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Abstract. An open (resp., closed) subset A of a topological space (X, 7T) is called F'-open (resp.,
F-closed) set if cl(A)\ A (resp., A\ int(A)) is finite set. In this work, we study the main properties
of these definitions and examine the relationships between F-open and F-closed sets with other
kinds such as regularly open, regularly closed, closed, and open sets. Then, we establish some
operators such as F-interior, F-closure, and F-derived...etc., using F-open and F-closed sets. At
the end of this work, we introduce definitions of F-continuous function, F-compact space, and
other related properties.
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1. Introduction

In the topological space X, a subset B of a space X is said to be a regularly-closed,
called also closed domain if B = cl(int(B)). A subset B of X is said to be a regularly-open,
called also open domain if B = int(cl(B)) [2]. In this work, we are interested in studying
the concepts of F-open and F-closed sets in topological spaces in detail. We organize this
paper as follows. In Section 2, we recall the basic concepts and findings that make this
work self-contained. In Section 3, we introduce definitions of F-open and F-closed sets
and examine the relationships between them and other types such as open domain, closed
domain, closed, and open sets. We also present some important theorems. In Section
4, we establish some operators such as F-interior, F-closure, F-border, F-frontier, F-
exterior, and F-derived using F-open and F'-closed sets. Then we introduce some related
theorems. In Section 5, we introduce definitions of F-continuous, F-open, F-closed, and
F-homeomorphism functions. We also provide definitions of F-compact, F-Lindelof, and
F-countably compact spaces. In addition, we present some related properties. Throughout
this paper, the subset B of a topological space (X, T'), we will denote the complement of B
in (X, 7T) by X\ B, the set of positive integers by N, the set of integers numbers by Z, the
set of real numbers by R, and usual topology in R by &. Unless or otherwise mentioned,
X stands for the topological space (X, T).
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2. Preliminaries

In this Section, we recall the basic concepts and findings that make this work self-
contained.

Definition 1. [1] Let K be a subset of the topological space (X, T), then the interior of
K is defined as the union of all open subsets of K (or the largest open set contained in
K ) and is denoted by int(K).

Definition 2. [1] Let K be a subset of the topological space (X, T), then the clouser of K
is defined as the intersection of all closed sets containing K, and is denoted by cl(K).

Definition 3. [1] Let K be a subset of the topological space (X, T). A point x € X is said
to be limit points (or an accumulation point, or a cluster point) of K if and only if every

open set V' containing x, contains at least one point of K different from x. The set of all
limit points of K s called the derived set of K and denoted by D(K).

Definition 4. [1] Let K be a subset of the topological space (X,T), then the border of K
is defined as Bd(K) = K \ int(K).

Definition 5. [1] Let K be a subset of the topological space (X,T), then the frontier of
K is defined as Fr(K) = cl(K) \ int(K).

Definition 6. [1] Let K be a subset of the topological space (X, T), then the exterior of
K is defined as Ext(K) = int(X \ K).

Definition 7. [1] A function h from the topological space (X, T) into the topological space
(Y,P) is said to be continuous if h~*(U) is an open subset in X for every open subsets U
Y.

Definition 8. [1] A function h from the topological space (X, T) into the topological space
(Y, P) is said to be open (resp. closed) if h(U) is an open (resp., closed) subset in'Y for
every open (resp., closed) subsets U in X.

Definition 9. [1] A bijection function h from the topological space (X,T) into the topo-
logical space (Y, P) is said to be homeomorphism if and only if h and h™' are continuous.

Definition 10. [1] Let (X,T) be a topological space, then (X,T) is compact (resp.,
Lindelof) if and only if any open cover of X has a finite (resp., countable) subcover of
open sets.

Definition 11. [1] Let (X,T) be a topological space, then (X,T) is countably compact
space if and only if any countable open cover of X has a finite subcover of open sets.
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3. F-open and F-closed sets

Definition 12. An open subset A of a topological space (X,T) is called F-open set if
cl(A)\ A is finite set. That is, A is an open set and the frontier of A is a finite set.

Definition 13. A closed subset A of a topological space (X, T) is called F-closed set if
A\ int(A) is finite set. That is, A is a closed set and the frontier of A is a finite set.

Theorem 1. Let (X,T) be a topological space, then
(i) The complement of any F-open subset of X is a F-closed;
(ii) The complement of any F-closed subset of X is a F-open.

