0.00 if x= by,
0.00 if x = bs,
0.09 if o = by.

It is routine to verify that £ is a Lukasiewicz fuzzy BE-algebra of X. But £ is not a fuzzy
BE-algebra of X because of £(bg x by) = &(bs) = 0.46 # 0.59 = min{&(b2), £ (ba)}-

Theorem 3. Given a BE-subalgebra F' of X, define a fuzzy set & in X as follows:

ty if x € F,

€:X —0,1], x*—>{ b ifadF

(12)
where tg > t1 in [0,1]. Then the Lukasiewicz fuzzy set Lg of £ is a Lukasiewicz fuzzy
BE-algebra of X.

Proof. Tt is easy to verify that the fuzzy set £ given in (12) is a fuzzy BE-algebra of
X. Hence the Lukasiewicz fuzzy set Lg of £ is a Lukasiewicz fuzzy BE-algebra of X by
Theorem 2.

Proposition 3. If ¢ is a fuzzy BE-algebra of X, then its Lukasiewicz fuzzy set Lg satisfies:
(Vo,y € X) (Lg(y) = Le(1) & Lg(x) < Leg(a xy)). (13)
Proof. If £ is a fuzzy BE-algebra of X, then its Lukasiewicz fuzzy set LZ is a Lukasiewicz
fuzzy BE-algebra of X (see Theoem 2). Assume that Lg(y) = Lg(1) for all y € X. Then
Lg(z) = min{Lg(z), Lg(1)} = min{hg(x), Lg(y)} < Lg(z +y)

for all z,y € X by Theorem 1 and Lemma 1.
Conversely, suppose that Lg(z) < Li(z *y) for all 2,y € X. Then Lg(y) = Lg(1xy) >
L£(1) by (BE3), and so Lg(y) = Lg(1) for all y € X.

Theorem 4. If the Lukasiewicz fuzzy set Lg of & in X satisfies:
[z/ta] € Lg, [2/t] € Lg = [(z xy)/ min{ts, t.}] € £ (14)

for all ty,t. € (0,1] and z,y,z € X with z <y, then Lg is a Lukasiewicz fuzzy BE-algebra
of X.

Proof. Let z,y € X and t,,t, € (0,1] be such that [z/t,] € Lg and [y/ty] € L. Since
y < yforall y € X, it follows from (14) that [(z * y)/ min{ts, ¢} € Li. Hence Lf is a
Lukasiewicz fuzzy BE-algebra of X.

We consider the conditions for the €-set and ¢-set of Lukasiewicz fuzzy set to be
BE-subalgebras.
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Theorem 5. If Lg is the Lukasiewicz fuzzy set of € in X which satisfies:

(Vz,y € X) (min{LE(m), Le(y)} < max{fg(z *y), 0.5}) , (15)
then the €-set (Lg,t)e of Lg is a BE-subalgebra of X for the value t € (0.5,1].

Proof. Assume that L satisfies the condition (15) and let z,y € X be such that
z,y € (L, t)e for t € (0.5,1]. Then Lg(x) >t and Lg(y) > ¢, which imply from (15) that

max{Lg(x * y),0.5} > min{Lg¢(z),Lg(y)} > ¢ > 0.5.

Hense [(z xy)/t] € Li le,xxy€ (LZ, t)e, and therefore (LZ, t)ec is a BE-subalgebra of X
for t € (0.5,1].

Theorem 6. For the Lukasiewicz fuzzy set Lg of € in X, if its €-set (Lz,t)e is a BE-
subalgebra of X for the value t € (0.5, 1], then Lg satisfies the condition (15).

Proof. Assume that L does not satisfy the condition (15). Then
min{Lg(a), Lz (b)} > max{Lg(a xb),0.5}

for some a,b € X, and so s € (0.5,1] and [a/s], [b/s] € Lg, ie., a, b € (LE,s)c where
s := min{Lg(a), L{(b)}. Since (L, s)e is a BE-subalgebra of X by assumption, we have
axb € (Lg, s)c and hence [(axb)//s] € LE, ie.,

Li(a*b) > s = min{Lg(a), Lg ()}

This is a contradiction. Hence min{Lg(z), L¢(y)} < max{L{(z *y),0.5} for all z,y € X,
that is, L satisfies the condition (15).

Theorem 7. If the Lukasiewicz fuzzy set LE of £ in X is a Lukasiewicz fuzzy BE-algebra
of X, then its g-set (Lg,1)q is a BE-subalgebra of X for the value t € (0, 1].

Proof. Let t € (0,1] and z,y € (L, t)q. Then [z/t] qL§ and [y/t] gL, that is, Lg(z) +
t>1and Lg(y) +t > 1. It follows from Theorem 1 that

Li(z xy) +t > min{Lg(z), Lg(y)} +t = min{Lg(z) + ¢, Lg(y) + 1} > 1.

