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Abstract. In this paper, We demonstrate the Hyers - Ulam stability of linear differential equation
of fourth order. We interact with the differential equation

Y (w) 4 p17" (W) + p2v" (W) + p37 (W) + pay(w) = x(w),

where v € ¢, 8], x € [a, 8]. Hyers-Ulam stability concerns the robustness of solutions of func-
tional equations under small perturbations, ensuring that a solution approximately satisfying the
equation is close to an exact solution. We extend this concept to fourth-order linear differential
equations and continuous functions. Using fixed-point methods and various norms, we establish
conditions under which such equations exhibit Hyers-Ulam stability. Several illustrative exam-
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the growing understanding of stability in higher-order differential equations. Our findings have
implications in both theoretical research and practical applications in physics and engineering.

2020 Mathematics Subject Classifications: 35B35
Key Words and Phrases: Hyers-Ulam stability, Linear differential equation.

*Corresponding author.
*Corresponding author.
DOI: https://doi.org/10.29020/nybg.ejpam.v17i4.5445

Email addresses: manibowmi@gmail.com (S. Bowmiya),
gbs_geetha@yahoo.com (G. Balasubramanian), vedimalawi@gmail.com (V. Govindan),
mana.do@up.ac.th (M. Donganon), byeon@inje.ac.kr (H. Byeon)

https://www.ejpam.com 3415 Copyright: (©) 2024 The Author(s). (CC BY-NC 4.0)



S. Bowmiya et al. / Eur. J. Pure Appl. Math, 17 (4) (2024), 3415-3435 3416

1. Introduction

The stability issue of functional equation began from an issue of Ulam [18] concerning
the strength of gathering homomorphisms.

Let G1 be a group and let G5 be a measurement group with the metric d(.,.). Given
€> 0, does there exists a § > 0 to such an extent if a mapping H : G; — G5 fulfills the
imbalance d(H (wv), H(w)H (v)) < § with respect to w, v € Gy, at that point there exists a
homomorphism h : G; — G2 with d(H (w), h(w)) <€ with respect to w € G;. As it were,
if a mapping is almost a homomorphism, at that point there exists a true homomorphism
were 7 it with little blunder however much as could reasonably be expected.

The issue from the instance of roughly additive mappings was formed by Hyers [12]
when G and G5 are Banach spaces also, the after effect of Hyers was summed up by Rassias
(See [15]). From that point forward, the dependability issues of practical conditions have
been broadly examined by a few mathematician (see [2-4, 9, 11]).

Supposedly, papers by Ozawa [7] were among the first commitments managing with
H —U stability of differential equations. Alsina [1] and Ger demonstrated H —U stability of
differential condition 7/ (w) = v(w). Afterword, Takahasi et al. stretched out consequences
of [16, 17] to the Banach space esteemed differential condition 7' (w) = Ay(w). Utilizing
direct strategy, cycle technique, find point technique, and open mapping theorem, Huang
and Li explored the H — U stability of certain classes of useful fractional differential
equations (see [11, 14, 16, 19]).

For higher-order differential equations, such as fourth-order, the characteristic equa-
tion can become quite complex. Solving for the roots, especially if they are non-real
or repeated, can be tedious. While homogeneous equations can sometimes be solved
through standard methods (like finding the roots of the characteristic polynomial), non-
homogeneous equations require additional techniques such as variation of parameters or
the method of undetermined coefficients, which are not always straightforward. Many
fourth-order linear differential equations, especially those arising in physics and engineer-
ing (e.g., in beam theory or fluid dynamics), cannot be solved using elementary functions
and require special functions (e.g., Bessel, Airy, or Legendre functions). These solutions
can be difficult to interpret or manipulate further. A fourth-order equation requires four
boundary or initial conditions to determine a unique solution. This increases the complex-
ity of the problem, and choosing appropriate conditions can be tricky. In some cases, the
boundary or initial conditions may be incompatible with the differential equation, leading
to no solution or non-physical solutions.

Solving fourth-order differential equations numerically (e.g., with finite difference meth-
ods, finite element methods, or Runge-Kutta methods) can lead to instability, especially
if the equation involves stiff terms. This requires careful attention to step sizes and dis-
cretization methods. Higher-order equations require more computational effort. Discretiz-
ing fourth-order equations often leads to larger, more complex systems of linear equations,
which increases computational cost. Numerical methods are approximate by nature. For
higher-order equations, truncation and rounding errors can accumulate, leading to reduced
accuracy.
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Higher-order terms in a differential equation might not always have clear physical
meanings, making it harder to interpret the behavior of the system. In some cases, it
may not be guaranteed that a solution exists or is unique, especially for non-linear fourth-
order equations or equations with unusual boundary conditions. Analytical methods, in
particular, may fail to provide a solution in such cases. While the equation is linear, real-
world problems often involve non-linearities. Extending methods for linear equations to
nonlinear fourth-order differential equations introduces significant complications, as many
techniques for linear equations do not directly apply.