Proof. Let A be any F-open subset in X, then X \ A is closed and (X \ A) \int(X\A) =
(X\NA\(X\cl(A)) = (X\A)Ncl(A) = cl(A)\ A is finite. Therefore, X \ A is a F-closed.
Using the same way to prove the complement of any F'-closed subset in X is a F-open.

Remark 1.

i) Any clopen (open-and-closed) subset of the topological space (X,T) is F-open and
F-closed sets;

it) Any finite closed subset of the topological space (X, T) is F-closed.

The collection of all F-open (resp., F-closed) subsets of the topological space (X, 7))
is denoted by FO(X) (resp., FC(X)).

Example 1. Let (R,U) be a topological space, where U is denoted for the usual topology.
Let A = (2,100) is an open interval in (R,U), then A is a F-open set, because, (2,100) € U
and cl(2,100)\ (2, 100) = [2,100]\(2,100) = {2,100} s finite. Any open intervals of (R,U)
is a F-open set. On the other hand, let B = [1,6] is a closed interval in (R,U), then B
is a F-closed set, because, [1,6] is closed set and [1,6]\ int[1,6] = [1,6]\ (1,6) = {1,6} is
finite. Any closed interval or finite set of (R,U) is a F-closed set.

Definition 14. If (X, T) is a topological space, x is a point of X, a F-open neighbourhood
of x is a F-open subset U of X, which is containing x.

Lemma 1. Let (X,T) be a topological space and ) #V C X is F-open set, then for every
x €V there exists a F'-open neighborhood U, of the point x contained in V.

Proof. Assume that V is F-open and pick x € V arbitrary. Let U, = V. Then V is a
F-open neighborhood of z and z € V C V.

The converse of the previous Lemma is not true in general. We have the following
example:
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Example 2. Let A, = (n,n + 1) be a subset of (R,U), for all n € Z. Then, A, =
(n,m+1) el and cl(n,n+ 1)\ (n,n+ 1) = {n,n + 1} is finite set for all n € Z. Then
An = (n,n + 1) is F-open set for alln € Z. Let B = |J,cz(n,n+1) and let x € B =
Unez(n,n + 1) be arbitrary, then there exists some ny € Z such that x € (n1,n1 + 1) is a
F-open neighborhood containing x and contained in B, that is mean for any r € B there
exist a F-open neighborhood containing x and contained in B. However, B is not F-open
set, because B = |J,,cz(n,n 4+ 1) = R\ Z is open set and cl(B) \ (B) =R\ (R\Z) =Z is
not finite set. Therefore, B = J, cz(n,n + 1) is not F-open set.

It is clear by the definitions every F-open and F-closed sets are open and closed,
respectively. However, the converse is not true in general. Here is an example of open
(resp., closed) set which is not F-open (resp., F-closed).

Example 3. There exist A = R\Z is an open subset of (R,U). However, cl(R\Z)\(R\Z) =
R\ (R\Z)) = Z is not finite. Hence A is not F-open set. Also, Z is a closed set in (R,U),
but Z \ int(Z) = Z\ 0 = Z is not finite. therefore, Z is not F-closed set.

There is an example of F-open (resp., F-closed) set which is not an open domain
(resp., closed domain).

Example 4. Let A = (2,5) U (5,9) is a F-open subset in (R,U), because, (2,5) U (5,9)
is open and cl((2,5) U (5,9)) \ ((2,5) U ((5,9)) = [2,9] \ ((2,5) U (5,9)) = {2,5,9} is
finite. But A is not open domain, because (2,5) U (5,9) # int(cl((2,5) U (5,9))) = (2,9).
Moreover, R\ A is F-closed set, because R\ A is closed and (R\ A) \ int(R\ A) =
((—00,2]U[9,00) U{5}) \ ((—00,2) U (9,00)) = {2,5,9} is finite. But R\ A is not closed
domain because the complement of closed domain is open domain or cl(int(R\ A)) =
cl(int((—o00,2] U [9,00) U{5})) = cl((—00,2) U (9,00)) = ((—00,2] U[9,0)) # (R\ A).

Now, there is an example of an open domain (resp., closed domain) set which is not
F-open (resp., F-closed) set.

