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Abstract. In this paper, we obtain some applications of first order differential subordination and super-
ordination results involving a linear operator and other linear operators for certain normalized analytic
functions. Some of our results generalize previously known results.
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1. Introduction

Let H (U) be the class of analytic functions in the open unit disk U = {z € C : |z| < 1} and
let H[a, k] be the subclass of H (U) consisting of functions of the form:

f(2)=a+az"+ ak+1zk+1 ... (ae). (1

For simplicity H[a] = H[a, 1]. Also, let .&/ be the subclass of H (U) consisting of functions of
the form:

f(2) =z+2akzk. (2)
k=2

If f, g € H(U), we say that f is subordinate to g or f is superordinate to g, written

f(2) < g(z) if there exists a Schwarz function «, which (by definition) is analytic in U with
w(0) =0 and |w(g)| < 1 for all z € U, such that f(z) = g(w(2)), 2 € U. Furthermore, if the
function g is univalent in U, then we have the following equivalence, [cf., e.g., 6, 16, 17]:

f(2) < g(2) & f(0) = g(0) and f (U) c g(U).

*Corresponding author.

Email addresses: mkaouf 127@yahoo.com (M. Aouf), tms00@fayoum.edu. eg (T. Seoudy)

http://www.ejpam.com 1 (© 2010 EJPAM All rights reserved.



M. Aouf, T. Seoudy / Eur. J. Pure Appl. Math, 4 (2011), 1-13 2

Let ¢ : C2 x U — C and h(z) be univalent in U. If p (2) is analytic in U and satisfies the first
order differential subordination:

¢ (p(2),2p (2);2) <h(z), (3)

then p () is a solution of the differential subordination (3). The univalent function g (%) is
called a dominant of the solutions of the differential subordination (3) if p(z) < q(z) for
all p (z) satisfying (3). A univalent dominant § that satisfies § < g for all dominants of (3)
is called the best dominant. If p(z) and ¢ (p (z),zp/ (2) ;z) are univalent in U and if p (2)
satisfies first order differential superordination:

h(z)< ¢ (p(2),2p (2);2), &)

then p(z) is a solution of the differential superordination (4). An analytic function q(2) is
called a subordinant of the solutions of the differential superordination (4) if g (z) < p (z) for
all p (2) satisfying (4). A univalent subordinant § that satisfies ¢ < g for all subordinants of (4)
is called the best subordinant.Using the results of Miller and Mocanu [17], Bulboaca [5] con-
sidered certain classes of first order differential superordinations as well as superordination-
preserving integral operators [6]. Ali et al. [1], have used the results of Bulboaca [5] to
obtain sufficient conditions for normalized analytic functions to satisfy:
zf'(2)

q:1(2) < o) =< qy(2),

where g; and g, are given univalent functions in U with q;(0) = ¢,(0) = 1. Also, Tuneski
f'(2)f (=)
(f'(=)?

Recently, Shanmugam et al. [24] obtained sufficient conditions for the normalized analytic
function f to satisfy

[25] obtained a sufficient condition for starlikeness of f in terms of the quantity

f(z)
q:1(2) < W =< qy(2)

) < 21
! {f ()}

They [24] also obtained results for functions defined by using Carlson-Shaffer operator [7],
Ruscheweyh derivative [20] and Salagean operator [22].

and

=< qa(2).

o0
For functions f given by (1) and g € .« given by g(z) = 2z + Y. bz, the Hadamard

k=2
product (or convolution) of f and g is defined by
o0
(F @) =2+ Y axbz" = (g% f)(z). )
k=2

For functions f, g € .«/, we define the linear operator
D:.of - .o (A>0,n€Ny=NU{0},N=1{1,2,...}) by:

DY(f *8)(=) = (f * g)(2),
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D;(f *g)(z) = Da(f *g)(z) = (1 = A)(f * g)(x) + Az ((f *g)())’, (6)

and ( in general )
Di(f*g)z) = DD} (f *g)(=)

= 2+ [1+Ak—D]"gbz® (A=0;neN,). 7)
k=2

From (7), we can easily deduce that

2z (DR(f *)(=)) = DI (f *g)(=) — (1~ AD(S * g)(z) (A > 0). ®

The linear operator D} (f * g)(z) was introduced by Aouf and Seoudy [3] and we observe that
D7 (f * g)(z) reduces to several interesting many other linear operators considered earlier for
different choices of n, A and the function g (z) :

(i) For by, =1 (or g(z) = %), we have D’ (f * g)(z) = D} f(z), where D} is the gener-

alized Saldgean operator ( or Al-Oboudi operator [2] which yield Salagean operator D"
for A =1 introduced and studied by Sildgean [21];

(ii) Forn=0 and

B ayk-1--- (@1 k
8e) = ”Z(bl)kl (Dt ?