For instance, Farhan [10] studied the implementation of the one-step one-hybrid block
method on the nonlinear equation. While these methods aim to provide more efficient
solutions, they are sensitive to the formulation of boundary conditions and may encounter
difficulties in ensuring stability and convergence. This highlights the limitation of stan-
dard linear methods when extended to nonlinear systems, as additional strategies must
be employed to deal with nonlinearity and complex geometrical configurations. In fluid
mechanics, Basha [6] and Shelly Arora [5] investigated the higher-order differential equa-
tions govern the behavior of non-Newtonian fluids and their heat transfer properties. The
nonlinear expansion of the sheet and the specific boundary conditions introduce further
complexity, requiring specialized numerical methods. This method provides excellent su-
per convergence properties, its application to highly nonlinear systems reveal limitations in
classical linear differential equation methods. Specifically, the wave behavior and chaotic
nature of the Kuramoto-Shivashinsky equation push traditional numerical methods to
their limits, often requiring adaptive meshes or hybrid approaches to maintain accuracy
and computational efficiency.

In the context of the one-step one-hybrid block method on the nonlinear equation and
the introduction of Hyers-Ulam stability provides a novel way to verify whether the numer-
ical methods employed are capable of maintaining solution stability despite perturbations
in initial or boundary data. The Hyers-Ulam framework allows for the quantification of
stability in cases where small errors in modeling the oscillator geometry (e.g., bound-
ary conditions of the circular sector) could lead to significant deviations in the oscillatory
motion. Thus, incorporating Hyers-Ulam stability into the block method enhances the un-
derstanding of the method’s robustness and ensures that solutions remain bounded even
in the face of minor perturbations. TheKuramoto-Shivashinsky equation, with its chaotic
and wave-like behavior, presents substantial challenges when using traditional fourth-order
linear differential methods. The Super Convergence Analysis of Fully Discrete Hermite
Splines is already a sophisticated method to address this. However, the application of
Hyers-Ulam stability introduces an additional layer of novelty by ensuring that the so-
lutions obtained remain stable under perturbations, which is crucial for chaotic systems.
Small inaccuracies in initial conditions or computational errors could rapidly escalate into
significant deviations in the wave dynamics. With Hyers-Ulam stability, researchers can
provide stronger guarantees that the numerical approximations made using fully discrete
Hermite splines remain valid and bounded, offering greater confidence in the accuracy and
applicability of these methods for simulating complex wave behavior.

The integration of Hyers-Ulam stability into the study of fourth-order linear differential
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equations represents a novel contribution to the field. Traditional stability analyses often
focus on whether solutions remain bounded based on specific methods, but they do not
typically address how sensitive the solutions are to small perturbations in initial or bound-
ary data. By applying Hyers-Ulam stability, this study provides a quantitative measure
of how solutions to fourth-order linear differential equations respond to small deviations
in data or boundary conditions. This robustness measure is particularly important for
real-world applications, where exact data is rarely available, and errors in modeling are
inevitable.Fourth-order linear differential equations are often applied in fields that require
precise boundary conditions, such as beam theory, fluid dynamics, and elasticity theory.
Hyers-Ulam stability expands the applicability of these equations by ensuring that even
in the presence of small uncertainties or numerical errors, solutions remain within ac-
ceptable bounds.By integrating Hyers-Ulam stability into methods such as the One-Step
One-Hybrid Block Method or Hermite splines, this study enhances the reliability of these
numerical techniques. While traditional numerical methods focus on accuracy and con-
vergence, Hyers-Ulam stability ensures that the solutions generated by these methods are
not overly sensitive to perturbations, thus offering a more robust framework for practical
applications. The novelty of applying Hyers-Ulam stability to nonlinear problems, such
as those encountered in the Sutterby hybrid nanofluid flow or the Kuramoto-Shivashinsky
equation, lies in its ability to provide stability guarantees in cases where linear methods
struggle. Nonlinear systems are notoriously sensitive to perturbations, and the Hyers-Ulam
framework provides a new tool to ensure that solutions remain bounded and reliable.

