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1. Introduction

In [9], Husain et al considered the following nondifferentiable multiobjective variational
problem containing square root terms:

(VP) Minimize ( f (Fi(t,x,x,%) + (x(t)TBl(t)x(t))% )dt,
I

...,f(fp(t,x,x,k) + (x(t)TBp(t)x(t))%)dt)
I

subject to
x(a) =0=x(b)
x(a)=0=x(b)

g(t’x,xﬁx) é O, t E I,
where
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1 fl:IXR*"XR"XR"—>R,(i=1,2,...,p), g : IXR"XR"XR"—-R" j=1,...,m
are assumed to be continuously differentiable functions, and for each t € I, i € P =
{1,2,...,p}, B'(t) is an nxn positive semidefinite (symmetric) matrix, with B'(-)continuous
onl.

The following Wolfe type dual to the problem (VP) is presented in [9]:
(MWD)  Maximize ( J (F At u,u, i) + (w()TBY Oz () + y() T g(t,u,1,ii))dt
I

.. .,f(fp(t, u, i, i) + (u(t)TBP()zP(¢)) +y(t)Tg(t,u,u,il))dt)
1

Subject to
u(a) =0=u(b)
u(a) =0=1u(b)

p
DA (fi i) de + B (02 (0 +y (07 g, (6,u,1,i0))
i=1

—D (A" f; (6w, 1, 1) + y (07 g4 (t,u,1, D))

+D? (AT fy (6w, i)+ y ()7 g (t,u,1,i)) =0, t €I,
y(t)20, tel,
A>0, ATe=1.
Z(OTBi()z(t) <1, tel,iePp

The problem (MWD) is a dual to (VP) assuming that

p
Z)Lif(fi(t,.,.,.) + (OB (D) + (D) g(t, ., ))dt
i=1 1

is pseudoinvex with respect to 1. The authors in [9] further weakened the invexity required
in Wolfe type duality by constructing the following Mond- Weir type vector dual.
The following is the Mond-Weir vector type dual to (VP):

(M-WVD) Maximize ( f (Fi(t,u,u, i)+ (u(t)'BY ()2 (6))d¢t
I

yenn ,f(fp(t, u,u, i)+ (u(t)TBp(t)zp(t)))dt)
I

Subject to
u(a)=0=u(b)
u(a)=0=u(b)

p
DA (Fitt @) de + B0z (0) + y (0T g,(t,u,1,i1) )
i=1
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=D (AT fy(t, w11, i0) + y (6)" gyt u,11,i1))
+D? (AT fy(t,u, 1, 1) + y () g(6,u,4,1)) =0, t €1,
Z(OTBI()z(t) <1, tel,ieP

f y(t) T g(t,u,u,i)dt = 0,
1

y(t)z20, tel,
A>0.

Mond-Weir established usual duality theorems under the hypotheses that
p . . . .
DA f(f‘(t, b )+ (TBI(0E (0))de
i=1 JI

is pseudoinvex and f L y(t)Tg(t,.,.,.)dt is quasi-invex with respect to the same 7).

In this paper, we propose, in the spirit of Husain and Jabeen [7] and Xu [18], a mixed type
dual to (VP) and established various duality results under generalized invexity requirements.
Special cases are generalized and it is also pointed out that our duality results can be viewed
as dynamic generalizations of those of static case, already existing in the literature.

2. Pre-requisites

Consider the real interval I = [a, b], and the continuously differentiable function ¢ :
I XR"xR"XR" — R. In order to consider ¢(t, x, x, %), where x : I — R" is twice differentiable
with its first and second order derivatives x and X respectively, we denote the partial derivative

¢ by ¢,.

o9 2¢ 17 _[a¢ a¢p 17 _[a¢ 2¢ 17
o R e R o

The partial derivative of other function will be written similarly. Let K designates the space
of piecewise functions x : I — R" possessing derivatives x and ¥ with the norm ||x| =
1%/l Xl + [ID2x]| o, Where the differentiation operator D is given by

t
u=Dx=x(t)=a +J u(s)ds,

Where a is given boundary value; thus D = % except at discontinuities.