(a;€Cii=1,...,1;b;€C\Zy ={0,—1,-2,..};j=1,....,m;l <m+1;l,meNy;z € U),

where

! (k=0;x e C*=C\{0})
ok = x(x+1)...(x+k—1) (keN;xe€C),

we have D) (f *g)(z) = (f *g)(z) = Hy , (a; by) f (2), where the operator H; ,, (a;; by)
is the Dziok-Srivastava operator introduced and studied by Dziok and Srivastava [10]
([see also 11, 12]). The operator H; ,, (a;; by), contains in turn many interesting opera-
tors such as, Hohlov linear operator (see [13]), the Carlson-Shaffer linear operator (see
[7, 21]), the Ruscheweyh derivative operator (see [20]), the Bernardi-Libera-Livingston
operator ( see [4, 14, 15]) and Owa-Srivastava fractional derivative operator (see [19]);

(iii) For n =0 and

gz)=z+ i[H Ht(k_l)} 2 (A2 0;1,5 € No), (10)

we see that Dg(f xg)(z) =(f x2)(z) =1I(s,A,1)f (%), where I(s, A, 1) is the generalized
multiplier transformations which was introduced and studied by Catas et al. [8]. The
operator I(s,A,1), contains as special cases, the multiplier transformation I(s,l) (see
[9]) for A =1, the generalized Séldgean operator D} introduced and studied by Al-
Oboudi [2] which in turn contains as special case the Sildgean operator D" (see [21]);
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(iv) For g(z) of the form (9), the operator D} (f * g)(z) = D} (ay, b1)f (2), introduced and
studied by Selvaraj and Karthikeyan [23].

In this paper, we will derive several subordination results, superordination results and
sandwich results involving the operator D?(f * g)(z) and some of its special operators by
some choices of n, A and the function g(z).

2. Preliminaries

In order to prove our subordinations and superordinations, we need the following defini-
tion and lemmas.

Definition 1. [17] Denote by Q, the set of all functions f that are analytic and injective on
U\E(f), where

E(f)= {CE&U:lirréf(z)zoo},
and are such that f ({) # 0 for { € U\E (f)-

Lemma 1. [17] Let q (2) be univalent in the unit disk U and 6 and ¢ be analytic in a domain
D containing q(U) with ¢ (w) # 0 when w € q(U). Set

Y (@) =24 (2) (4() and h(z) =6 (4()) + ¥ (). an
Suppose that
() Y (2) is starlike univalent in U,

(ii) m{%}>0forzeu

If p (2) is analytic with p(0) = q(0), p(U) € D and
0 (p(2) +2p () (p()) < 0 (4() +24 D¢ (4(2)), (12)

then p(z) < q(z) and q (2) is the best dominant.

Taking 6 (w) = aw and ¢ (w) = y in Lemma 1, Shanmugam et al. [24] obtained the
following lemma.

Lemma 2. [24] Let q(z) be univalent in U with q(0) = 1. Let a € C; y € C*, further assume

that ,
{ @} - maxfo,0 (£} a3
q () Y

If p (2) is analytic in U, and

ap(2) +71zp (2) < aq(z) +y2q (2),

then p (z) < q(2) and q (z) is the best dominant.



M. Aouf, T. Seoudy / Eur. J. Pure Appl. Math, 4 (2011), 1-13 5

Lemma 3. [5] Let q(z) be convex univalent in U and ¢ and ¢ be analytic in a domain D
containing q(U). Suppose that

i R {i((g((;)))} >0 forz €U,

(i) ¥(z)=2q (2)¢ (q(2)) is starlike univalent in U.

If p(2) € H[q(0),1] N Q, with p(U) € D, and ¢ (p(2)) +2p (2) ¢ (p (2)) is univalent in U
and

9 (q(2)) +2q @) ¢ (¢() <9 (p(2)) +2p ()¢ (p (), (14)

then q(z) < p(z) and q (2) is the best subordinant.