Thus [(z xy)/t]qLg, e, zxy € (Lg, t)q. Hence (Lg, t)q is a BE-subalgebra of X.

Corollary 1. If £ is a fuzzy BE-algebra of X, then the q-set (Lg,t)q of Lg is a BE-
subalgebra of X for the value t € (0, 1].

Theorem 8. For the Lukasiewicz fuzzy set £ of & in X, if the q-set (Lg,t)q is a BE-
subalgebra of X, then LZ satisfies:

T e (LZata)Qa RS (Lz’tb)q = T*xYE€ (Lgamax{ta,tb})e (16)

for all x,y € X and tq,t, € (0,0.5].
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Proof. Assume that the g-set (Lz,t)q is a BE-subalgebra of X. Let x,y € X and
ta, ty € (0,0.5] be such that z € (Lg,14)g and y € (L, tp)q. Then z,y € (Lg, max{tq, tp})q,
and hence z xy € (LE, max{tq, t})q by hypothesis. It follows that

Le(z xy) > 1 — max{tq, tp} > max{ts, tp}

since max{tq, tp} < 0.5. Therefore [(zxy)/max{tq, tp}] € Lg, that is, xxy € (Lg, max{ts, tp})e.

Theorem 9. If the Lukasiewicz fuzzy set Lz of & is a Lukasiewicz fuzzy BE-algebra of X,
then its O-set O(Lg) is a BE-subalgebra of X.

Proof. Assume that L is a Lukasiewicz fuzzy BE-algebra of X and let z,y € O(LZ).
Then &(x) +e—1> 0 and {(y) + & — 1 > 0 which implies that

LZ(Z’ *y) > min{Lg(a:),LZ(y)} =min{é(z) +e—-1,£{(y) +e—1} >0

by Theoem 1. Hence z xy € O(Lg), and therefore O(Lf) is a BE-subalgebra of X.

Corollary 2. If &£ is a fuzzy BE-algebra of X, then the O-set O(LZ) of Lg is a BE-
subalgebra of X.

Theorem 10. If the Lukasiewicz fuzzy set Lg of & in X satisfies:
r € (Lg ta)e, ¥ € (Lg, th)e = wxy € (Lg, max{ta, ty}), (17)
for allz,y € X and tq,ty € (0,1], then its O-set O(Lg) is a BE-subalgebra of X.

Proof. Assume that Lg satisfies the condition (17) for all z,y € X and t,,t, € (0,1].
Let z,y € O(Lg). Then {(z) +&—1> 0 and {(y) +&£—1> 0. Since z € (L, Lg(z))c and
y € (L Lg(y))e, it follows from (17) that

zxy € (L, maX{LZ(@, Lg(y)})q. (18)

If vy ¢ O(Lg), then Lg(z + y) = 0 and so

Lé(z * y) + max{Lg(z), Lg(y)} = max{Lg(z), Lg(y)}
= max{max{0,&(z) + £ — 1}, max{0,{(y) + £ — 1}}
= max{{(z) +e—1,{(y) +e—1}

= max{{(x),{(y)} +e -1

<l4e—-1=e<1,

that is, [(z * y)/max{L{(z),Li(y)}] gL which shows that (18) is not valid. This is a
contradiction, and thus z xy € O(Lg). Hence O(Lg) is a BE-subalgebra of X.
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Theorem 11. If the Lukasiewicz fuzzy set L of € in X satisfies the condition (16) for
all z,y € X and tq,t € (0,1], then its O-set O(Lg) is a BE-subalgebra of X.

Proof. Let z,y € O(Lg). Then {(z) +e—1> 0 and {(y) + & — 1> 0. Hence
Li(z) +1=max{0,{(z) +e -1} +1=¢(x) +e—1+1=§()+e>1
and
Li(y) + 1 =max{0,{(y) +e -1} +1=§(y) +e -1+ 1=E{(y) +e> 1,
that is, z € (Lg, 1)q and y € (Lg, 1)q. It follows from (16) that
THYE ( Z,max{l,l})e = (L271)E

Thus Lg(z *y) +1 > 1, and so Lg(z xy) > 0, i.e, x xy € O(Lg). Therefore O(L) is a
BE-subalgebra of X.

4. Lukasiewicz fuzzy BE-filters

Definition 2. The Lukasiewicz fuzzy set Lg of € in X is called a Lukasiewicz fuzzy BE-
filter of X if it satisfies:

v € (L ta)e = 1€ (Lg ta)e, (19)
TxY € (Lgvta)e’ T e (L27tb)€ = Y€ ( z,min{ta,tb})e (20)
for all x,y € X and ty,t, € (0,1].

Example 4. Consider a set X = {1,b1,bs,b3} with a binary operation “«” given in the
table below.

