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Abstract. An M−homomorphism in an Almost Distributive Lattice(ADL) is introduced, with a
sufficient condition for it to be an M−homomorphism. The image and inverse image of anM−filter
under such a homomorphism are shown to be M−filters. Sufficient conditions for a prime filter to
be an M−filter are established, along with an equivalence between prime M−filters and minimal
prime filters. Finally, any two distinct prime M−filters in an ADL are shown to be comaximal.
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1. Introduction

Swamy and Rao introduced the concept of an Almost Distributive Lattice(ADL) [1],
which serves as a common abstraction for numerous ring-theoretic generalizations of
Boolean algebra and the class of distributive lattices. In their paper, they defined the
notion of an ideal in an ADL, drawing an analogy with ideals in distributive lattices.
They observed that the set PI(R) of all principal ideals in an ADL forms a distributive
lattice. This observation opened up avenues for extending many existing lattice theory
concepts to the class of ADLs. In [2], introduced and study the properties of µ−filters
in an ADL. Sambasiva Rao and G.C. Rao introduced the notion of O−homomorphisms
within the context of Almost Distributive Lattices(ADLs) in [3], exploring their key prop-
erties. In [4], author studied the properties of O−filters in Lattices. Later, in [5], Rafi
established a correspondence between the set of all prime O−ideals and the set of minimal
prime ideals in an ADL. In that work, they identified a necessary and sufficient condition
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for an O−ideal to be prime and demonstrated that distinct prime O−ideals in an ADL
are always comaximal.

In this paper, we introduce the concept of an M−homomorphism within the frame-
work of Almost Distributive Lattices and examine its properties. We establish a sufficient
condition for a general homomorphism of an ADL to qualify as an M−homomorphism.
Additionally, we demonstrate that both the image and the preimage of an M−filter under
an M−homomorphism remain M−filters. We also show that the kernel of a homomor-
phism is an M−filter. Furthermore, we derive an equivalence between the class of all prime
M−filters and the class of all minimal prime filters. A necessary and sufficient condition
for an M−filter in an ADL to be a prime filter is also presented. We introduce the notion
of an E−complemented ADL and investigate its properties. Within an E−complemented
ADL, we establish several equivalent conditions for an M−filter to qualify as an anni-
hilator filter. Finally, we prove that any two distinct prime M−filters in an ADL are
comaximal.

2. Preliminaries

The definitions and significant results from [1, 6] are gathered and given in this part;
these will be needed during the entire document.

Definition 1. [1] An algebra (R,∨,∧, 0) of type (2,2,0) satisfying the following specifica-
tions is an Almost Distributive Lattice(ADL) with zero :

(1) (θ ∨ ϑ) ∧ σ = (θ ∧ σ) ∨ (ϑ ∧ σ);

(2) θ ∧ (ϑ ∨ σ) = (θ ∧ ϑ) ∨ (θ ∧ σ);

(3) (θ ∨ ϑ) ∧ ϑ = ϑ;

(4) (θ ∨ ϑ) ∧ θ = θ;

(5) θ ∨ (θ ∧ ϑ) = θ;

(6) 0 ∧ θ = 0, for any θ, ϑ, σ ∈ R.

When θ = θ∧ϑ, or equivalently, θ∨ϑ = ϑ, occurs for every θ, ϑ ∈ R, then θ ≤ ϑ. This
defines a partial ≤ on R in an ADL (R,∨,∧, 0). As a partial ordering on R, this definition
establishes ≤. When m in R holds maximum with respect to the partial ordering ≤ on
R, it is referred to as maximal i.e., for any m ∈ R, m ≤ θ ⇒ m = θ; Mmax.elt(R) is the
collection of all such maximal elements within R.

In Swamy’s work[1], it is noted that an ADL denoted as R exhibits nearly all features
of a distributive lattice[7, 8], apart from the non-commutativity between ∨ and ∧ and
the right distributivity of ∨ over ∧. Either of these properties, if present, would classify
R as a distributive lattice. If, for every θ, ϑ ∈ I and every µ ∈ R, there is a nonempty
subset I of R, then θ ∨ ϑ, θ ∧ µ ∈ I (respectively, θ ∧ ϑ, µ ∨ θ ∈ F) for every θ, ϑ ∈ I. A
maximum ideal (filter) contains every appropriate ideal (filter) of R. The smallest ideal

that contains A for each subset A of R is (A] := {(
n∨

i=1
θi)∧ µ | θi ∈ A, µ ∈ R and n ∈ N}.

An ideal like A = {θ} is written as (θ] rather than (A]; this is known as the principal ideal
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of R. The same way, for each A ⊆ R, [A) := {µ ∨ (
n∧

i=1
θi) | θi ∈ A, µ ∈ R and n ∈ N}. A

filter like A = {θ} is written as [θ) rather than [A); this is known as the principal filter
of R. It can be confirmed that (θ] ∨ (ϑ] = (θ ∨ ϑ] and (θ] ∩ (ϑ] = (θ ∧ ϑ] hold for any
θ, ϑ ∈ R. A sublattice of the distributive lattice (I(R),∨,∩) of all ideals of R is thus
the set (PI(R),∨,∩) of all principal ideals of R. For any nonempty subset A of an ADL
R, define A+ = {µ ∈ R | θ ∨ µ is maximal, for all θ ∈ A}. Here A+ is called the dual
annihilator of A in R.