Taking #(w) = aw and ¢ (w) = y in Lemma 3, Shanmugam et al. [24] obtained the
following lemma.

Lemma 4. [24] Let q(2) be convex univalent in U, q(0)=1. Let a € C; vy € C* and
a /

R (—) >0. If p(2) € H[q(0),1]1NnQ, ap(z)+ yzp () is univalent in U and
Y

aq(2)+7zq (z) < ap(2) +yzp (),
then q (z) < p(2) and q(z) is the best subordinant.

3. Sandwich Results

Unless otherwise mentioned, we assume throughout this paper that A > 0 and n € N,,.

Theorem 1. Let q(z) be univalent in U with q(0) = 1, and y € C*. Further, assume that

{ @} - maxfo, - (1)} as)
q () Y

If f, g € . satisfy the following subordination condition:

( LT ) DI x9)E) v | D)) 2 D31 +9)@)]"
Mpiro@] M| [DpFro@]” [P @]

<q(2)+712q (2), (16)

then
zD3H(f * g)(z)

=<
[D2(f * )]

q(2)

and q () is the best dominant.
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Proof. Define a function p (z) by
=D (f *9)(a)
- 2
[D3(f *&)(=)]

Then the function p (2) is analytic in U and p(0) = 1. Therefore, differentiating (17) logarith-
mically with respect to z and using the identity (8) in the resulting equation, we have

(z€U). a7

=p()+yzp (),

(1+1) DI g)e) v | AP xe)e) s [P )]

= +
M@t M| D x9®] [P x9)@)]

that is,
p(z)+rzp (2) <q(z)+7rzq (2).

Therefore, Theorem 1 now follows by applying Lemma 2.

(-1 <B <A<1)in Theorem 1, we obtain the following corollary.

(i) rompn(2)

If f, g € .o satisfy the following subordination condition:

Puttin z) =
89() =175,

Corollary 1. Let y € C* and

7 L

(1+1) DG v | PG s D3 )]
DI +)@]” A | [DiF0@]”  [Difre)@]

1+.92 (A—B)z
1+Bz | (1+B2)®

then
DI (fxg)(z) 144z

=<
[D1(f *g)()]" 1+Bs

is the best dominant.

o1+
and the function 1

Z
Remark 1. Taking g(z) = 1 in Theorem 1, we obtain the subordination result of Nechita

[18, Theorem 14]. B

Z
Remark 2. Taking A =1 and g(z) = 1 in Theorem 1, we obtain the subordination result

for Sdldgean operator which was obtained by Shanmugam et al. [24, Theorem 5.4] and also
obtained by Nechita [18, Corollary 16].
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Taking n = 0,A = 1 and g(2) of the form (9) in Theorem 1, we obtain the following
subordination result for Dziok-Srivastava operator.

Corollary 2. Let q(z) be univalent in U with q(0) = 1, and y € C*. Further assume that (15)
holds. If f € .o satisfies the following subordination condition:

"

22 (Hl m (al; bl)f(z))/ ) ( . ) /
’ - <q(2)+ (2),
tn @b @ (@i r@) ) 1OTE

then

2 (Hyn (@101 f2)
[Hym (a1:01) £2)]

q(z)

and q () is the best dominant.

Taking g (z) of the form (9) in Theorem 1, we obtain the following subordination result
for the operator D} (ay; by).

Corollary 3. Let q(z) be univalent in U with q(0) = 1, and y € C*. Further assume that [15]
holds. If f € .« satisfies the following subordination condition:

(1 YJzD;“(al;bl)f(z)) y zngﬂ(al;bl)f(z)_Zz[D;“(al;bl)f(z)]Z

+= +=
A Dpasbf @] A [Diasb)f@]" [Diasb)f @]
<q(2)+72q (2),
then
2D} (ay; b1)f (2))
5 <q(2)
[DZ{(al; bl)f(z):|
and q () is the best dominant.
Taking n =0,A =1 and
> L+
gl@)=2+ (—) ZF (1,s € Ny), (18)
kZ:z 1+1 0

in Theorem 1, we obtain the following subordination result for the multiplier transformations

I(s, D).