In the results to follow, we use C(I,R¥) to denote the space of continuous functions with
the uniform norm; superscript T denotes matrix transpose.
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Before stating our mixed type multiobjective variational problem, we mention the follow-
ing conventions for vectors x and y in n-dimensional Euclidian space R" to be used through-
out the analysis of this research together with some definitions of invexity and generalized
invexity for easy reference.

x<y, & x;<VYi i=1,2,...,n.
x=y, & x;<Yy, i=1,2,...,n.
x<y, & x;=Yy, i=1,2,...,n.butx #y
x £y, isthe negation of x <y

For x,y €R, x < y and x < y have the usual meaning.

Definition 1 (Invexity). If there exists vector function n(t,x,u) € R" with n = 0 and x(t) =
u(t), t €I and Dn = 0 for x(t) = u(t), t €I such that for a scalar function ¢(t,x,x,%), the
functional ®(x,x,x) = f[ ¢(t,x,x,x)dt satisfies

&(x,1,i) — ®(x, x,%)

> f T, (t,x,%,3%)+ (D) ¢y (t,x,%,%)+ (D*n) ¢ (t,x,x, )}dt,
1

® is said to be invex in x,x and X on I with respect to 7.

Definition 2 (Pseudoinvexity). @ is said to be pseudoinvex in x, x and X with respect to n if

f{nT¢x(t5x)xnx)+(Dn)T(bx(taxeJx)+(D2n)T¢x(t3xe)x)}dt z 0
1
implies

®(x,1,1) = &(x, x, X).

Definition 3 (Quasi-invex). The functional ® is said to quasi-invex in x,x and X with respect
to n if

®(x, 1, 1) = o(x, X, X)

implies
f{nT¢x(t,x,x,X) + (Dn)T(bx(t)xe)x) + (Dzn)T¢x(t,X,X,X)}dt é 0.
1

We require the following definition of efficient solution for our further analysis. The set of
feasible solutions for (VP) is designated by X.
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Definition 4 (Efficiency). A point x € X is said to be efficient solution of (VP) if for all feasible
xeX

f(fi(t,X(t),X(t),X(t))dt—I—(x(t)TBi(t)x(t))%)dt
1

S J(fi(t,f(t),fc(t),)?(t))dt +(X(OTBI()%()2)dt
I
forallie€P.

In order to prove the strong duality theorem we will invoke the following lemma due to
Changkong and Haimes [5].

Lemma 1. A point X € X be an efficient solution of (VP) if and only if X € X is an optimal
solution of the following problem (P, (X)) for all k

(Pe(3)) Minimize ( J (Fx(t, x,x,%)dt + (x(t)TBk(t)x(t))%) dt
Subject to I
x(a) =0=x(b),
x(a) =0=x(b),
g(t,x,x,x)=0, tel,

f(fi(t,x(t),x(t),je(t))dt+(x(t)TBi(t)x(t))%)dt
1
Sf(fi(t,a‘c(t),a?(t),i‘é(t))dt+(5c(t)TBi(t)x(t))%)dt, i £k
1

3. Mixed Type Duality

We formulate the following type dual (Mix D) to (VP):

(Mix D) Maximize (f (fl(t, u, 1, i) +u() "B ()2 (e) + Z yj(t)gj(t,u,ll,il)) dt
I

jel,

f (fp(t,u,ll,ii) + (u(t)"BP(0)2P(£)) + Zyj(t)gj(t, w1, L'l))dt)
I

Jel,
Subject to
u(a) =0=u(b), @)
u(a) =0=u(b), 2)

p
DA w i de + B (0 (6) + (07 gu(t,u,1, )
i=1
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DA f+y(O g) +D*(AT f+y()'g) =0, tel

D YOt u i, ide 20, a=1,2,...,r
jel JI

Z(OTB()Z(t) <1, tel,ieP
y(t)z0, te€l,
LeAt

where

D) AT={AeRPIA>0,ATe=1, e=(1,1,...,1)T €RP}

-
G) J,&EM={1,2,...,m},a=0,1,2,...,r with U Jg=M andJaﬂJﬁzcj),ifa;é[J’.
a=0

86
(3)
(4)
(5)

(©)
(7)

If J, = M, then (Mix D) becomes Wolfe type dual considered in [9], if J, = ¢ and J, = M for

some a € {1,2,...,r}, then (Mix D) becomes Mond-Weir type dual considered in [9].