In this paper, we demonstrate the Hyers - Ulam stability of linear differential equation
of fourth order. That is, v is an interact arrangement of the differential equation

7 (W) + 17" (W) + 27" () + p37 (W) + pay(w) = x(w)

Where v € c*[a, 8], x € [, 8], we demonstrate that v (w) + p1y”" (w) + p2y" (W) +p37 (W) +
p4y(w) = x(w) has the Hyers - Ulam stability. An example is provided to illustrate the
theory.

Moreover, the after effect of H — U Stability for first order differential conditions has
been summed up by Miara, Miyajima and Takahasi [17] by Takahasi, Takagi, Miara and
Miyajima [8], and furthermore by jung [13]. They managed the non homogeneous straight
differential equation of first order

Y+ p(1)y +a(r) =0. (1)

Jung [13] demonstrated the summed up H — U Stability of differential condition of the
structure

(1) = ay(1) + B77wo = 0

and furthermore applied this out come to the examination of the H — U stability of the
differential equation

2y"(1) + ary/ () + by(1) = 0. (2)
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As of late, Wang, Zhon and sun [19] examined the h — U Stability of the first order linear
differential condition

pw) +o(w)y +n(w) = 0. (3)
As a matter of first importance, we give the meaning of the H — U stability.

Definition 1. We say that Equation 2 has the H — U Stability if there exists a steady
k > 0 with accompanying property, for every €> 0,7 € c*[a, 8], if

V' + a7 + byl <€, (4)

at the point there exists some U € c2[a, (] fulfilling
W’ + au' + bu| < x(w) (5)
such that |y(w) — u(w)| < k €. We call such k a H— U Stability constant for equation 2.

Definition 2. We say that equation 2 extend has the H — U Stability, if there exists a
steady k > 0 with accompanying property: for every €> 0,7 € c3[a, B], if

"

" +ay" + by + ev] <€, (6)

at the point there exists some U € ¢3[a, 8] fulfilling

n

|u" + au” + bu’ + cu| = 0 (7)
such that |y(w) —u(w)| < k €. We call such k a H — U Stability constant for Equation 6.

Definition 3. We say that equation 6 extend has the H — U Stability, if there exists a
steady k > 0 with accompanying property: for every €> 0, € c*[a, 8], if

VY A+ o1y + p2y + p3y' + pay| <€, (8)
at the point there exists some U € c[a, B] fulfilling
|uiv —I—plu'”+p2u”+p3u’—|—p4u| -0 (9)

such that |p(w) — u(w)| < k €. We call such k a H— U Stability constant for equation 8.

2. Main results
Now, fundamental consequence of this work is given in the accompanying hypothesis.

Lemma 1. The differential equation j v (w) + p17" (w) + p2y" (W) + p3v' (W) + pay(w) =
x(w) has the Hyers -Ulam Stability, where v € c¢t|a, 8] and x € [, f].
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Proof. Assume that uy,ug, ug and uy are the roots of v* + pv3 + pov? + psv + py =0
with ¢1 = Ruq, g2 = Rus, g3 = Ruyg and g4 = Rug. Here R means the real parts.
Let €> 0 and v € ct[a, f]

7 (@) + P17 (W) + p2r" (@) + p37 (W) + pay(w) — x(w)] <€ (10)
and let
g1(w) = "(w) + (w1 + p1)7" (W) + (u] + prus + p2)7/ (w)
+ (4 + pruf + paur + p3)y(w),
we acquire

g1(w) =" (w) + (1 + p1)7" (w) + (Ui + prus + p2)y" (W)
+ (W + pruf + paur + p3)y (W) + (u + prud + pout + psur + pa)y(w) (11)

with respect to w € [a, (], at that point
l91(w) — u1g1(w) — x(w)| <€ (12)
with respect to w € [a, ], yields that
|91 (w) —urg1(w) — x(w)| < 7" (W) + (w1 + p1)7" (W) + (45 + pru+ p2)y" (w)
+ (ud + pru? + pous + p3)Y (z)
+ (uf + p1uf + pauf + psur + pa)y(w)
—u1 (7" (W) + (w1 + p)7" (W) + 3 + (pr1u1 + p2)7 (w)
+ ((uf + pruf + paus + ps3)y(w)) — x(w)| (13)

with respect to w € [a, f]. Utilizing the above condition, we get

191 (W) — w191 (w) = x(W)] = 7" (W) + p17" (W) + p27" (W) + p37 (w) + pay(w)]
<€.