Corollary 4. Let q(2) be univalent in U with q(0) = 1, and y € C*. Further assume that (15)
holds. If f € .« satisfies the following subordination condition:

zz(I(s,z)f(z))'_zz( z
60 @)2 . UGDIG@

1"

) <q(®)+712q (2),
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then )
22 (I(s,1)f (2)) .

Henr@]e 1P

and q (z) is the best dominant.

Z
Remark 3. Takingn =0,A =1 and g(z) = 1 in Theorem 1, we obtain the subordination
-3z
result of Shanmugam et al. [24, Theorem 3.4] and also obtained by Nechita [18, Corollary 17].
Now, by appealing to Lemma 4 it can be easily prove the following theorem.

Theorem 2. Let q(z) be convex univalent in U with q(0) = 1. Let y € C with ® (y) > 0. If
2DF(f * g)(z)
fged, —

[pr¢f x9)@)]

€H[1,1]NnQ,

( P\ D)z v | DI g)E) = [DFN(Fxg)@)]
1+ E) 3 + i 3~ 2 3
[D3(f *£)(=)] [D3(f *8)(2)] [DA(f *£)(=)]

is univalent in U, and the following superordination condition

n+1 n+2 n+1 2

q()+rzq (2) < (1+ %) =Dy U *g)(z)2 % i *g)(z)Z _SE (D3 *g)(Z)s]
[D;(f * g)(z)] [D;(f * g)(z)] [D;(f " g)(Z)J

holds, then

2D (f + g)(2)

(D3 * 9)=)]”

q(z) <

and q () is the best subordinant.

1
Taki =
aking 4(=) = 15,

(-1 <B <A<1)in Theorem 2, we have the following corollary.

2D (f * g)(2)
[Di(f *)@)]”

Corollary 5. Let y e Cwith R (y) >0.If f,g € .o, €H[1,1]NnQ,

v\ SDFFg)E) |y | sDPR(F )@ s [DE(f @)
(1+7) 2+ 7 7 2 3
[D2(f *8)@)] [D2(f * 8)()] [D2(f +8)(@)]

is univalent in U, and the following superordination condition

1+4z (A—B)z%l Y)zD;+1(f*g)(z)+Z DI xg)z) 5 [P )]’

+v rY
14+Bz ' (1+Bz)? Mo pifx@]" A | [P *9)@)] [D1(f +)@)]’
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holds, then
1+4s 2D} (f + g)(2)

L+Bz - [p(rsg)@)]”

and q (z) is the best subordinant.

Remark 4. Taking g(z) =
[18, Theorem 19].

1 in Theorem 2, we obtain the superordination result of Nechita
-2z

b4
Remark 5. Taking A =1 and g(z) = 1

in Theorem 2, we obtain the following superordina-

tion result for Saldgean operator which is obtained Shanmugam et al. [24, Theorem 5.5].

Taking n = 0,A = 1 and g(2) of the form (9) in Theorem 2, we obtain the following
superordination result for Dziok-Srivastava operator.

Corollary 6. Let q(z) be convex univalent in U with q(0) = 1. Let y € C with ® (y) > 0. If
7’ (Hl,m (a15b1) f(Z))
2
[Hym (a15b1) £ (2)]

z° (Hl,m (a5 b1)f(z))/ 2 ( z )
[Hym (a1:b1) £ ()] (Him (a1:51) £ ()

is univalent in U, and the following superordination condition

fe.d, €H[1,1]NQ,

"

"

2 (@35 @) ( : )
(2) +72q (2) < : - e’
e [Hz,m (ay; by) f(Z)] s (Hl’m (a1;b1) f(z))
holds, then

/

2 (Hl,m (a1§ bl) f(z))
[Him (a13b1) £(2)] ’

q(z) =

and q () is the best subordinant.

Taking g (z) of the form (9) in Theorem 2, we obtain the following superordination result
for the operator D(ay; by).

Corollary 7. Let q(z) be convex univalent in U with q(0) = 1. Let y € C with % (y) > 0. If
2D (ay; by)f (2)

[D2(ay; b1)f )]

f.8€ 4, €H[1,1]NnQ,

( LT ) D} (@ b)f @)y | D3 e b)f() 5 [Df (e bf ()]’
A [Diabf@]" A | [Diasb)f @] [P b)f )]
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is univalent in U, and the following superordination condition

N D3 (@ b)f () v | #D5(ar b))z [DF (@ b)f ()] ?

q@)+rzq ) < 1+
( A [piab)f @] A | [Pab)f @] [Dia b)f@)]

holds, then
2Dy (a;;b,)f (2)

[Di(ay; b1)f )]

q(z) =

and q () is the best subordinant.