Theorem 1 (Weak Duality). Let X be feasible for (VP) and (u,y,z",...,2P, ) be feasible for

(Mix D). If for feasible (x,u,z!,...,2P, ),

p
ZNJ (fl(t,.,.,.)+ny(t)g](t,.,.,.)+(-)TBl(t)zl(t))dt
i=1 I jeJo
is pseudoinvex and

ijj(t)gj(t,.,.,.)dt, a=1,2,...,r

jela I

is quasi-invex with respect to same 1), then the following cannot hold:

f(fi(t,x,x,i)dt + (x(0)TBI(6)x(£))2)d ¢
I

< f (fi(t,u,u,a)dt + () B0 (0) + Zyj(t)gj(t:u:ﬂ:ﬁ))dt
1

j€Jo

Foralli € P, and

f(fk(t,x,x,k)dt + (x(OTB*(6)x()7)d ¢
1

;J (fk(t,u,ll,il)dt+(u(t)TBk(t)Zk(t))+Zyj(t)gj(t’u’u’u))dt
I

Jjel,

for some k.

8)

)]
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Proof. Suppose contrary to the result, that (8) and (9) hold. In view of y(t) 20, t €1,
Z()TBY(t)z'(t)S1,t€1,i€P and g(t,x,%,%) 0, t €1, these inequalities yield,

f (fi(t,x,)'c,jé)dt +(x(O)TBU(0z (D) + Y ¥ (g (t,u, 1, ﬂ))dt
I

Jel,

< f (fi(t,u,u,il)dt + @()TBI(D)Z(t)) + Zyj(t)gj(t,u,u,il))dt
I

jeJdo
for alli € P, and

f (fk(t,x,fc,)'é)dt + (x (O BR () + Zyj(t)gj(t,u,u,il))dt
I

J€Jo
< f (fk(t,u,u,il)dt + (O BH(0 () + >y (087 (w1, ﬂ))dt
I jels

for some k.
Now using A > 0 and A”e = 1, these inequalities yield

p
Z;uf (fi(t,x,fc,)'é)dt +(x(OTBI ()2 () + Zyj(t)gj(t,x,ff,*))df
i=1 I

jeu,
p
< ZN’J (fi(t,u,u,u)dt + ()" B (0)z' () + ny(t)gf(t,x,x,ié))dt
i=1 I j&Jo
By pseudo invexity of
p . . . . . .
ZAIJ (fl(t, ) YO )+ (-)TBl(t)zl(t))dt
i=1 I JjE€J,
with respect to 1, we have

p
0> Z/vf n' Kf,;’ +B(t)z'(0) + Zyj(t)gi)
i=1 I

jels

+0n)" £+ v, ) + 02" (£i+ Yy itoel ) ar

i€l i€,

This, by integration by parts, gives,

p .
WL f o [{e+pro+ Yy -p 5+ Ty ) Jae
i=1

i JjE€J, JjEJ,
) . ) t=b ) ' ] t=b
e (£ X ywel )| +onr (54 Xyl )
jeJo t=a jGJO t=a
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+J(Dn)TD(f;+Zyj(t)g§)dt}
I

jel,

Using the boundary conditions which at t =a, t = b givesDn=0=1n

p
= Z;uf [nT{(f;+3i(t)zi(t)+2yf(t)g;) —D(f;+2yf(t)gi) }dt

i=1 I jels jels
+ f (Dn)TD(f;+ny(r)g;;ﬂdt
I jel,
p .
= wa [nT{ (f; +BI()z(t) + ny(t)gg;) -D (f;’ +> yj(t)gi)
i=1 I jel, j€Jo
t=b
+D? (f,-ﬁ + ny(t)gi) H dt—n' (f,-ﬁ + Zyi(t)gi)
jel, jel, t=a
P .
0 > YAl f [nT{ (f; +B(02' () + ) yf(t)gj;) -D (f,i +> yf(t)gi)
i=1 I jel, j€Jo
+D? (f;+2yj(t)gi)}}dt (10)
j€l,

Now, from the feasibility of (VP) and (Mix-D), we have
> f YOt x,x,2)dt £ f YO (t,u i, i)dt
jeJ VI jeJ VI
This, because of quasi-invexity of
> f ¥y (0)g'(t, ..., )dt
jel I
with 1 implies
>, f{nT(yf(t)g;;) + ()" y (gl + 0?0y (gl}dt 20
jel I
As earlier, integrating by parts and using the boundary conditions, we have
>, f n"{(y/(0)gl)+ D" yi(6)g} + D*yI ()gltde 0 (1)
jel, JI

Combining (10) and (11), we have

p
f n" (fo(f;' +B(0)2'(¢) +y(r)Tgx)
I i=1
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—D(A" fi + y(1)" g:) + D*(AT f + y(1) gg))de < 0

From the equality constraint of the dual, we have

p
f 0" O AL+ B0 (D) + y(0) g,)
I i=1
—D(ATfe + y() g )+ D* (AT f + y(£) gz ))dt =0

which is a contradiction. Hence the conclusion of the theorem is true.