with respect to w € [a, §]. Equally ¢; fulfills
— e< gi(w) — ugr (W) — x(w) <€ (14)
with respect to w € [a, §]. Multiplying by e~u1(@=a) the above condition, shown up
€ e7@m) < g (W)eT WY _ gy gy (w)eTMWTY)  y(w)eT W) <g emm(wma)  (15)

with respect to w € [a, §]. Without loss of all inclusive statement we may accept that
uy > 1, thus

—uy € e"Mlwma) < gi(w)e‘“l(“’_a) — ulgl(w)@—ul(w—a) _ X(w)e_ul(‘”—o‘)
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< ule—ul(‘*}—a) (16)

with respect to w € [a, ], integrating 16 from w to 3, we achieve

6
—c (—e‘“l(ﬁ‘” + e‘“l(“‘”)> < gi(B)e 1P — gy (w)e @) — / X(r)e 1 dr

w

IA

€ (—eful(ﬁfa) + 67“1(‘”70‘)> (17)

with respect to w € [a, ], thus

B
— e e—ul(w—a) <q (5)e—u1(w—o¢)_ e e—ul(ﬁ—a) - gl(w)e—ul(w—a) _/ X(T)e—m(r—a)d,r
<e <—e*“1(‘“70‘) + 67“1(’870‘)) (18)
with respect to w € [a, ], the above condition shown up
c _e—ul(w—a) < g (ﬁ) _ e*ul(wfa)_ c _eful(ﬁ'*a) _ gl(w) _ e*u1(w*0‘)
B
- / x(r)e =) dr <g g7 (19)
with respect to w € [a, 8]. Multiplying 19 by e*1(“~®) on both sides, we get

B
—€<q (ﬂ)eiul([g*w)— € e m(Bw) _ g1(w) — 6“1“’/ x(T)e T dr

w

thus

with respect to w € [a, f]. Let

B
((w) = gr(B)e" P — eul(w)/ X(T)e M7 dr,

then ((w) fulfilling ¢'(w) = w1¢(w) + x(w) with respect to w € [«, 3], then the satisfies
inequality that

B
C(w) = g1 (w)| = [g1(B)e" @) — gy(w) — eulw/ X(T)e~ "7 dr|

B B
=] [l - [ e
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B
< [ erigh(n) — g (r) - x(r)ldr
B
<c e / e PTdr (22)

with respect to w € [, f]. If p # 0, then

B8
C(w) — g1 (w)] <€ e / e dr

w

< i (1 _ e—p(ﬁ—a)) (23)

with respect to w € [a, f]. If p =0, then

B8
C(w) — g1 (w)] <€ e / e dr

w

<€ (f—-a) (24)

with respect to w € [a, §]. Therefore

71_6_;(5_“; if p#0

IC(w) —g1(w)] < {(5—a) e if p=0.

Theorem 1. The differential equation
(W) + p1y" (W) + p2y"(w) + p3v (W) + pay(w) = x(w) has the H — U Stability, where
v € cta, B] and x € [a, B]. Therefore

(1_677(137@)(1_670([#&))6

~ ;oif py#0
1—e VB~ (g—a)e . .
]m(w)—h(wﬂ < . 70([311) ) Zf p?é0777é0
~e - (Eele, if p#0.4=0
(B-a) & if p=0,7y=0

with respect to w € [, B].

Proof. Similar to the proof of Lemma 1. Let H(w) = v/ (w) — ugy(w) by H'(w) =
7"(w) — u1y (w) and let €> 0;v € c[a, B].
Also

|H' (w) — uaH (w) = ((w)] = [((w) — g(w)] (26)
with respect to w € [a, 5]. Thus

|H'(w) = uaH (w) = ((w)] <€ (27)
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with respect to w € [a, §]. Equivalently H fulfilling

H' (@) = usH (@) = ()] = " (w) = (w1 +u)y' (@) +urusy(w) = ()]
= ["(w) + p17' (W) + p2y(w) — ((w)| <€ (28)

with respect to w € [a, 8]. Multiplying 28 by e~“4(“~%) on both sides, shown up
_ € 67U4(w7a) < Hl(w)efwl(wfa) o u4H(w)67u4(w7(x) o C(w)efm;(wfa)
<g euaw=a) (29)

with respect to w € [a, f]. Without loss of all inclusive statement we may accept that
ug > 1, thus