For any θ ∈ R, we have {θ}+ = [θ)+, where [θ) is the principal filter generated by
θ. An element θ of an ADL R is called dual dense element if [θ)+ = Mmax.elt(R) and
the set E of all dual dense elements in an ADL R is an ideal if E is non-empty. In this
paper, R and R′ are used to represent two ADLs with zero elements 0 and 0′, respectively,
while Mmax.elt(R) and Mmax.elt(R′) denote the sets of all maximal elements in R and
R′, respectively.

3. M−homomorphisms of ADLs

In this section, we introduce and analyze M−homomorphisms in Almost Distributive
Lattices, establishing conditions for a general homomorphism to be an M−homomorphism
and showing that both images and pre images of M−filters under these homomorphisms
remain M−filters. We also derive equivalences between minimal prime filters and prime
M−filters, present conditions for M−filters to be prime, and explore the properties of
E−complemnted ADLs. We will start this section by presenting the following definition.

Definition 2. Let m and m′ be maximal elements of R and R′ respectively. Then the map-
ping ξ : R −→ R′ is known as homomorphism if, for all θ, ϑ ∈ R, it satisfies the following:

(i) ξ(θ ∨ ϑ) = ξ(θ) ∨ ξ(ϑ)

(ii) ξ(θ ∧ ϑ) = ξ(θ) ∧ ξ(ϑ)

(iii) ξ(0) = 0′

(iv) ξ(m) = m′.

The Co-kernel of the homomorphism ξ is defined by Co − Ker ξ = {θ ∈ R | ξ(θ) ∈
Mmax.elt(R′)}. Clearly Co−Ker ξ is filter in R.

The set of all homomorphism functions from R to R′ represented as HomR(R′).

Lemma 1. For any ξ ∈ HomR(R′), we have:

(i). for each ideal F of R′ with ξ−1(F) ̸= ∅, ξ−1(F) is an ideal of R.

(ii). if ξ is onto then, for each ideal G of R, ξ(G) is an ideal of R′.
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Proof. (i). Consider F is an ideal of R′ with ξ−1(F) ̸= ∅. Let ρ, σ ∈ ξ−1(F). Then
ξ(ρ), ξ(σ) ∈ F . Since F is an ideal ofR′, we get that ξ(ρ)∨ξ(σ) ∈ F and hence ξ(ρ∨σ) ∈ F .
Therefore ρ ∨ σ ∈ ξ−1(F). Let ρ ∈ ξ−1(F) and ω ∈ R. Then ξ(ρ) ∈ F . Now, ξ(ρ ∧ ω) =
ξ(ρ) ∧ ξ(ω) ∈ F , since ξ(ω) ∈ R′. Therefore ρ ∧ ω ∈ ξ−1(F).
(ii). Let ξ be an onto function and G be any ideal of R. Then ξ(G) is a non-empty set.
Let δ, τ ∈ ξ(G). Then δ = ξ(ρ) and τ = ξ(σ), for some ρ, σ ∈ G. Now δ ∨ τ = ξ(ρ)∨ ξ(σ) =
ξ(ρ ∨ σ) ∈ ξ(G), since ρ ∨ σ ∈ G. Therefore δ ∨ τ ∈ ξ(G). Let δ ∈ ξ(G) and κ ∈ R′. Then
δ = ξ(ρ), for some ρ ∈ G. Since ξ is onto and κ ∈ R′, there is η ∈ R satisfies ξ(η) = κ.
Now δ ∧ κ = ξ(ρ) ∧ ξ(η) = ξ(ρ ∧ η) ∈ ξ(G), since ρ ∧ η ∈ G. Therefore δ ∧ κ ∈ ξ(G). Hence
ξ(G) is an ideal of R′.

Definition 3 ([9, 10]). For every ideal F of R, consider the set M(F) = {κ ∈ R|κ ∨ ρ ∈
Mmax.elt(R), for some ρ ∈ F}.

Lemma 2. For any ξ ∈ HomR(R′) and any ideal F of R, we have ξ[M(F)] ⊆ M[ξ(F)].

Proof. Let ξ ∈ HomR(R′) and F be any ideal of R. Let κ ∈ ξ[M(F)]. Then there is
ρ ∈ M(F) satisfying κ = ξ(ρ). As ρ ∈ M(F), it is clear that ρ ∨ σ ∈ Mmax.elt(R), for
some σ ∈ F . That implies ξ(ρ ∨ σ) ∈ Mmax.elt(R′). Let η ∈ R′. Now [κ ∨ ξ(σ)] ∧ η =
[ξ(ρ) ∨ ξ(σ)] ∧ η = ξ(ρ ∨ σ) ∧ η = η. Therefore κ ∨ ξ(σ) ∈ Mmax.elt(R′) and hence
κ ∈ M[ξ(F)]. Thus ξ[M(F)] ⊆ M[ξ(F)].

In general, M[ξ(F)] ⊈ ξ[M(F)] is not true for any ideal F of R. Consider the subse-
quent example.

Example 1. Consider R = {0, θ, ϑ, σ}. Two binary operations ∨, ∧ are defined on R as
follows:

∨ 0 θ ϑ σ

0 0 θ ϑ σ

θ θ θ θ θ

ϑ ϑ ϑ ϑ ϑ

σ σ θ ϑ σ

∧ 0 θ ϑ σ

0 0 0 0 0

θ 0 θ ϑ σ

ϑ 0 θ ϑ σ

σ 0 σ σ σ

It is observed easily that (R,∨,∧, 0) is an ADL with 0.