1 by by bs
1 1 by by bs
by 1 1 by by
by 1 by 1 by
by 1 1 1 1

Then (X, *,1) is a BE-algebra (see [4]]). Define a fuzzy set & in X as follows:

0.73 if x =1,
E: X —[0,1], z+— < 0.62 if z=0by,
0.48 if z € {bg,bg}.

Given € := 0.62, the Lukasiewicz fuzzy set Lg of & in X 1is given as follows:

0.35 if = =1,
LE: X = [0,1], x4 024 if 2 =by,
0.10 if z € {bg,b3}.

It is routine to verify that Lg is a Lukasiewicz fuzzy BE-filter of X.
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We discuss relationship between fuzzy BE-filter and Lukasiewicz fuzzy BE-filter.

Theorem 12. If £ is a fuzzy BE-filter of X, then its Lukasiewicz fuzzy set Lg s a
Lukasiewicz fuzzy BE-filter of X.

Proof. Assume that £ is a fuzzy BE-filter of X and let L be its Lukasiewicz fuzzy set
in X. Let z € X and ¢, € (0,1] be such that « € (L, ta)c. Then
L£(1) = max{0,£(1) + & — 1} > max{0,§(x) + ¢ — 1} = Lg(x) > t,,
and so 1 € (Lz,ta)e. Let z,y € X and t,,t, € (0,1] be such that x xy € (Lz,ta)e and
z € (Lg tp)e. Then L(z xy) > t, and Lg(x) > t, which imply that
Le(y) = max{0,¢(y) + e — 1} > max{0, min{¢(z * y),&(x)} +e — 1}
= max{0,min{{(zxy) +e—1,{(z) +e—1}}
= min{max{0,{(x *y) + ¢ — 1}, max{0,&(x) + ¢ — 1}}}
= min{Lg(z x y), Lg(z)} > min{ta, tp}.

Hence [y/min{tq,tp}] € L§, that is, y € (L, min{ts, tp})e. Therefore L is a Lukasiewicz
fuzzy BE-filter of X.

In Theorem 12, the converse may not be true as shown in the following example.

Example 5. Consider the BE-algebra (X, *,1) in Example 4 and let £ be a fuzzy set in
X defined by

0.73 if x =1,

. 0.51 if = by,
§: X = [0,1], 2+ 0.62 if x = bo,
0.47 if z = bs.

Then & is not a fuzzy BE-filter of X since
&(b3) = 0.47 # 0.51 = min{&(by * bs),&(b1)}

Given € := 0.49, the Lukasiewicz fuzzy set LZ of € in X 1is calculated as follows:

022 if z =1,
0.00 if z=0;
(I ’
Le: X = 01, 4 41 4 T = by,
0.00 if x = bs,

and it is a Lukasiewicz fuzzy BE-filter of X.

Theorem 13. The Lukasiewicz fuzzy set LZ of £ is a Lukasiewicz fuzzy BE-filter of X if
and only if it satisfies:

£e(1) is an upper bound of {Lg(x) |z € X}, (21)
(Va,y € X)(Lg(y) = min{Lg(z * y), Lg(z)}). (22)
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Proof. Assume that L is a Lukasiewicz fuzzy BE-filter of X. Since € (Lg, Lg(2))e for
all z € X, it follows from (19) that 1 € (Lg, Lg(2))e. Hence Lg(1) > Lg(z) for all z € X,
and thus (21) is valid. Since zxy € (L, Lg(z *y))ec and x € (Lg, L(2))e for all z,y € X,
we have y € (Lg, min{Lg(z*y), Lg(2)})e by (20). Hence Lg(y) > min{Lg(z xy), Li(z)} for
all z,y € X.

Conversely, suppose that Lg satisfies (21) and (22). Let ,y € X and o, € (0,1]. If
z € (Lg, ta)e, then LE(1) > Lg(x) > to and so 1 € (L, ta)e. Assume that zxy € (L§, ta)e
and z € (Lg, tp)e. Then Lg(z * y) > ¢, and Lg(z) > ¢, It follows from (22) that L(y) >
min{Lg(z+y), Lg(v)} > min{ta, &}, i-e., [y/min{tq, t}] € L. Hence y € (Lg, min{tq, tp})e.
Therefore L is a Lukasiewicz fuzzy BE-filter of X.

Corollary 3. If & is a fuzzy BE-filter of X, then its Lukasiewicz fuzzy set Lg satisfies
(21) and (22).