Taking n = 0,A = 1 and g(z) of the form (18) in Theorem 2, we obtain the following
supordination result for the multiplier transformations I(s, ).

Corollary 8. Let q(z) be convex univalent in U with q(0) = 1. Let y € C with ® (y) > 0. If
fe 2% (I(s,Df (2))

Theor@)r e

zz(f(s,z)f(z))'_zz( 2 )
[1(s,Df (2)]° I(s,D)f (2)

is univalent in U, and the following superordination condition

zz(I(s,z)f(z))’_zz( z )
[1(s,1)f (2)]? I(s,Df (2)

"

q(z)+7rzq (2) <

holds, then /
. 22 (I(s,D)f (2))

AT

and q () is the best subordinant.

in Theorem 2, we obtain the superordination

g
Remark 6. Takingn=0,A=1and g(z) = 1
result of Shanmugam et al. [24, Theorem 3.5 ].

Combining Theorem 1 and Theorem 2, we get the following sandwich theorem for the
linear operator D}(f * g).

Theorem 3. Let q; () be convex univalent in U with ¢, (0) =1, y € C with R (y) > 0,q, (2) be
2D (f * g)(2)

univalent in U with q,(0) = 1, and satisfies (15). If f,g € ., 5
[D3(f *&)(@)]

€H[1,1]1nQ,

v\ D)) |y | sDpR(F )@ 2 [DE(f @)
(1 + X) 3+ 5 —2 2
[D3(f *£)(=)] [D3(f *£)(=)] [D3(f *£)(=)]



M. Aouf, T. Seoudy / Eur. J. Pure Appl. Math, 4 (2011), 1-13 11

is univalent in U, and

0 (2) + 7124, (2)

v\ D)) |y | sDR(F ) 2 [DEf @)
(1 + X) 5 T ) 5~ 2 3
[D3(f *£)(=)] [D3(f *£)(=)] [D3(f *£)(=)]

< ¢ (®) +72q, (2)

holds, then
2D (f * g)(2)
¢ (5) < —= 7 < 42(2)
[D2(f * 2)(2)]
and q, (2) and q, (2) are, respectively, the best subordinant and the best dominant.
X 1 +Ai2»' X .
Taking q;(z) = (i=1,2;-1<By <B; <A; <A, <1) in Theorem 3, we have the

1+ BiZ
following corollary.

2D (f % 9)(z)
[D1(f *8)(=)]”

Corollary 9. Let y e Cwith R (y) >0.If f,g € .o, €H[1,1]NnQ,

(1+1) D)) |y | P xe)e) s [P )]
Mpirro@] | [ ro@]" [P 9E)]]

is univalent in U, and

1 +A12»' (A]_ —B]_)Z
Y
1+B]_Z (1 +B12)2

. (1+ 1) zDZ“(f*g)(Z)Z v | U 2[5 @)

Mpifro@] A | [Pl r0@]" [P 9E)]
1+Azz+y(A2—Bz)z
1+Byz ' (1+B,2)>

holds, then
1+A41z 2DFP(fxg)(z)  1+Ay
=< =<
2
1+B:z I:D;L(f *g)(z)] 1+ Byz
1+A;z 1+Asz ) ) )
and d are, respectively, the best subordinant and the best dominant.

an
1 ‘I‘Blz 1 ‘I‘Bzz
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b4
Remark 7. Taking g(z) = 1
Theorem 19].

in Theorem 3, we obtain sandwich result of Nechita [18,
Z

Z
Remark 8. Taking A =1 and g(z) = 1
mugam et al. [24, Theorem 5.6].

in Theorem 3, we obtain sandwich result of Shan-
Z

Remark 9. Combining (i) Corollary 2 and Corollary 6; (ii) Corollary 3 and Corollary 7; (iii)
Corollary 4 and Corollary 8, we obtain similar sandwich theorems for the corresponding linear
operators.

Z
Remark 10. Takingn=0,A=1and g(z) = 1 in Theorem 3, we obtain the sandwich result

of Shanmugam et al. [24, Corollary 3.6].
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