Define ξ : R −→ R by ξ(κ) =


0 if κ = 0

σ if κ = σ

θ otherwise.

Take an ideal F = {0, σ} of an ADL R. Then M(F) = {θ, ϑ}. That implies ξ[M(F)] =
{θ}. Clearly we have that ξ(F) = {0, σ}. That implies M[ξ(F)] = {θ, ϑ}. Therefore
ξ[M(F)] ̸= M[ξ(F)]. Thus ξ is not an M−homomorphism.

Now we present the idea of an M−homomorphism.
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Definition 4. A homomorphism ξ of HomR(R′) is said to be an M−homomorphism if
ξ[M(F)] = M[ξ(F)].

Example 2. Consider R = {0, θ, ϑ, σ}. Two binary operations ∨, ∧ are defined on R as
follows:

∨ 0 θ ϑ σ

0 0 θ ϑ σ

θ θ θ ϑ ϑ

ϑ ϑ ϑ ϑ ϑ

σ σ ϑ ϑ σ

∧ 0 θ ϑ σ

0 0 0 0 0

θ 0 θ θ 0

ϑ 0 θ ϑ σ

σ 0 0 σ σ

It is observed easily that (R,∨,∧, 0) is an ADL with 0. Let ξ be an identity mapping
on R. Then, ξ is homomorphism on R. Take an ideal F = {0, θ} of R. Now M(F) =⋃
µ∈F

(µ)+ = {ϑ, σ}. Therefore ξ[M(F)] = {ϑ, σ}. Obviously, we get ξ(F) = {0, θ} and hence

M[ξ(F)] = {ϑ, σ}. Therefore ξ[M(F)] = M[ξ(F)]. Thus ξ is an M−homomorphism.

Theorem 1. Let ξ ∈ HomR(R′) with onto property and Co − Ker ξ = Mmax.elt(R).
Then ξ is an M−homomorphism.

Proof. Clearly, we have that ξ[M(F)] ⊆ M[ξ(F)]. Let κ ∈ M[ξ(F)]. Then κ ∨ ρ ∈
Mmax.elt(R′), for some ρ ∈ ξ(F). Since ρ ∈ f(F), there exists an element σ ∈ F such that
ξ(σ) = ρ. Since κ ∈ R′ and ξ is onto, there exists an element η ∈ R such that ξ(η) = κ.
Since κ ∨ ρ ∈ Mmax.elt(R′), we have that ξ(η) ∨ ξ(σ) ∈ Mmax.elt(R′). That implies
ξ(η∨σ) ∈ Mmax.elt(R′) and hence η∨σ ∈ Mmax.elt(R). That implies that η ∈ M(F) and
hence κ = ξ(η) ∈ ξ[M(F)]. Therefore M[ξ(F)] ⊆ ξ[M(F)]. Thus ξ[M(F)] = M[ξ(F)].

Theorem 2. Let ξ ∈ HomR(R′) with onto property and Co − Ker ξ = Mmax.elt(R).
Then M(F) = M(G) ⇔ M[ξ(F)] = M[ξ(G)], for each two ideals F ,G of R.

Proof. By Theorem 1, we have that ξ is an M−homomorphism. Assume that M(F) =
M(G). Now M[ξ(F)] = ξ[M(F)] = ξ[M(G)] = M[ξ(G)]. Therefore M[ξ(F)] = M[ξ(G)].
Conversely assume that M[ξ(F)] = M[ξ(G)]. Let κ ∈ M(F). Then ξ(κ) ∈ ξ[M(F)]. That
implies ξ(κ) ∈ M[ξ(F)] = M[ξ(G)]. That implies ξ(κ) ∨ ξ(η) ∈ Mmax.elt(R′), for some
η ∈ G. Hence κ ∨ η ∈ Mmax.elt(R). That gives κ ∈ M(G). Therefore M(F) ⊆ M(G).
Similarly, we get that M(G) ⊆ M(F). Hence M(F) = M(G).

Definition 5. [9] A filter S of R is referred to as an M−filter if there exists an ideal F
of R such that S = M(F).

It is evident that for any κ ∈ R, the filter (κ)+ is an M−filter of R.

Theorem 3. For any ξ ∈ HomR(R′) and M−filter V of R, ξ(V) is an M−filter of R′.
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Proof. Let V be an M−filter of R. Then, there exists an ideal F of R such that
V = M(F). From Lemma 1, it follows that ξ(F) forms an ideal of R′. Now ξ(V) =
ξ[M(F)] = M[ξ(F)], since ξ is an M−homomorphism. Therefore ξ(V) is an M−filter of
R′.

Definition 6. Let ξ ∈ HomR(R′) and S be a filter of R′. A filter ξ−1(S) of R is refereed
as the contraction of S with respect to ξ.