Theorem 14. The Lukasiewicz fuzzy set £ of & is a Lukasiewicz fuzzy BE-filter of X if
and only if it satisfies the condition (21) and

(Vz,y, 2 € X)(Lg(z * 2) > min{Lg(z * (y * 2)), Lg(y)})- (23)

Proof. Assume that L{ is a Lukasiewicz fuzzy BE-filter of X. The condition (21) was
verified by the proof of Theorem 13. Using (BE4) and (22), we get

Li(z*2) > min{LZ(y * (1% 2)), Lg(y)} = min{LZ(aj x (y % 2)), LZ(y)}

Conversely, suppose that L satisfies the conditions (21) and (23). If we take 2 := 1 in
(23) and use (BE3), then

L(2) = Lg(1 % 2) = min{Lg(1 + (y * 2)), Lg(y)} = min{Lg(y * 2), Lg(y) }

for all y, z € X. Therefore L is a Lukasiewicz fuzzy BE-filter of X by Theorem 13.

Corollary 4. If € is a fuzzy BE-filter of X, then its Lukasiewicz fuzzy set Lz satisfies
(23).

Theorem 15. The Lukasiewicz fuzzy set £ of & is a Lukasiewicz fuzzy BE-filter of X if
and only if it satisfies:

(Va,y € X) (Lg(z xy) > LE(y)) (24)
(Vx,y,z € X) (Lz((:n x(yxz))xz)> min{LZ(x), LZ(y)}) . (25)

Proof. Assume that L is a Lukasiewicz fuzzy BE-filter of X and let z,y,z € X. Then

Le(z xy) > min{Lg(y x (z x y)), Lg(y)} = min{lg(z * (y x y)), Le(v)}
= min{Lg(z * 1), Lg(y)} = min{Lg(1), Lg(v)} = LE(y)
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by (BE1), (BE2), (BE4) and Theorem 13. Also, we have

(@ * (y2)) * (yx2), Le ()}
) * (y+ 2)), Le(2))}, e (w) }
= min{min{L¢(1), Lg(z)}, Lg(y)}

= min{Lg(x), Lg(y)}

by (3), Theorem 13 and Theorem 14.
Conversely, suppose that L§ satisfies (24) and (25). If we take y = x in (24) and use

(BE1), then Lg(1) = Lg(z * z) > Lg(z) for all z € X, that is, Lg(1) is an upper bound of
{Lé(z) | z € X}. The combination of (BE1), (BE3) and (25) induces

Le(y) = Lg(1xy) = Le(((z x y) * (z x ) * y) > min{bg(z * y), Lg(z) }

for all z,y € X. It follows from Theorem 13 that L is a Lukasiewicz fuzzy BE-filter of X.

Le((w  (y * 2)) * 2) > min{Lg(
> min{min{Lg (x * ((z * (y * 2

Corollary 5. If & is a fuzzy BE-filter of X, then its Lukasiewicz fuzzy set Lg satisfies
(24) and (25).

Theorem 16. The Lukasiewicz fuzzy set £ of & is a Lukasiewicz fuzzy BE-filter of X if
and only if it satisfies the condition (21) and
(Vz,y,z € X) (zx(y*2)=1 = Lg(z) > min{ £g(z), Lg(y)}) . (26)

Proof. Assume that L{ is a Lukasiewicz fuzzy BE-filter of X. The condition (21) was
verified by the proof of Theorem 13. Let z,y,z € X be such that = x (y * z) = 1. Using
Theorem 13, we have

Lg(y * z) > min{Lg(z * (y * 2)), Lg(2)} = min{Lg(1), Lg(2)} = Lg(z)

and so L(z) > min{Lg(y * 2), Li(y)} > min{L§(z), Lg(y)}-

Conversely, suppose that Lg satisfies the condition (21) and (26). Since (z*y)*(z*y) =
1 for all z,y € X, we have Lg(y) > min{L(z * y), Lg(x)} for all z,y € X. It follows from
Theorem 13 that LZ is a Lukasiewicz fuzzy BE-filter of X.

Corollary 6. If £ is a fuzzy BE-filter of X, then its Lukasiewicz fuzzy set Lg satisfies
(26).
We use BE-filter to create a Lukasiewicz fuzzy BE-filter.

Theorem 17. Let F be a BE-filter of X and let o, 8 € (0,1] with o > B. For every ¢,
define the Lukasiewicz fuzzy set Lg of & in X as follows:

LE:X—>[O,1},J,‘»—>{ o if €

B otherwise.

Then Lg is a Lukasiewicz fuzzy BE-filter of X.
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Proof. Since 1 € F, we have Lg(1) = o > Lg() for all z € X. Hence Lg(1) is an upper
bound of {L§(z) |z € X}. Let z,y € X. If y € F', then L(y) = a > min{Lg(zxy), Li(z)}.
Ifyd¢ F,thenx*xy ¢ F or x ¢ F. Hence

min{L{(z * ), Li(z)} = B = L{(y).

Therefore L is a Lukasiewicz fuzzy BE-filter of X by Theorem 13.
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