Uy € e—u4(az—o¢) < Hl(w)e—U4(w—a) - H(w)e—U4(w—a) - C(w)e—u4(w—a)
€ uge @) (30)

with respect to w € [a, ], integrating 30 from w to [, we achieve

B
_c (em(wa) _ e—m(ﬁ—a)) < H(B)e (B~ _ f(w)e—ua@a) _ / C(r)e" @) gy

w

<e <e*”4<wa> - e*w(ﬁ*a)) (31)

with respect to w € [a, f]. It follows from 31, we get

B
— € e talvma) < H(ﬂ)e_““(ﬁ_o‘)— € e valb-a) _ H(w)e_w(w_a) N / C(T)e_““(“’_o‘)dT

w

<e (o) (32)

with respect to w € [a, §]. Multiplying the formula by the function e~uaw=2) in 32 we
get

— €

IN

B
H(B)e B _ g ¢gmmalf=w) _ [(y) — 6“4“’/ ¢(r)e™7dr

IA

€ (33)
with respect to w € [a, f]. It follows from 33, we get

B
H(B)e““(g_ﬁ)— € ewsw=h) _ H(w) — e“‘*w/ C(r)e"dr

w

€ (34)

— €

IN

IN

with respect to w € [, 8]. Let k(w) = H(B)e va@=F) _ guaw ff C(T)e "47dr. with respect
to w € [a, B]. Then

K (w) — wak(w) = ((w) =0 by
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K (W) = uar(w) + ((w).

Thus
B
k(w) — H(w)| = =@ H(B) — H(w) - 6“4‘“/ C(r)e™7dr

B
_ e'yw’ —U4TH / C —u47‘d7_|

C,Z
< ew/ e T H'(7) — usH () — ((¢)]dT
B
< ew/ e T|H' (1) —usH (1) — ((t)|dr
B
|k(w) — H(w)| <€ ew/ e Tdr (35)

w

with respect to w € [, ]. If v # 0, then

B
|k(w) — H(w)| <€ e%’/ e 'Tdr

w

< E[l _ e—w(ﬂ—w)}
Ty
I(w) — H(w)| < ju — (B (36)
with respect to w € [, ]. If v =0, then
K(w) — H(w)| <€ (8- a) (37)

with respect to w € [a, f]. If follows from 25, shown up

(1_6*“/(B*a))(1_6*9(6*0))6

= ; if py#0
1—e "B (f—a)e . . .
EORY (R S . Jop=0a70 (39)
5 ; if p#0,7=0
(B—a)? & if p=0,7=0

with respect to w € [a, A].

Theorem 2. The DE v (w) + p17"(w) + p2y"(w) + p37'(w) + pay(w) = x(w) has the
Hyers Ulam Stability, where v € c*|a, B] and with respect to w € [a, B], |u(w) —y(w)| < T
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where
(1—e7(B-0))(1—e=P(B-))(1—e~o(B-0))¢

e e e ) FO
(17(%67&))(132)70@704))(570‘)6’ Z.f o =0;(p,7) #0
(1_efp<6—a>)(1fz,g<5,a>)(ﬁ_a)e’ Z.f p=0;(0,7) #0
T= P ; if v=0;(p,0)#0
PR o if (0:7)=0:p#0
EL:E;EQEE ff (p,7) =050 #0
g : if (p,o)=0;7#0

L[(B—a)® € if (p,o,7)=0

with respect to w € [, B].

Proof. 1f follows from Theorem 1, let us choose

V(W) = u"3(w) + (uz + p1)uh(w) + (u3 + pruz + p2)uz(w)

¥ (w) = u"3(w) + (uz + p1)u"3(w) + (u3 + pruz + p2)ul(w)
+ (u3 + p1u3 + pauz + p3)us(w).
Then
Y (w) = ugy(w) — K(w)| = [u"3(w) + (uz + p1)u"s(w) + (u3 + prug + p2)uj(w)
+ (U3 + pruj + paus + p3)us(w) — uz(uf(w)
+ (ug + pr)us(w) + (U5 + prug + p2)ug(w) — K(w)]
124

= Jug'(w) + pruy(w) + paun(w) + psu + 3(w) — K(w)]
<e

with respect to w € [a, f]. So we have
17 (w) = u2y(w) — K(w)| <€ (39)
with respect to w € [a, §]. Equivalently v fulfilling
— €< 9 (w) — uzy(w) — k(w) <€ (40)
with respect to w € [a, 8]. Multiplying the condition by the function e~%s(« =)

— € er3(wfa) < ,y/(w)efug(wfa) . u2,y<w)efu3(w7a) o K(w)efu;g(wfa) <ec efu;g(wfa) (41)
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with respect to w € [o, B]. Without loss of inclusive statement we may accept that usz > 1.
Then