Example 3. Let R = {0, 1, 2, 3} and define ∨, ∧ on R as follows:

∧ 0 1 2 3

0 0 0 0 0

1 0 1 2 3

2 0 1 2 3

3 0 3 3 3

∨ 0 1 2 3

0 0 1 2 3

1 1 1 1 1

2 2 2 2 2

3 3 1 2 3

Clearly, (R,∨,∧, 0) is an ADL. Let A = {0̆, 1̆} and B = {0̄, 1̄, 2̄} be two discrete ADLs.
Then (R′,∨,∧, 0̃) is an ADL with respect to the point wise operations and 0̃ = (0̆, 0̄). Define
a mapping f : R −→ R′ as follows: f(0) = 0̃, f(1) = (1̆, 1̄), f(2) = (1̆, 2̄), f(3) = (1̆, 0̄).
Clearly f is a homomorphism from R into R′. Now consider the filter S = {(1̆, 0̄), (1̆, 1̄), (1̆, 2̄)}
and the ideal T = {(0̆, 0̄), (0̆, 1̄), (0̆, 2̄)} in R′. Clearly, M(T ) = S. Hence S is an M−filter
of R′. But f−1(S) = {1, 2, 3} is a filter of R but not an M−filter, because 3 ∈ f−1(S) and
(3)+ = {1, 2}.

Next, we establish a sufficient condition under which the contraction of an M−filter
remains an M−filter.

Theorem 4. Let ξ ∈ HomR(R′) with onto property and Co −Ker ξ = Mmax.elt(R). If
every ideal of R′ contracts to an ideal of R, then every M−filter of R′ contracts to an
M−filter of R.

Proof. Let S be an M−filter of R′. Then S = M(F), for some ideal F of R′. As per our
hypothesis, we have that ξ−1(F) is an ideal of R. We derive that ξ−1[M(F)] = M[ξ−1(F)].
Let κ ∈ M[ξ−1(F)]. Then κ ∨ τ ∈ Mmax.elt(R), for some τ ∈ ξ−1(F). That implies
ξ(κ∨τ) ∈ Mmax.elt(R′) and hence ξ(κ)∨ξ(τ) ∈ Mmax.elt(R′). That implies ξ(κ) ∈ M(F),
since ξ(τ) ∈ F . That implies κ ∈ ξ−1[M(F)]. Therefore M[ξ−1(F)] ⊆ ξ−1[M(F)]. Let
κ ∈ ξ−1[M(F)]. Then ξ(κ) ∈ M(F). That implies ξ(κ) ∨ ω ∈ Mmax.elt(R′), for some
ω ∈ F . Since ω is an element of an ideal F of R′ and ξ is an epimorphism, there exists
an element ν ∈ R such that ξ(ν) = ω. That implies ξ(κ) ∨ ξ(ν) ∈ Mmax.elt(R′) and
hence ξ(κ ∨ ν) ∈ Mmax.elt(R′). Therefore κ ∨ ν ∈ Co − ker ξ = Mmax.elt(R). So that
κ ∈ M[ξ−1(F)]. Hence ξ−1[M(F)] ⊆ M[ξ−1(F)]. Thus ξ−1[M(F)] = M[ξ−1(F)].

Theorem 5. Let ξ ∈ HomR(R′) and every M−filter of R′ contracts to an M−filter of
R. If R′ has dual dense elements, then Co-ker ξ is an M−filter of R.
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Proof. Let E′ be the set of all dual dense elements of R′. Clearly E′ is an ideal of R′.
Then M(E′) = Mmax.elt(R′). Clearly we have that Mmax.elt(R′) is a filter of R′ and hence
it is an M−filter of R′. Clearly, we have that Co− ker ξ = ξ−1(Mmax.elt(R′)).Therefore
Co− ker ξ is an M−filter of R.

Definition 7. For any filter S of R, define H(S) = {κ ∈ R | η∨κ ∈ Mmax.elt(R), for some η ∈
R \ S}

The following lemma is straightforward to prove, so we omit the proof.

Lemma 3. For any prime filter S of R, H(S) is a filter of R contained in S.

Lemma 4. For any prime filter S of R, H(X ) = M(R \ X ).

Proof. Let κ ∈ H(X ). Then κ ∨ η ∈ Mmax.elt(R), for some η ∈ R \ X . Since R \ X is
an ideal of R, we get that κ ∈ M(R\X ) and hence H(X ) ⊆ M(R\X ). Similarly, we get
that M(R \ X ) ⊆ H(X ). Therefore H(X ) = M(R \ X ).

Theorem 6. Let {Tα}α∈△ be a class of M−filters of an ADL R. Then
⋂

α∈△
Tα is an

M−filter of R.

Proof. For each α ∈ △, let Tα = M(Fα) where Fα is an ideal of R. Then {Fα}α∈△
will be an arbitrary family of ideals in R. For each α ∈ △. Hence

⋂
α∈△

Fα is an ideal of R.

Thus we get
⋂

α∈△
M(Fα) = M

( ⋂
α∈△

Fα

)
. Therefore

⋂
α∈△

Tα is an M−filter of R.

Theorem 7. Let F ,G be two ideals of an ADL R. Then M(F∨G) is the smallest M−filter
containing both M(F) and M(G).

Proof. Clearly, we get M(F) ⊆ M(F ∨ G) and M(G) ⊆ M(F ∨ G). Suppose M(F) ⊆
M(V) and M(G) ⊆ M(V), for some ideal V of R. Let θ ∈ M(F ∨ G). Then there exist
χ ∈ F and υ ∈ G such that θ ∨ (χ ∨ υ) ∈ Mmax.elt(R). Therefore θ ∨ χ ∈ M(G) ⊆ M(V).
There exists µ ∈ V such that θ ∨ χ∨ µ ∈ Mmax.elt(R). Since µ∨ π ∈ V, we get θ ∈ M(V).
Therefore M(F ∨ G) is the supremum of M(F) and M(G).