Example 5. Let (R,7z) be the excluded set topological space on R by Z. Let K = (0,1),
then K € Tz and cl(K)\ K = ((0,1)UZ)\ (0,1) = Z is not finite, then K is not F-open
set. But K = int(cl(K)) = int(cl(0,1)) = int((0,1) UZ) = (0,1) = K, then K is open
domain. By Theorem 1, the complement of F-closed set is F-open set and the complement
of open domain is closed domain, then X \ K = X \ (0,1) is an example of closed domain
set which is not F-closed.

Theorem 2. Let (X,7T) be a topological space, then
i) Finite union of F-closed subsets in X is a F-closed;
i1) Finite union of F-open subsets in X is a F-open;
i11) Finite intersection of F-open subsets in X is a F-open;

iv) Finite intersection of F-closed subsets in X is a F-closed.
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Proof.

i)

i)

iii)

iv)

Suppose that K; be F-closed set for all i € {1,2,3,...,n}, then K; is a closed set
and Kj; \ int(K;) is finite for all <. Since |J!"; Kj is closed then we need to show the
other condition of F-closed set.

Claim: . . .
U K\ int(| ) Ki) € |5\ int(K))),
i=1 i=1 i=1
Let z € U, K; \ int(U;—, Ki) be arbitrary. Since |J;_, int(K;) C int(U;_, Ki),

then there exists i; € {1,2,3,...,n} such that x € K;, and = ¢ in (K) for all
i€{1,2,3,...,n}. Then xz € (K;,) \ int(K;,), then z € J;—, (K; \ int(K;)). Claim
is proved.

Since the finite union of finite sets is finite. Then, |J;_, K; \ int(U;_, K;) is finite.
Therefore, | J;" | K; is F-closed.

Suppose that K; be F-open set for all i € {1,2,3,...,n}, then K; is an open set and
cl(K;) \ K is finite for all 4. Since |J;, K; is open, then we need to show the other
condition of F-open set.

Claim:
n

U K)\ U i e Yl
Let z € (U Ki) \ Ui, K; be arbltrary Slnce AU, Ki) = Uj-, cl(K;), then
z e UL, c(K;) \ Ui, Ki, that is mean there exist iy € {1,2,3,...,n} such that
z € cl(K; ) and z ¢ K; for all i € {1,2,3,...,n}. Then z € (cl( 21) \ K;,), so thus
z e Ui, (cl(K;) \ K;). Claim is proved.
Since the finite union of finite sets is finite. Then, cl(UJ;—, K;) \ U;—; K; is finite.
Therefore, | ;" ; K; is F-open.

Suppose that K; be F-open set for all i € {1,2,3,...,n}, then (), K; is open and
by Morgan’s Laws, Theorem 1 and Theorem 2 part (i) we have (-, K; is F-open,
because X \ i, K; = U (X \ K;) is F-closed set.

Suppose that K; be F-closed set for all ¢ € {1,2,3,...,n}, then N, K; is closed
and by Morgan’s Laws, Theorem 1 and Theorem 2 part (iz) we have (' ; K; is
F-closed, because X \ (i, K; = J;,(X \ K;) is F-open set.

In general, countable union of F-open sets may not be F-open set.

Example 6. Let A, = (n,n+1) be a subset of (R,U), for alln € N, then, A, = (n,n+1) €
U and cl(n,n+1)\ (n,n+1) = {n,n+1} is finite for alln € N. Hence, A,, = (n,n+1) is
F—open set for alln € N. We have |, cn(n,n +1) = [1,00) \ N is an open set. However,
A (Unen(mn+1))\Upen(n, n+1) = cl([1,00) \N)\ ([1,00) \N) = [1,00)\ ([1,00) \N) =

is not finite set. Therefore, | J,, cn(n,n + 1) is not F-open set.
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In general countable intersection of F-closed sets may not be F-closed set.

Example 7. By Theorem 1 and Example 6, we have R\ (U, en(n,n 4+ 1)) = (,en(R\
(n,m + 1)) is countable intersection of F-closed sets which is not F-closed set or V =
R\ (n,n+1) = (—oo,n]U[n+ 1,00) is closed for alln € N, and ((—oo,n] U [n+1,00)) \
int((—oo,n]U[n+1,00)) = {n,n+1} is finite set for alln € N. Then V is a F-closed set for
alln € N. Since (), cn((—00,n]U[n+1,00)) = (—00,1)UN is closed, then we need to show
the other condition of F-closed set. Let [, cn((—00,n]U[n+1,00)) \ int((),cn((—00,n] U
[n+1,00))) = ((—o0,1) UN) \ int((—o0,1) UN) = ((—00,1) UN) \ (—o0,1) = N is not
finite set. Therefore, ,en(R\ (n,n 4 1)) is not F-closed set.