—u3 € 6_u3(w_a) < 'y/(w)e_u?’(w_a) — U3’y(w)6_“3(w_o‘) _ K(w)e_u3(w_a) <c e—us(w—a)

B (42)

with respect to w € [, ]. Integrating 42 from w to 3, we get

B
—€ (e—ug,(w—a) o e—ug(ﬂ—a)) < e—ug(ﬁ—a),y(a) o ,y(w)e—ug(w—a) _/ K(T)e_u3(7—_a)d7'
<g (e7uslwma) _ gmua(B-a)) (43)

with respect to w € [a, f]. If follows from 43, shown up

B
— e e uslwma) < 67“3(670‘)7((1)— € e uslB-a) _ fy(w)efug(“’*a) —/ K(T)€7u3(7-7a)d7'
<g eTuslw=e) (44)

with respect to w € [a, 3]. Again multiplying the condition by function e~%3(~~%) that

B
—e e a)— e e — ()~ [Ta(re s

w

<e (45)
with respect to w € [a, §]. From 45 that

B
—e< e*ug(wfﬁ),y(a)_ € e~us(B—a) _ v(w) — eu:’w/ K(T)efug(ﬂ'fa)dq_

<e (46)

for all w € [, B]. Let up(w) = ~(B)e usW=hF) — guaw ff k(T)e" (T~ dr, then ub(w) —
uguz(w) — kK(w) = 0 by uh(w) = uguz(w) + k(w), for all w € [a, f]. Thus

8
uz(w) = ()| = Y (B)e ™) — y(w) — es / k(r)e ") dr|
8
= e(w/ e~ 7T (1) = uzy(1) — K(T)|dT
8
luz(w) —v(w)| <€ e"“’/ e 7Tdr (47)

w

with respect to w € [a, f]. If o # 0, then

Ju2w) =y ()] < S(1 - 7))
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< E(l _ e—U(ﬂ—a))
o
with respect to w € [a, f]. If 0 = 0, then
B
lug(w) —y(w)| <€ e’ | e 7Tdr
<€ (f-w)
<€ (B-a)
with respect to w € [a, f]. t follows from 49, then
[u(w) — 7(w)| < T, where
(((1—e—7(B=))(1—e—P(B—a))(1_e—0c(B—a) .
( ] R
1_6—7(,8—&))(1_e—p(ﬂ—a))(g_a)€ .
( , if o
1—e=7B=))(1—e=o(B-))(B—q)e .
(o) e
1—e P(B=))(1—e=o(F~0))(f—a)e .
I L
1—e—PB—a) —a)2e .
(1—e )(B—a) : if
1—e—9(B=2))(B—q)2e .
( - )J=e) ; if (p,
1—e7(B=®))(B—a)2e .
( 5 Jomore, if (
(8- ) & if (

with respect to w € [a, §].

Theorem 3. The differential equation

(50)

Y (W) 4+ p1y™ (W) + p2y" (W) + p3y (w) + pay(w) = x(w) has the Hyers Ulam Stability, where

v € o, B] and with respect to w € [, B], at the point
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IX(w) = ¢(w)] < ©,where
((1—e—7(B—) e—P(B—a) e—o(B—a))(1_e—n(B—a) .
@ (1 7%517 I Ve if (pnom) #0
e (B—a) e—p(B—0) e—o(B—0a) ,
G -e07)0 Jp-ayes  if pErFeA0n=0
—e—v(B—0) e—P(B—a) e—n(B—c) .
Qe BP0 (5 a) e if pEa#n#0,0=0
—e—v(B—) e n(ﬁ a) e—o(B—a) .
o e e 0 5 —a) s if A £o#0p=0
_e—n(B—a) e p(ﬂ a) e—0(B—a) .
¢ e 7)1 JB-a)ye;  if pEutoA0y=0
Ce—p(B=0))(1_e—0(B—) ,
¢ %5,1 V(-2 e if pEo#0y=n=0
_e—P(B—a e~ v(B—a
u w>§1 : UW—QFG if p#Fv#0,0=n=0
(1_3—9(5 a)g(l e—n(B— a)) 9 .
o o (8 —a) & if p#Fn#0,7=0=0
(1—e=o(B=a)) (1—e=7(8-) ) ,
7 (B— ) & if o#Fy#0,p=n=0
—e—P(B—a) e—n(B-a) .
u %1 Y- a)e if p#ENF0y=0=0
(1_877(13 a))(l e—n(B— a)) 9 .
o (8 —a) & if v#n#0,p=0=0
_e—r(B—a) .
< 5 J(5-a) & if p#0,0=y=n=0
_e—V(B—a) .
a 5 L5 - ) e if v#0,0=p=n=0
(PKTWUW—aPe if o#0,p=y=1=0
(1—e—n(5-2)) 3 )
(B -a) s if n#0,0=y=p=
(8—a)t e if p=o=n=n=

with respect to w € [, B].