Corollary 1. Let {M(Fα)}α∈△ be a class of M−filters of an ADL R, for each α ∈ △.
Then

⊔
α∈△

M(Fα) is the smallest M−filter containing each M(Fα).

The set of all M−filters of R is denoted by FM(R)

Theorem 8. Let FM(R) be a sublattice of F(R). If {Tα}α∈△ be any class of M−filters of
R, then

∨
α∈△

Tα is again an M−filter of R.
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Proof. For each α ∈ △, let Tα = M(Fα) where Fα is an ideal of R. Then {Fα}α∈△
will be any class family of ideals of R. Since Tα = M(Fα) ⊆ M(∨Fα) for each α ∈ △
, we get

∨
Tα ⊆ M(

∨
Fα). Let θ ∈ M(

∨
Fα). Then there exists χ ∈

∨
Fα such that

θ∨χ ∈ Mmax.elt(R). Then there exists a positive integer n such that χ = χ1∨χ2∨· · ·∨χn

where χi ∈ Fαi . Thus we get θ∨χ ∈ Mmax.elt(R) ⇒ θ∨(χ1∨χ2∨· · ·∨χn) ∈ Mmax.elt(R) ⇒
(θ∨χ1)∨ (θ∨χ2)∨· · ·∨ (θ∨χn) ∈ Mmax.elt(R) ⇒ (θ∨χ1]∨ (θ∨χ2]∨· · ·∨ (θ∨χn] = R ⇒
M((θ∨χ1])∨M((θ∨χ2])∨· · ·∨M((θ∨χn]) = R ⇒ (θ∨χ1)

+∨(θ∨χ2)
+∨· · ·∨(θ∨χn)

+ = R.
Since θ ∈ R we get θ ∈ (θ∨χ1)

+∨(θ∨χ2)
+∨· · ·∨(θ∨χn)

+. Then there exists υi ∈ (θ∨χi)
+

for i = 1, 2, · · · , n such that θ = υ1∧υ2∧· · ·∧υn. Now, θ = θ∨θ = θ∨(υ1∧υ2∧· · ·∧υn) =
(θ∨υ1)∧(θ∨υ2)∧· · ·∧(θ∨υn) ∈ (χ1)

+∨(χ2)
+∨· · ·∨(χn)

+ ⊆ M(F1)∨M(F2)∨· · ·∨M(Fn) =
T1 ∨ T2 ∨ · · · ∨ Tn ⊆ ∨Tα. That implies M(

∨
Fα) ⊆ ∨Tα. Thus

∨
Tα is an M−filter of R.

Theorem 9. Consider the set FM(R) of all M−filters of R is a sublattice of F(R). For
any filter T , there exists a unique M−filter contained in T .

Proof. Let T be any filter of R. Consider M = {U ∈ FM(R) | U ⊆ T }. Since
Mmax.elt(R) is the M−filter and Mmax.elt(R) ⊆ T , we get Mmax.elt(R) ∈ M. Clearly, M
satisfies the hypothesis of Zorn’s Lemma. Then M has a maximal element let it be N .
It is enough to show that N is unique. Let Y be any maximal element of M such that
N ⊆ Y. Clearly, N ∨Y ⊆ T . Hence N ∨Y ∈ M. Therefore N = N ∨Y = Y. Thus M has
a unique maximal element, which is the required M−filter contained in T .

Definition 8. A filter S of R is referred as co-dense if S+ = Mmax.elt(R).

Example 4. Let R = {0, 1, 2, 3, 4, 5, 6, 7} and define ∨, ∧ on R as follows:

∧ 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 0 1 2 3 4 5 6 7

2 0 1 2 3 4 5 6 7

3 0 3 3 3 0 0 3 0

4 0 4 5 0 4 5 7 7

5 0 4 5 0 4 5 7 7

6 0 6 6 3 7 7 6 7

7 0 7 7 0 7 7 7 7

∨ 0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7

1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2

3 3 1 2 3 1 2 6 6

4 4 1 1 1 4 4 1 4

5 5 2 2 2 5 5 2 5

6 6 1 2 6 1 2 6 6

7 7 1 2 6 4 5 6 7

Then (R,∨, ∧) is an ADL. Clearly a filter S = {1, 2, 4, 5, 6, 7} is a co-dense filter of
R.

Lemma 5. Any non co-dense prime filter of an ADL is an M−filter.

Proof. Let S be any non co-dense prime filter of R. Then there exists an element
κ /∈ Mmax.elt(R) such that κ ∈ S+. That implies [κ) ⊆ S+ and hence S++ ⊆ [κ)+. That
implies S ⊆ [κ)+, since S ⊆ S++. Let τ ∈ [κ)+. Then τ ∨ κ ∈ Mmax.elt(R) and hence
τ ∨ κ ∈ S. Since S is prime, we get that either κ ∈ S or τ ∈ S. Suppose κ ∈ S. Since
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[κ) ⊆ S+, we get easily that [κ)∩S = Mmax.elt(R). That implies κ ∈ Mmax.elt(R), which
is a contradiction to κ /∈ Mmax.elt(R). Which gives τ ∈ S and hence [κ)+ ⊆ S. Thus
S = [κ)+ = M((κ]). Therefore S is an M−filter of R.