In general countable union of F-closed sets may not be F-closed set.

Example 8. Let K, = {1} is a F—closed set in (R,U) for all n € N, because {2} is
closed for alln € N, and {2} \int({1}) = {1} \ 0 = {L} is finite for all n € N. However,

Unen{} is not a closed set. Hence is not a F-closed set.
In general countable intersection of F-open sets may not be F-open set.
—1 1\ - . -1 1
Example 9. We have (==, =) is a F-open set in (R,U) for alln € N. But (), cn(55 ) =

{0} is not open set, then is not F-open set.

4. Some topological properties

Definition 15. Let K be a subset of the topological space (X,T). Then,

i) The F-interior of K is defined as the union of all F-open subsets of K (or the largest
F-open set contained in K ) and is denoted by int? (K).

it) The F-clouser of K is defined as the intersection of all F-closed sets containing K,
and is denoted by cl¥ (K).

Definition 16. Let 2 € int” (K) if and only if there ewist a F-open set U such that
relU CK.

Theorem 3. Let K be a subset of the topological space (X,T). Then,
i) int? (K) Cint(K) C K.
i) K C cl(K) C cd¥(K).
Proof.

i) Let z € int!"(K) be arbitrary, then there exist a F-open set U such that x € U C K.
Since any F-open set is open, then x € int(K). Hence, int” (K) C int(K). Also by
the interior definition of K, we have int(K) C K. Therefore, int" (K) C int(K) C K.
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ii) By the closure definition, we have K C cl(K). Let ¢l(K) = F be the smallest closed
set such that K C F. Since any F-closed set is closed, then F C cl¥'(K). Therefore,
K Cd(K) C df (K).

In general int(K) ¢ int!(K) and cl¥'(K) ¢ cl(K). For example:

Example 10. Let K = R\ Z be a subset of the usual topological space (R,U). Then
int(K) = R\ Z. However, R\ Z is not F-open, then the largest F-open subset of R\ Z
is not equal R \ Z. Therefore, int(K) ¢ int" (K). Let H = Z be a subset of the usual
topological space (R,U), then H = Z is closed in (R,U), so thus cl(Z) = Z. However, Z is
not F-closed, then Z C cl¥'(Z). Therefore, cl¥ (H) ¢ cl(H).

Corollary 1. If U is F-open set and UNV = (), then U Nclf (V) = 0. In particular, If
U and V are disjoint F-open sets, then U Nl (V) =0 =¥ (U)NV.

Proof. Since UNV =, then V C X \ U, so thus clf (V) C cl¥'(X \ U). However, U
is F-open, then X \ U is F-closed. Hence, X \ U = clf (X \ U), so thus I (V) C X \ U.
Therefore, U N el (V) = 0.

Definition 17. Let K be a subset of the topological space (X, T). A point x € X is said
to be F-limit points (or an F-accumulation point, or a F-cluster point) of K if and only
if for any F-open set V' containing x, we have (V \ {z}) N K # (. The set of all F-limit
points of K is called the F-derived set of K and denoted by DY (K).

Theorem 4. Let K and H be subsets of a topological space (X,T). Then we have the
following properties:

(i) D(K) C DY (K), where D(K) is the derived set of K.
(ii) If K C H, then DY (K) C D¥(H).
(iii) DY (K)UD¥(H) = D¥(K UH) and DY (K N H) C D¥(K)n D (H).
Proof. For (i) it suffices to observe that every F-open is open. For (ii) follow from

Definition 17. For (7i7) is a modification of the standard proof for D.
In general D' (K) ¢ D(K). For example:

Example 11. Let (R, T1) be a topological space, where T1 is the particular point topology
2

2
at % Let K = Z, then D(Z) = ), because {%, x} for any x € R is an open set containing
z and ({3,2}\ {z}) NZ = 0. Let V be any F-open subset of R, then we have § € V, and
cd(V)\'V is finite. Hence, V.=R\ H where H is finite. Suppose not, H is infinite, then
cd(V)\V =R\R\ H = H is infinite. Hence, V is not F-open set. let x € R be arbitrary,
then for any F-open set V containing x we have V NZ # (). Hence, D¥(Z) = R, so thus
D¥(Z) ¢ D(Z). Therefore, D (K) ¢ D(K).