Theorem 2 (Strong Duality). Let X € X be an efficient solution of (VP) and for at least one
i € P, x satisfies the regularity condition [3] for the problem (Py(x)). Then there exist multipliers
A € RP, piecewise smooth ¥ € R™ and z'(t) €R", i = {1,2,...,p} such that (x,y,2",...,2°,1)
is feasible for (Mix D) and the objectives of (VP) and (Mix D) are equal.

Further, if the hypotheses of Theorem 1 are met, then (X,¥,z',...,2P, ) is an efficient solu-
tion of (Mix D).

_ Proof x € X is an optimal solution of (Pr(%)). This implies that there exist £ € RP with
El,...,EP Zi(t) €R™, i={1,2,...,p} and piecewise smooth ¥ € R™such that, the following
optimality conditions [3] hold:

ER(fE+ BX(0)z"(6) — DfF + DKy

p
+ > E(fI+BI(6)5'(t) - DfL + D*f)

i=1
i#k
+0(1)" g, — D(0(t)" g) + D*(0(1)" gz) =0 (12)
o(t) g(t,x,%,x)dt =0 (13)
(Z(OTBUOE(D)? = (R(OTBI(F(0), i=1,...,p (14)
E(OTBI()Z () =1, tel, i=1,2,...,p (15)
E>0, 9(t)=20, tel (16)

p _. _. —

Dividing (12), (13) and (16) by Z &', and setting A' = pg ,i=1,...,pand
i=1 Y&

y(t)= 2(? , we have

2E

i=1

p
Z}v’(f; +Bi(t)z!(t) — Df{ + D?f))

i=1
+7(0)" g, —D(F() g) + D*(7(t) g3) =0 (17)
y() g(t,x,%,%¥)dt =0 (18)

A>0,y7(t)=20, tel (19)
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The equation (18) implies

D YO x50 =0 and D ¥ (g (tx,58)=0, a=1l..,r (20
jeJ, JE€J,

This implies,
nyj(t)gj(t,x,k,k)zo, a=1,...,r ©3))
jeJ Y1

Consequently (15), (17), (19) and (21) implies that (x,7,2,...,2P, A) is feasible for (Mix D).

f (fi(t,;z,fc,;e) +(%(OTBU(O)(0))% + ny(t)gf(t,x,;%,i))dt
1

ied,

= f(fi(t,fc,i,j‘&)Jr(;‘c(t)TBi(t)éi(t)))dt, i=1,2,...,p
1

This in view of Theorem 1, the efficiency of (%, ¥,2",...,2P, A) follows.
As in [15], by employing chain rule in calculus, it can be easily seen that the expression

P
DA w mide + B (0 () + y(6)7 gy (61,1, i)
i=1

—D(ATfi +y(0) g) +D*(AT fy + y()gz) =0, ,tel

may be regarded as a function 6 of variables t,x, X, %, X,y,y,7 and A, where X = D3x and
= D?y. That is, we can write

AFL u it + B ()2 (8) + y (0T g, (¢, u,1, i)
i=1

—D(ATfi + y() g) + D*(AT fi + y() ' ge) =0

p
e(t’x,x,jé’:x.:,y,y’yﬁx) =

In order to prove converse duality between (VP) and (Mix D), the space X is now replaced
by a smaller space X, of piecewise smooth thrice differentiable function x : I — R" with the
norm ||x||o + IDx||oo + |D?x|ls + [|D3X|| - The problem (Mix D) may now be briefly written
as,

Minimize( — f(fl(t,u,u,ﬂ) +u(t)'BH )z (1) + Zyj(t)gj(t,u,u,il))dt
I

je‘]o

f —(FP(t, w1, 0) + (u()TBP ()P () + Dy (0 (¢, u 1, L'l))dt)
I

je‘]o

Subject to
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u(a)=0=u(b)

u(a)=0=u(b)

o(t,x,x,%,x,y,y,y,A)=0, tel

Z J YO (t,u,u,i)dt =20, a=1,2,...,r
jelaJ1

Z(OTBI()Z(t) <1, tel,ieP

y(t)z0, tel

A>0, Ale=1

where

p

O(t,x,%,%,%,7,7,7,0) = Y AFt i) +B (02 () + y(0) g(t,u,1,i))
i=1
—D(A"fi +y(0)" g:) + D*(AT fi + y(0) T g:) =0