We will now present the definition of an E−complemented ADL.

Definition 9. An ADL R is classified as an E−complemented ADL if, for every κ ∈ R,
there exists η ∈ R such that both κ ∧ η ∈ E and κ ∨ η ∈ Mmax.elt(R) hold true.

Example 5. Consider two discrete ADLs A = {0, τ} and B = {0, ν1, ν2}. We have
A× B = {(0, 0), (0, ν1), (0, ν2), (τ, 0), (τ, ν1), (τ, ν2)} let it be R. Define ∨ and ∧ on R un-
der point-wise:

∨ (0, 0) (0, ν1) (0, ν2) (τ, 0) (τ, ν1) (τ, ν2)

(0, 0) (0, 0) (0, ν1) (0, ν2) (τ, 0) (τ, ν1) (τ, ν2)

(0, ν1) (0, ν1) (0, ν1) (0, ν1) (τ, ν1) (τ, ν1) (τ, ν1)

(0, ν2) (0, ν2) (0, ν2) (0, ν2) (τ, ν2) (τ, ν2) (τ, ν2)

(τ, 0) (τ, 0) (τ, ν1) (τ, ν2) (τ, 0) (τ, ν1) (τ, ν2)

(τ, ν1) (τ, ν1) (τ, ν1) (τ, ν1) (τ, ν1) (τ, ν1) (τ, ν1)

(τ, ν2) (τ, ν2) (τ, ν2) (τ, ν2) (τ, ν2) (τ, ν2) (τ, ν2)

∧ (0, 0) (0, ν1) (0, ν2) (τ, 0) (τ, ν1) (τ, ν2)

(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)

(0, ν1) (0, 0) (0, ν1) (0, ν2) (0, 0) (0, ν1) (0, ν2)

(0, ν2) (0, 0) (0, ν1) (0, ν2) (0, 0) (0, ν1) (0, ν2)

(τ, 0) (0, 0) (0, 0) (0, 0) (τ, 0) (τ, 0) (τ, 0)

(τ, ν1) (0, 0) (0, ν1) (0, ν2) (τ, 0) (τ, ν1) (τ, ν2)

(τ, ν2) (0, 0) (0, ν1) (0, ν2) (τ, 0) (τ, ν1) (τ, ν2)

Clearly, (R,∨,∧, 0′) is an ADL, where 0′ = (0, 0).
We have that

(i) (0, 0)++ = {(τ, ν1), (τ, ν2)}+ = R = (τ, ν1)
+

(ii) (0, ν1)
++ = {(τ, 0), (τ, ν1), (τ, ν2)}+ = {(0, ν1), (0, ν2), (τ, ν1), (τ, ν2)} = (τ, 0)+

(iii) (0, ν2)
++ = {(τ, 0), (τ, ν1), (τ, ν2)}+ = {(0, ν1), (0, ν2), (τ, ν1), (τ, ν2)} = (τ, 0)+

(iv) (τ, 0)++ = {(0, ν1), (0, ν2), (τ, ν1), (τ, ν2)}+ = {(τ, 0), (τ, ν1), (τ, ν2)} = (0, ν1)
+

(v) (τ, ν1)
++ = R+ = {(τ, ν1), (τ, ν2)} = (0, 0)+

(vi) (τ, ν2)
++ = R+ = {(τ, ν1), (τ, ν2)} = (0, 0)+

Thus (R,∨,∧, 0′) is an E−complemented ADL.
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Lemma 6. In an E−complemented ADL R, every prime filter X with X ∩ E = ∅ is an
M−filter.

Proof. Let X be any prime filter of R with X ∩ E = ∅. We have that M(R \ X ) =
H(X ) ⊆ X . Let κ ∈ X . As per our hypothesis, there is η ∈ R such that κ ∧ η ∈ E and
κ∨ η ∈ Mmax.elt(R). That implies κ∧ η /∈ X and hence η /∈ X . Since κ∨ η ∈ Mmax.elt(R)
and η /∈ X , we get that κ ∈ H(X ) = M(R \ X ). Which gives X ⊆ M(R \ X ). Therefore
X = M(R \ X ). Thus X is an M−filter of R.

Theorem 10. For any proper M−filter S of R, S is prime if and only if S contains a
prime filter.

Proof. Assume that S contains a prime filter, say X . Since S is an M−filter of R, we
have that S = M(F), for some ideal F of R. We prove that S is prime filter of R. Let
κ, η ∈ R with κ∨η ∈ S. Suppose that κ /∈ S and η /∈ S. Then κ /∈ X and η /∈ X . Since X is
prime, we get κ∨η /∈ X . That implies (κ∨η)+ ⊆ X ⊆ S = M(F). Suppose κ∨η ∈ M(F).
Then (κ∨ η)∨ω ∈ Mmax.elt(R), for some ω ∈ F . It gives ω ∈ (κ∨ η)+ ⊆ X ⊆ S = M(F).
Therefore ω ∈ F ∩ M(F) and hence F ∩ M(F) ̸= ∅. Thus S = F = M(F) = R, which
leads a contradiction. Therefore κ∨η /∈ M(F) and hence κ∨η /∈ S, we get a contradiction.
Which leads either κ ∈ S or η ∈ S. Thus S is prime.

Theorem 11. In ADL R, every prime M−filter is minimal.