In general D¥(K N H) 2 DY(K)n DF(H). For example:
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Example 12. There exists K = (1,2) and H = (2, 3) are F-open subsets of the usual
topological space (R,U) such that DF(K NH) = DF((1,2) N (2,3)) = D¥(®) = 0 and
DF(K)nDY(H) = D¥((1,2))nD¥((2,3)) = [1,2]N[2,3] = {2}. Therefore, DY (KNH) 2
DF(K)n DF(H).

Theorem 5. Let K and H be subsets of a topological space (X, T). Then we have the
following properties:

(i) intf(X) = X.

(i) int" (K) C K.
(iii) If K C H, then int" (K) C int" (H).
() int? (int" (K)) = int? (K).

(v) int! (K N H) = int" (K) Nint" (H).
(vi) intt (K)Uint! (H) C int" (K U H).

Proof. The properties (i), (i), (¢i7) and (iv) follow from Definitions 12 and Definition
15. To prove (v), by property (ii) we have int’ (K) C K and int’ (H) C H, then int! (K)N
int” (H) C KN H. As int™ (K) Nint" (H) is F-open, then we have int” (K) Nint" (H) C
int” (KN H), because int" (K)Nint!" (H) is F-open and int" (K N H) is the largest F-open
set contained in K N H. Conversely, (K N H) C K and (K N H) C H, by property (ii7)
we have int” (K N H) C int!"(K) and int" (K N H) C int" (H). Hence, int’ (K N H) C
int! (K) Nint! (H). Therefore, int™ (K N H) = int" (K) Nint? (H). To prove (vi), since
K C(KUH)and H C (KU H), from property (iii) we have int" (K) C int" (K U H)
and int!" (H) C int" (K U H). Therefore, int! (K) Uint" (H) C int" (K U H).

In general, int" (K U H) ¢ int!"(K) Uint" (H). For example:

Example 13. Let K = R\N and H = N be a subsets of the usual topological space (R,U),
where N = {1,2,3,...}. Then int! (K U H) = R. However, R\ N is not F-open set, then
int! (R\N) C R\ N and int!"(H) = 0. Therefore, int" (K U H) ¢ int" (K) Uint! (H).

Theorem 6. Let K and H be subsets of a topological space (X,T). Then we have the
following properties:

(i) cl"(0) =
(ii) K C cl¥(K).
(iii) If K C H, then ¥ (K) C el (H).
(iv) ¥ (KUH) =cf (K)ucdf'(H).
() ¥ (¥ (K)) = df (K).
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Proof. The properties (i), (i1), (#i7) and (v) follow from Definition 13 and Definition
15. The property (iv), follow from property (iii), Definition 12, Definition 15 and using
set theoretic properties.

Theorem 7. Let K be a subset of the topological space (X,T). Then,
(i) intf' (K) = X \ ¥ (X \ K).
(it) cdf (K) =X\ int" (X \ K).
Proof.

(i) We have intf (K) = X \ el (X \ K), then X \ K C cl¥(X \ K), thus X \ /(X \
K) C K. Since X \ clf (X \ K) is F-open, then X \ cl¥(X \ K) C int!'(K)...(1).
Now, let V be any F-open set contained in K, i.e., V C K and V is F-open, then
X\K CX\V =dl'(X\V). Then el (X\ K) C X \V, hence V C X\ ¥ (X \ K).
That is, any F-open set contained in K is contained in X \ ¢/’ (X \ K), which means
that int’ (K) C X \ clf (X \ K) ...(2). From (1) and (2) equality holds.

(ii) Can be proved by replacing K and X \ K by X \ K and K, respectively in (i) and
using set theoretic properties.

Definition 18. Let K be a subset of the topological space X. Then F-border of K is
defined as Bd' (K) = K \ int" (K).