Proof. Like the verification of theorem 2. Let €> 0 and v € c*[a, 3].

Allow us the consider

C(w) =7"(w) + (u2 + p1)

we acquire

V' (w) + (u3 + pruz + p2)

Y (w) + (u3 + pruj + paus + ps3)y(w),

</(w) = 'Yw(w) + (U2 + ,01)’}/”( ) + (u% + prug + ,03)’7”((0)

+ (43 + pru® + pauz + p3)Y (W) + (us + prus + pau3 + pauz + pa)y(w)  (51)
with respect to w € [a, ], at the point
¢ (w) — ua(w) — H(w)| <€ (52)

with respect to w € [a, f]. If follows from 51 that

¢'() = unC(w) — H(w)| = 7*(w) + (uz + p1)7" (@) + (43 + prz + p3)y" ()
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+ (ud + pru® + poug + p3)Y (W)

+ (uj + pru3 + pau3 + psuz + pa)y(y)
—uz(Y"(w) + (uz2 + p1)7" (w)

+ (U3 + pruz + p2)Y (W)

+ (U3 + prud + paus + p3)y(w)) — H(w)|

V(W) + p17" (W) + p27" (@) + p37' (W) + pay(w) — H(w)]
<c.

So
¢ (w) —uz(w) — H(w)| <€
for all w € [a, 5]. Equivalently ¢ fulfilling
— e<{(w) —uxl(w) — H(w) <€ (53)
with respect to w € [a, 3]. Multiplying the formula by the function e~%2(“~®) satisfies

— € efug(wfa) < gl(w)efug(wfa) - uQC-(w)efuz(wfa) - H(w)efug(wfa) (54)
<e ¢ t2lwma) (55)

with respect to w € [a, B]. without loss of inclusive statement we may accept that ug > 1,
at the point

— € e (0m0) < (M) (e (0m0)  p(w)eale=)

<€ upe 2@ (56)
for all w € [a, A]. Integrating 54 from w to (3, at the point
B
—€ <€fu2(wfa) - 67u2(57a)> < C(B)efug(ﬁfa) - g(w)efuz(wfa) _/ H(T)efug(Tfa)dT
<e (e_"Q(“’_a) - e_UQ(B_a)) (57)

with respect to w € [a, ], at the point 57 that

— € (equ(wfa)) < C(ﬂ)efuz(ﬁfa)_ c e u2(B-a) _ C(w)efw(w*a) _/ H(T)equ(Tfa)dT

<e (e—“2(°"‘0‘)> (58)

for all w € [a, B]. Multiplying the formula by the function e~“2(“~%) we acquire

B
—e< C(ﬁ)e‘uz(w—ﬁ)_ € euw2(w=p) _ C(w) — eugw/ H(T)e_UQ(T_a)dT
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<€ (59)

with respect to w € [a, f].
Let x(w) = ¢(B)e w2 _ guaw ff H(r)e ("= dr  at the point y(w) satisfies x/(w) —
ugx(w) — H(w) = 0 by

X' (w) = ugx(w) + H(w) (60)
with respect to w € [a, f], at the point
5 B
(@) = ) = IC)e ™ = () = e [ H(ryear]
B B
< e [e_“WC(T)]”dT — / H(r)e “?7dr]|

B
<e e"‘“/ e "dr
w

B8
@) - @)l e [T edr (61)

w

with respect to w € [a, f]. If n # 0, at the point

m

Ix(w) = C(W)| < =(1 — e M=)