Consider 0(t,x(+),x(-),x(), X (), y(-),¥(), ¥(-),A) = 0 as defining a mapping ¢ : X X Y X
RP? — B where Y is a space of piecewise twice differentiable function and B is the Banach
Space. In order to apply Theorem 1 [10] to the problem (Mix D), the infinite dimensional
inequality must be restricted. In the following theorem, we use 1’ to represent the Fréchét

derivative [wx(x,y, A), wy(x,y, A)pa(x,y, A)] .

Theorem 3 (Converse Duality). Let (X,¥,Z',...,27,A) be an efficient solution for (Mix D).
Assume that

A The Fréchét derivative 1)’ has a (weak*) closed range,

A, f and g are twice continuously differentiable,

Ag (f,ﬁ +B(0)z' () + 2, yj(t)gi) —D(f,§+ > yj(t)gi) +D? (f,i + 2 yj(t)g,é),
jed, j€Jo JEJ,
ie€{l,2,...,p} are linearly independent, and

Ay (B(O)" 6, = DB()" 0, +D*B(6)"0x = D>B(6)" 6)B(t) = 0,= B(t) =0, t €I Further,
if the hypotheses of Theorem 1 are met then X is an efficient solution of (VP).

Proof. Since (x,7,2!,...,2P, 1) with 1’having a (weak®) closed range, is an efficient so-
lution of (Mix D), then by Theorem 1 [9], there exist multipliers T € RP, piecewise smooth
B(t):I - R", zi(t) €R", i=1,...,p, ¥ €R for each of rconstraints, n € RP, § € R and
piecewise smooth u(t) : I — R™ satisfying the following Fritz-John optimality conditions [9].

p .
e (s B0+ Ty ) -+ Lyl
i=1

jed, j€Jo
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+D? (f,-ﬁ +> y"(t)gi) } —1 DD (¥ (gl - Dy (t)g) + D2y (t)gh)

jed, a=1jeJ,
+B()T0, —DB(1)T 0, +D2B(t)T6; —D3B()T 64 =0, tel (22)
—(z"e)g’ + B(1)" 6, —DB()" 0y + D*B() 6y — /(1) =0, jel, (23)
—vg’ +B()" 6, —DB(t)" 6, +D*B()" 65 — ! (£)=0, jeJy,a=1,...,r (24)
—7ix()TB(t) + A B(t)TB(t) + 26'Bi(t)z'(t) =0, i=1,...,p (25)

[f,i +B(02' () + Dy (gl - D (f; + ny(t)gi)

jed, j€Jo
+D2(f;+2yf(t)g§;)] —n'=0 (26)
jeu,
u'()y(t)=0, tel (27)
nTA=0 (28)
yZ vy g(t,x,%,¥)dt =0, a=1,2,...,p (29)
jela JI

SiZI()TBi(t)z'(t)—1)=0, tel (30)
(7,7,u(t),6,m) 20 (31
(7, B(t),7,u(t),6,m) #0 (32)

Since A > 0, (28) implies n = 0. Consequently (26) implies
L B0+ 3y (0]~ DU+ O+ DU+ Ty 0gh] =0 @9
jed, J€J, jels
Using the duality constraint of (Mix D) equation (22) reduces to
p . . . . . . . . . :
NG m{ (f,: +BI(0)2' () + Y yI(gl) = D(fi+ ] y}(r)g;)
i=1 jGJO jGJO
+D? (f; +> yj(t)gf-;) } +B(0)" 6, — DB(1)" 6%
J€Jo
+D%B()1 6, —D3B(t)1 64+ =0, tel (34)
Post multiplying (34) by £(t) and then using (33), we obtain,

(B0, —DB() 6, +D*B() 6; —D*B() 6+)B(1) =0, tel
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This because of the hypothesis (A4) yields,
pt)=0, tel (35)

Using (35) in (34) in (22), we have

p .
=Y (= AN+ B0 (0 + Yy (0g]) = DU+ D ¥ (D))
i=1 jeJ, jed,
+DA(fi+ Dy (gl =0
J€Jo
This, due to the hypothesis (A3) gives,
ti—yAl=0, i=1,2,....p (36)