Theorem 8. Let K be a subset of the topological space (X, T). Then we have the following
properties:

(i) Bd(K) C Bd"(K), where Bd(K) denotes the border of K.
(ii) K = int! (K) U Bd¥ (K).

(i) int? (K) N Bd¥ (K) = 0.

(iv) K is a F—open set if and only if Bd¥ (K) = ().
(v) int" (Bd¥(K)) = (.

(vi) Bd¥(Bd"(K)) = Bd"(K).

(vii) Bd¥(K) = K nel¥ (X \ K).

Proof. To prove (i), let * € Bd(K) be arbitrary, then x € K \ int(K), so thus
x ¢ int(K). By Theorem 3 part (i) we have int” (K) C int(K) C K, then x ¢ int" (K).
Hence 2 € (K \ intf'(K)) = Bd¥(K). Therefore, Bd(K) C Bd"(K). The properties
(i1), (#3i) and (iv) follow from Definition 18. To prove (v), let = € int’ (Bd¥'(K)) be
arbitrary, then 2 € Bd"(K). Since Bd"(K) C K, then z ¢ int"(Bd" (K)) C intf (K),
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so thus z € int? (K) N Bd¥ (K) which contradicts (i4i). For (vi) from Definition 18 and
property (v) we have Bd?' (Bd¥ (K)) = Bd" (K)\int" (Bd¥ (K)) = Bd" (K)\() = Bd" (K).
The property (vit) follow from Theorem 7 part (i) and Definition 18.

In general BdY' (K) ¢ Bd(K). For example:

Example 14. Let K = R\ N be a subset of the usual topological space (R,U), where
N=1{1,2,3,...}. Then Bd(K) = (). Since R\N is not F-open set, then int!(R\N) C R\N.
Hence, (R\N) \ int" (R \ N)) # 0. Therefore, Bd* (K) ¢ Bd(K

Definition 19. Let K be a subset of the topological space X. Then F-frontier of K is
defined as Fr¥'(K) = clf (K) \ int" (K).

Theorem 9. Let K be a subset of the topological space (X,T). Then we have the following
properties:

(i) Fr(K) c Fr¥(K), where Fr(K) denotes the frontier of K.
(i) ¥ (K) = int! (K) U Frf'(K).
(iii) int! (K) N Fri’'(K) = (.

(iv) Bd¥(K) c Frf ( )

(vi) Frif(K

(K)
()

(v) Fri(K) =cf (K)ncf (X \ K).
(K) = Fri(X \ K).
(K) =

(viii) int" (K) = K \ Frf'(K).

Proof. The property (i), by Theorem 3 and Definition 19, we have int" (K) C int(K)
and cl(K) C cl¥(K), then Fr(K) = (cl(K) \ int(K)) C ch( )\ intf (K) = Frf(K).
The properties (ii) and (iii) follow from Definition 19. For (iv), since K C clf'(K), then
BdF(K) = (K \int" (K)) C (eI (K) \ intf'(K)) = Frf'(K). The property (v) follow from
Theorem 7 and Definition 19. The property (vi) follow from property (v) and Definition
19. The property (vzz) follow from Definition 19.

In general Fri'(K) ¢ Fr(K) and Fri'(K) ¢ Bd" (K). For example:

Example 15. Let K = N be a subset of the usual topological space (R,U), where N =
{1,2,3,...}. Then Fr(K) = N. Without loss of generality, we assume that, cl¥'(K) =
{1,2,3,...,n}U[n, 00), for somen € N, then Fr¥'(K) = ¥ (K)\int" (K) = {1,2,3,...,n}U
[n,00)\ 0 ={1,2,3,...,n} U[n,00). Hence, Frf(K) ¢ Fr(K). For Fr¥(K) ¢ Bd" (K),
let K = (1,2] be a subsets in (R,U), then Bd¥'(K) = {2} and Frf'(K) = {1,2}. Hence,
Fri(K) ¢ Bd" (K).

Definition 20. Let K be a subset of the topological space X. Then F-exterior of K is
defined as Ext!' (K) = int! (X \ K).
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Theorem 10. Let K be a subset of the topological space (X, T ). Then we have the following
properties:

(i) Ext’ (K) C Ext(K), where Ext(K) denotes the exterior of K.