< =(1— ¢ B~

3S|IMm3

with respect to w € [a, §]. If n =0, then

IX(w) = ((w)] <€ (B —w)
<€ (B-a)

with respect to w € [a, f]. If follows from 50, thus

Ix(w) = ¢(w)] <O, where (62)
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( (l—e_’Y:B aj)(l e—ﬁiﬁ—aj%(l e_U:B—a:)(l—e_W(ﬁ—a)) e fo (p’,% -, n) 7£ 0
—e— B—a e~ P B—a —o(B—a
a )G ¢ J@-a)e  if pEr£oAOn=0
—_e—V(B—a) p(B a n(B—a)
¢ W PO (5 —a)yer if pEyEn#A00=0
—e—(B—0) e LU e—o(B—a)
¢ e 0™ D (5—a) e if nEvAoA0p=0
_e—n(B—a) o—p(B—a) e—o(B—a)
¢ Wm0 (5 o) e if p#n#o£0y=0
(1—e=p(B=a)) (1—e—o(B-a)) 5 .
- (B—a) € if pFo#0,y=n=0
(L= a>§§1 < a>)(ﬁ—a)2 €; if p#v#0,0=n=0
(1,e—p(ﬁ—a)§(176—77(5—ﬂ)) 9 . . o
6= 1 —ow—a)pnl —y(B-a) (b-a) & e 0y =0 =0 (63)
(1 2,%‘@ )(ﬁ—a)26, if oFv#0,p=n=0
—e—P(B—a) e—n(B—a)
< J J(8-a) e if pEN#0y=0=0
Ce(B=))(1_e—n(B—0)
(o) (5 - 0y € if 7 En 0 p=o=0
_e—pP(B—a)
L) (8- a)? & if p#0c=7=n=0
_e—v(B—a)
C - )(5—a)3e; if v#0,0=p=n=0
(176_d(ﬂ a)) 3 .
5 (B—a)’ & if o#0,p=7=n=0
(1,e n(B— a)) 3 .
T (B-a) if n#0,0=7=p=0
(ﬁfa)4€; if p=o=vy=n=0

with respect to w € [a, f], and a # 0,3 # 0.

3. Examples

Finally, we give some examples to illustrate the results in this paper.

Example 1. Consider the following differential equation of the form o (w) + 20" (w) +
o’ (w) = x(w);w € [2,3]. Set €> 0, at the point

|0 (w) + 20" (W) + 0" (w) — x(w)| <€
with respect to w € [2,3]. Let A =1, then

g(w) = ’”(w) + 30" (w) + 40’ (w) + 40(w) and
d (w) =" (w) + 30" (w) + 46" (w) + 40’ (w) + 4o (w)
with respect to w € [2,3]. Thus the condition 25, 27 and 39 of Theorem 3 are satisfied.

Hence there is a function w € ¢[2, 3] which is a mild solution of u™ (w)+2u" (w)+u" (w) =
x(w) is satisfied by 63.



S. Bowmiya et al. / Eur. J. Pure Appl. Math, 17 (4) (2024), 3415-3435 3432

T T T T T T T T T
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Figure 1: Graph solution x(w) and {(w) for Equation 63

Example 2. Consider the accompanying differential equation o (w) + o™ (w) + 0" (w) =
X(w);w € [3,2].
Let €> 0, and v € [3,2]. such that

|0 (W) + 0" (w) + 0" (w) — x(w)| <€
with respect to w € [3,2]. we take
g(w) = " (w) + 20" (w) + 30’ (w) + 30 (w)
with respect to w € [3,2]. Then
g (w) = 0"(W) + 20" (w) + 30" (w) + 30’ (W) + 30 (w)
with respect to w € [3,2]. At the point
19 (@) = 9(w) = x(w)| = o™ (W) + 0" (W) +0"(w) — x(w)| <€

with respect to w € [, 8]. Thus the conditions 25, 27 and 39 of Theorem 3 are satisfied.
Subsequently there is a function w € c¢*[3,2] which is a mellow solution of u™ (w)+u™ (w)+
u’(w) = x(w) is satisfied by 65.

4. Conclusion

In this study, we have successfully demonstrated the Hyers-Ulam stability of fourth-
order linear differential equations. By employing fixed-point theory and various norms,
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Figure 2: Plots of solution x(w) and ((w) for Equation 63

we derived sufficient conditions that guarantee the stability of solutions to these higher-
order equations under small perturbations. Our results show that for a wide class of
fourth-order linear differential equations, if an approximate solution exists, there is a
corresponding exact solution that is close to the approximate one, thereby confirming
the equation’s stability in the Hyers-Ulam sense. The extension of Hyers-Ulam stability
to fourth-order equations enriches the understanding of the robustness of solutions in
more complex systems, which is crucial in theoretical research as well as in practical
applications in areas such as engineering, physics, and applied mathematics. The examples
provided highlight the practical relevance of these theoretical findings, showcasing the
broad applicability of Hyers-Ulam stability in various contexts. Future research can focus
on extending these results to nonlinear or variable-coefficient systems, as well as exploring
applications in more specialized fields.
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