Suppose ¥ = 0, then from (36) we have 7 = 0. Consequently from (23) and (24) implies
u(t)=0, tel.
Also from (25) we have §'B!(t)z!(t) = 0, which together with (30) implies 5! = 0, i.e.
6 =0. Thus, (7, B(t),u(t),n,y,5,) =0, which is a contradiction to (32). Hence y > 0. From

(34) it implies that T > 0.
By the generalized Schwartz inequality [17],

®(OTBI(0Z (D) < (Z(OTB(D(D)2(EF (OB (DZ ()2, i=1,2,...,p (37)
Now let & = a'. Then a' > 0 and from (25), we have
Bi()x(t) = 2a'Bi(t)z'(t), i=1,2,...,p
which, is the condition for the equality in (37). Therefore, we have
(2(O)TBI(0Z(1) = (2()TBI(D%(0))3 (2 ()B(D)z1(1)?

From (30), either 5' = 0 or 2'(¢t)TB!(¢)z'(t)=1o0r §'=0,i=1,...,p and hence
B'(t)x(t) = 0. Therefore, in either case

(O BI(0)2'(0)) = (x ("B (Ox()7 , i=1,2,...,p (38)
From (23) and (24) we readily obtain,
g(t,x,x,x) S0, tel
which gives the feasibility of x for (P). Using (27) in (23) and (24) we have

y()Tg=0, ie, 7(t)g' =0, j=1,2,....,m, tel
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This obviously gives

> Fg =0, j=1,2,...,m (39)

j€Jo
Hence

f(fi(t,a?,;?,j‘é)dt +x(t)"BI(t)F'(t) + Zyj(t)gj)dt
I

=
= f(fi(t,fc,fc,i‘é)dﬂr (®(OTBI(OF(t)2)dt, i=1,2,...,p
I
(by using (38) and (39))

The efficiency of ik for (VP) follows by an application of Theorem 1.

4. Variational Problems with Natural Boundary Conditions

It is possible to extend the duality theorems established in the previous sections to the
corresponding variational problems with natural boundary values rather that fixed points.

(VP), Minimize (J (fl(t, x,x,%)dt + (x(t)TBl(t)x(t))%) dt
I

- --,J (fp(t,x,ic,jé)dt + (x(t)TBp(t)x(t))%)dt)
I

Subject to
g(t,x,%x,x)0, tel, j=1,....,m

(MIXD), Maximize (J (fl(t,u,u,il) +u(t)"BH )z (t) + Z y()g'(t, u,u,il)) dt
I

j€Jo

f (fp(t,u,u,il) + () BP () (D) + ), ¥ (g (6w, ﬂ))dt)
Subject to I =
> A (w1, 6) +BI (02 (0 + y(0) gu(t,u, i, i)
B —D(A" fy(t,u, 0, @) + y ()" gy (6, 0,1, D)
+D* (AT (¢ u, i) + y (6T gy(t,u,1,i)) =0, tel,

1

(f;+zyf<t>g;) 0

jed, t=a

(f,§+2yf(t)g§;) =0
jel, t=b
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(fjﬁ + Zyj(t)gf()

Jel,

(f,-ﬁ >y (t)gi)

jels

=0

t=a

=0
t=b

vV ie{l,2,...,p}
Z(OTBI()Z(t) <1, tel,ieP

nyj(t)gj(t,u,u,ﬁ)dtzo, a=1,2,...,r,
jel, JI
y(t)=0, tel.

5. Nonlinear Programming

If all the functions are independent of ¢ then the problems (VP) , and (MIX D) ; become
the following problems.

(VP), Minimize(f!(x)+ (xTle)%, PO+ (xTBpx)%)

Subject to
g(x)=0
(MixD);  Maximize (fl(u) +u'Bz + Z yigiw),..., fPw)+u"B 2" + Z ngj(u))
jed, jed,
Subject to

p
Z Ai(fui(u)dt +Bizi+yTg,(u)=0
i=1

ziTBiz' <1, ieP
Zngj(u)zo, a=1,2,...,r
j€Ja
y(t)=0, tel
LeAt
where AT ={AeRPIAL>0,ATe=1,e=(1,1,...,1)T €RP}

The duality results for this pair of problems are not explicitly reported in the literature but
can be derived easily on the lines of the analysis of this research.
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