(
(ii) Ext"(K) is open.
(i) Extf'(K) = X\ ¥ (K).
(

(iv) Extf (Extf (K)) = intf (clF (K)).
(v) If K C H, then Ext"(H) C Ext"(K).
(vi) Bzt (X \ Extf (K)) = Ext!’ (K).

(vii) int" (K) C Ext" (Extl (K)).

(viii) Ext™ (K U H) C Extf' (K) U Ext? (H).
(iz) Ext" (K N H) D Extf (K) N Extf (H).
(z) X =int" (K)U Ext? (K) U Fri(K).

Proof. The property (i), follow from Definition 20 and Theorem 3. The property (i7),
follow from Definition 15. The property (7ii), follow from Theorem 7 and Definition 20.
To prove (iv) Ext!(Extf (K)) = Extf (int! (X \ K)) = Ext!'(X \ clf (K)) = int" (X \
(X \ cdf(K))) = intf (cl¥ (K)). To prove (v) since K C H, then X \ H C X \ K, then
int? (X \H) C int!" (X \ K), hence, Ext!'(H) C Ext!'(K). For (vi), Extt (X \ Extf (K)) =
Ext"(X\int! (X\K)) = int" (X \ (X \int! (X\K))) = int? (int" (X\K)) = int" (X\K) =
Extt (K). For (vii), int" (K) C int!(clf (K)) C int"(X \ int!' (X \ K)) = intF' (X \
Extt(K)) = Ext! (Ext" (K)). The property (viii) Ext! (K UH) = int" (X \ (KUH)) =
(X\clF (KUH)) = (X\(cIF (K)udf (H))) ¢ X\ (K)uX\cl¥(H) = (X \ ¥ (K))N(X\
cdf (H))) = Ext'(K) N Ext!' (H) ¢ Ext? (K) U Ext! (H). The property (iz): Extf (K N
H) =int!' (X\(KNH)) = (X\cd"(KNH)) > (X\ (' (K)necf (H))) = (X\cdF(K))U
(X \ cdf(H))) = Ext" (K) U Extf' (H) > Ext"(K) N Ext? (H). The property (x) follow
from the Definitions 19 and 20.

In general Ext(K) ¢ Ext!(K), Ext! (KU H) 2 Ext! (K)U Ext? (H) and Extf' (KN
H) ¢ Ext" (K) N Ext™ (H). For example:

Example 16. Let K = Z be a subset of the usual topological space (R,U). Then Ext(K) =

int(R\Z) = R\Z. ButR\Z is not F-open, then Ext’ ((K) = int" (R\Z) C R\Z. Hence,
Ext(K) ¢ Extf (K). For Ext" (KUH) 2 Ext! (K)UExt!' (H) , let K = (—00,2) and H =
(0,00), then Extt (K UH) = Ext"(R) = 0 and Ext" (K) UE$tF( ) = (2,00) U (—00,0).
Hence, Ext! (KUH) 2 Ext! (K)UExt!' (H). For Ext" (KN H) ¢ Ext!'(K)N Ext! (H),
let K = (—00,2] and H = [2,00), then Ext!(K N H) = Eath({Z}) R\ {2} and
Extf (K)NExt!' (H) = (2,00)N(—00,2) = 0. Hence, Ext" (KNH) ¢ Extt (K)NExt! (H).
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5. F-continuity and F-compactness

Definition 21. A function h: (X,T) — (Y, P) is said to be F-continuous if h~1(U) is a
F-open set in X for every open sets U in Y.

Definition 22. A function h: (X,T) — (Y, P) is said to be F—open if h(U) is F—open
in'Y for every open sets U in X.

Definition 23. A function h: (X,T) — (Y, P) is said to be F-closed if h(U) is F-closed
'Y for every closed sets U in X.

Definition 24. A bijection function h: (X,T) — (Y, P) is said to be F—hmoeomrphism
if and only if h and h™' are F-continuous.

Theorem 11. Let h: (X,T) — (Y, P) be a F-continuous function, then h is continuous
function.

Proof. Let U be any open set in Y, then by F-continuity h~!(U) is F-open set in X.
Since any F-open set is open, then h~1(U) is open set in X.

In general, the converse of the previous theorem is not true. There is an example of
continuous function which is not F—continuous function.

Example 17. The identity function id : (R,U) — (R,U) is a continuous function. How-
ever, there exist (R\ Z) € U and id"'(R\ Z) = R\ Z is not F—open set, because
cA(R\Z)\ (R\Z) =7 is not finite.