Proof. Let X be a prime M−filter of R. Then, there exists an ideal F of R such
that X = M(F). For an element κ ∈ X , there is an element η ∈ F satisfying κ ∨ η ∈
Mmax. elt(R). Assuming that η ∈ X , it follows that η ∈ M(F). This leads to the
conclusion that F ∩M(F) ̸= ∅, resulting in the equality X = M(F) = F = R, which gives
a contradiction. Thus, we conclude that η /∈ X . Therefore, X is minimal.

Definition 10. A filter S is referred to as annihilator of R if it satisfies the condition
S = S++.

Example 6. From the example 4, consider a filter T = {1, 2, 3, 6}. it is clear that T is
an annihilator filter of R, because T = T ++.

Theorem 12. In an E−complemented ADL R, the statements listed below are equivalent:

(i) Every M−filter is an annihilator filter

(ii) Every minimal prime filter is an annihilator filter

(iii) Every prime M−filter is of the form (κ)++, for some κ ∈ R

(iv) Every M−filter is of the form (κ)++, for some κ ∈ R

(v) Every minimal prime filter is non co-dense.
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Proof. 1 ⇒ 2 : Obvious
2 ⇒ 3 : Assume condition 2. Consider any prime M−filter X of R. It follows that X
qualifies as a minimal prime filter of R. By 2, we get X = (κ)+, for some non maximal
element κ of X+. Since R is an E−complemented ADL, there is η of R satisfying κ∧η ∈ E
and κ∨η ∈ Mmax.elt(R). It gives η ∈ (κ)+ = X . Therefore (η)++ ⊆ P++ = X = (κ)+ and
it gives (η)++ ⊆ (κ)+. Let τ ∈ (κ)+. Then τ ∨ κ ∈ Mmax.elt(R). Which leads τ ∈ (η)++,
because κ ∈ (η)+. Therefore (κ)+ ⊆ (η)++. Hence (κ)+ = (η)++ = X .
3 ⇒ 4 : Assume condition 3. Let S be any M−filter of R. Suppose that S ̸= (κ)++, for
all κ ∈ R. Consider F = {T | T is an M− filter and T ̸= (κ)++, for all κ ∈ R}. Clearly,
S ∈ F and hence F ̸= ∅. By the Zorn’s Lemma, F has a maximal element say P. Clearly,
P is a prime filter and M ̸= (κ)++, for all κ ∈ R, this leads a contradiction. Hence
S = (κ)++, for some κ ∈ R.
4 ⇒ 5 : Assume condition 4. Let X be a minimal prime filter of R. Then X is an M−filter
of R. By 4, we get that X = (κ)++, for some κ ∈ R. Clearly κ ∈ X . As P is minimal
and κ ∈ X , there is η /∈ X satisfying the property that κ ∨ η ∈ Mmax.elt(R). It gives η ∈
(κ)+ = X+ and hence η ∈ X+. We derive that X+ ̸= Mmax.elt(R). If X+ = Mmax.elt(R)
then η ∈ Mmax.elt(R), get a contradiction to η /∈ X . Hence X+ ̸= Mmax.elt(R). Thus X
is non co-dense.
5 ⇒ 1 : Assume condition 5. Let S be an M−filter of R. Then S = M(F), for some ideal
F of R. Now we prove that S = S++. Clearly, we have that S ⊆ S++. Let ν ∈ S++. We
show that (S ∨ S+) ∩ E ̸= ∅. Suppose (S ∨ S+) ∩ E = ∅. As E is an ideal of R, there
is a prime filter X of R satisfies S ∨ S+ ⊆ X and X ∩ E = ∅. Let κ ∈ X . Since R is an
E−complemented ADL, there is η ∈ R such that κ ∧ η ∈ E and κ ∨ η ∈ Mmax.elt(R).
Which gives κ ∧ η /∈ X and hence η /∈ X . Therefore X is a minimal prime filter of
R. By our assumption we have X is non co-dense. Since (S ∨ S+) ⊆ X , we have that
X+ ⊆ (S ∨ S+)+ = S+ ∩ S++ = Mmax.elt(R). That implies X+ ⊆ Mmax.elt(R) and
hence X+ = Mmax.elt(R), it gives a contradiction to X is a non co-dense. Therefore
(S ∨ S+) ∩ E ̸= ∅. Now choose µ ∈ (S ∨ S+) ∩ E. Then µ ∈ S ∨ S+ and µ ∈ E. That
implies µ = δ ∧ σ, for some δ ∈ S, σ ∈ S+ and (µ)+ = Mmax.elt(R). Now (δ)+ ∩ (σ)+ =
(δ ∧ σ)+ = (µ)+ = Mmax.elt(R). Since δ ∈ S = M(F), there is τ ∈ F and it satisfying
δ∨ τ ∈ Mmax.elt(R). Since ν ∈ S++ and σ ∈ S+, we get that ν ∨σ ∈ Mmax.elt(R). Which
gives ν ∈ (σ)+. Since (δ)+ ∩ (σ)+ = Mmax.elt(R), we get that (σ)+ ⊆ (δ)++ ⊆ (τ)+ ⊆
M(F) = S. Therefore ν ∈ S and hence S++ ⊆ S. Thus S = S++. Therefore S is an
annihilator filter of R.