Definition 25. Let (X, T) be a topological space. Then (X,T) is a F-compact (resp., F-
Lindelof) space if and only if any open cover of X has a finite (resp., countable) subcover
of F-open sets.

Definition 26. Let (X,T) be a topological space. Then (X,T) is a F-countably compact
space if and only if any countable open cover of X has a finite subcover of F-open sets.

Theorem 12. Any F-compact space is compact.

Proof. Obvious, because any F-open set is open.

Here an example of compact space which is not F-compact space.

Example 18. Overlapping Interval Topology [3]. On the set X = [—1,1] we generate a
topology from sets of the form [—1,b) forb > 0 and (a, 1] for a < 0. Then all sets of the form
(a,b) are also open. We have X is a compact space, since in any open covering, the two sets
which include 1 and —1 will cover X. The space X is not F-compact space, because there
exists {[—1,0.5), (—0.5, 1]} open cover for X has no finite subcover of F-open sets, because
[—1,0.5) and (—0.5,1] are not F—open sets (cl[-1,0.5) \ [-1,0.5) = [-1,1] \ [-1,0.5) =
[0.5,1] is not finite set and cl(—0.5,1] \ (=0.5,1] = [-1,1] \ (=0.5,1] = [-1,—0.5] is not
finite set).
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Corollary 2. Any F-Lindelof (resp., F-countably compact) space is Lindelof (resp., count-
ably compact).

Theorem 13. If there exists a F-open F-continuous function h from F-compact space
(X, T) onto a topological space (Y, P), then (Y, P) is a F-compact space.

Proof. Let {V, : @ € A} be any open cover of Y. Since h is F-continuous, then
h~(V,) is F-open in X for each a € A. Since Y C [J,ep Va, then X = h71(Y) C
R (Upen Va) = Ugen B (Va) ), that is means {h™'(V,) : @ € A} is an open cover
of X (because any F-open set is open). Then, by the F-compactness of X, there exist
a1,q9, - ay € A such that b= (Vo ) UR (Vo) U---URh (VL) = X, then h[h=1(Vq,) U
h= (Vo )U- - -UR™Y(V,, )] = h(X), then h(h™1(Vy, ) )UR(A™1(Vy,))U- - -UR(h ™1 (Va,)) = Y,
then Vi, UV,, U---UV,, =Y. Since h is F-open, then {V,, UV,, U---UV,, } is a finite
subcover of F-open sets for Y. Therefore, (Y, P) is a F-compact space.

A subset B of a space X is F-compact if and only if B is a F-compact topological
space with the subspace topology.

Theorem 14. If there exists a F-continuous function h from F-compact space (X, T)
onto a topological space (Y, P), then (Y, P) is compact.

Proof. Using the same proof of Theorem 13.

Theorem 15. If there ezists a F-open F-continuous function h from a F-Lindelof (resp.,
F-countably compact) space (X,T) onto a topological space (Y,P), then (Y,P) is F-
Lindelof (resp., F-countably compact).

Proof. Using the same proof of Theorem 13.

Theorem 16. If there exists a F-continuous function h from a F-Lindelof space (X, T)
onto a topological space (Y, P), then (Y, P) is Lindelof.

Proof.

Let {V, : a € A} be any open cover of Y. Since h is F-continuous, then h=1(V,)
is F-open subsets in X for each o« € A. Since Y C UaeA Vy, then X = hil(Y) C
R (Upen Vo) = Ugen P 1(Va) ), that is means {h~*(V,) : @ € A} is an open cover of X
(because any F-open set is open). Then, by the F-Lindeldfness of X, there exists oy, g, - - -
such that A= (V) Uh™ (Vo) U+ - = X, then h[h ™1 (Vo ) Uh 1 (Va,)U...] = h(X), then
h(R~ (Vo)) Uh(h™ Y (Vo)) U--- =Y, then Vo, UV, U--- =Y. Hence, {V,, UV, U...}
is a countable subcover of open sets for Y. Therefore, (Y, P) is a Lindelof space.

Theorem 17. If there exists a F-continuous function h from a F-countably compact space
(X, T) onto a topological space (Y, P), then (Y, P) is countably compact.

Proof. Using the same proof of Theorem 16.
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