It is straightforward to demonstrate that the set (MF (R),⊔,∩) of all M−filters of
R forms a distributive lattice, where M(F) ∩ M(G) = M(F ∩ G) and M(F) ⊔ M(G) =
M(F ∨G), for some ideals F , G of R. Let us recall that two filters S, T of an ADL R are
comaximal if S ∨ T = R. We now introduce ⊔−comaximality of M−filters of an ADL.

Definition 11. Two M−filters S, T of an ADL R are referred as ⊔−comaximal if S⊔T =
R.

If two M−filters are comaximal, then they are necessarily ⊔−comaximal. However, the
opposite is not true. Any two comaximal M−filters are ⊔−comaximal. But the converse
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is not true. This can be demonstrated with the following example.

Example 7. Let R = {0, θ, ϑ, σ, 1} represent a distributive lattice, with its Hasse diagram
shown below

�
�
�

@
@

@

@
@

@

�
�
�

d
d

d d
d

θ

1

0

ϑ σ

Consider the filters S = {ϑ, 1} and T = {σ, 1}. Clearly F = {0, θ, ϑ} and G = {0, θ, σ} are
ideals in R. It is straightforward to derive that M(F) = T and M(G) = S. Consequently, S
and T are two distinct M−filters of R. Now S⊔T = M(G)⊔M(F) = M(F∨G) = M(R) =
R. This implies that S and T are ⊔−comaximal. However, since S ∨T = {θ, ϑ, σ, 1} ≠ R,
it follows that S and T are not comaximal in R.

Lemma 7. For every µ, π ∈ R with κ∨η ∈ Mmax.elt(R), (κ)+ and (η)+ are ⊔−comaximal.

Proof. Let κ, η ∈ R with κ ∨ η ∈ Mmaκ.elt(R). Clearly, we have that (κ)+ = M((κ])
and (η)+ = M((η]). Now (κ)+ ⊔ (η)+ = M((κ]) ⊔M((η]) = M((κ] ∨ (η]) = M((κ ∨ η]) =
M(R) = R. Therefore (κ)+ and (η)+ are ⊔−comaximal.

Theorem 13. Any two distinct prime M−filters of R are necessarily ⊔−comaximal.

Proof. Let X and Y be two distinct prime M−filters of R. Consequently, X and Y are
minimal. Choose σ ∈ Y \ X and τ ∈ X \ Y. Therefore τ ∨ κ, σ ∨ η ∈ Mmax.elt(R), for
some κ /∈ X and η /∈ Y. Which gives σ ∨ κ /∈ X and η ∨ τ /∈ Y. Hence (σ ∨ κ)+ ⊆ X and
(η ∨ τ)+ ⊆ Y. Clearly we have that (σ ∨ κ) ∨ (τ ∨ η) ∈ Mmax.elt(R). By above result, we
get that (σ∨κ)+ ⊔ (τ ∨ η)+ = R and hence X ⊔Y = R. Thus X and Y are ⊔−comaximal.

Definition 12. For any filter S of R and κ ∈ R, define [κ]S = {τ ∈ S | τ ∨ κ ∈
Mmax.elt(R)}

Lemma 8. For any filter S of R and κ ∈ R, we have the the subsequent conditions

(i) [κ]S = S ∩ (κ)+ is a filter in S

(ii) if S is an M−filter then [κ]S is an M−filter.
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Proof. 1. Clearly, [κ]S ̸= ∅. Let θ, ϑ ∈ [κ]S . Then θ∨κ, ϑ∨κ ∈ Mmax.elt(R) and hence
(θ∧ϑ)∨κ ∈ Mmax.elt(R) Therefore θ∧ϑ ∈ [κ]S . Let θ ∈ [κ]S . Then θ∨κ ∈ Mmax.elt(R).
For any σ ∈ S, we have σ ∨ θ ∨ κ ∈ Mmax.elt(R). Therefore σ ∨ θ ∈ [κ]S . Thus [κ]S is a
filter
2. Let S is an M−filter of R. There there exists an ideal F of R such that S = M(F).
Clearly we have (κ)+ = M((κ]). Therefore (κ)+ ∩ S = M(F) ∩ M((κ]) = M(F ∩ (κ]).
Hence [κ]S is an M−filter.

Theorem 14. Let S be an M−filter of an ADL R with maximal elements. If for any
κ, η ∈ R with κ ∨ η ∈ Mmax.elt(R), then [κ]S and [η]S are ⊔−comaximal in S.

Proof. Let κ, η ∈ R with κ∨η ∈ Mmax.elt(R). By Lemma-7, we have that (κ)+⊔(η)+ =
R. Now, S = S ∩R = S ∩ ((κ)+ ⊔ (η)+) = (S ∩ (κ)+)⊔ (S ∩ (η)+) = [κ]S ⊔ [η]S . Therefore
[κ]S ⊔ [η]S = S and hence [κ]S and [η]S are ⊔−comaximal in S.

Conclusions

In this paper, we introduced the notion of M−homomorphism in the context of an
Almost Distributive Lattice(ADL). We have derived a sufficient condition for a homomor-
phism to become an M−homomorphism. We have proved that the image and the inverse
image of an M−filter of an ADL under an M−homomorphism again M−filters. We have
derived some sufficient conditions for a prime filter of an almost distributive lattice to be
an M−filter. We have established a set of equivalent conditions for every M−filter to
be an annihilator filter. We have obtained an equivalency between prime M−filters and
minimal prime filters of an ADL. We have proved that any two distinct prime M−filters
of an ADL are comaximal.
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