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Abstract. An 9i—homomorphism in an Almost Distributive Lattice(ADL) is introduced, with a
sufficient condition for it to be an 9T—homomorphism. The image and inverse image of an 9t—filter
under such a homomorphism are shown to be 9t—filters. Sufficient conditions for a prime filter to
be an 9 —filter are established, along with an equivalence between prime 9i—filters and minimal
prime filters. Finally, any two distinct prime 9t—filters in an ADL are shown to be comaximal.
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1. Introduction

Swamy and Rao introduced the concept of an Almost Distributive Lattice(ADL) [1],
which serves as a common abstraction for numerous ring-theoretic generalizations of
Boolean algebra and the class of distributive lattices. In their paper, they defined the
notion of an ideal in an ADL, drawing an analogy with ideals in distributive lattices.
They observed that the set PI(R) of all principal ideals in an ADL forms a distributive
lattice. This observation opened up avenues for extending many existing lattice theory
concepts to the class of ADLs. In [2], introduced and study the properties of pu—filters
in an ADL. Sambasiva Rao and G.C. Rao introduced the notion of O—homomorphisms
within the context of Almost Distributive Lattices(ADLs) in [3], exploring their key prop-
erties. In [4], author studied the properties of O—filters in Lattices. Later, in [5], Rafi
established a correspondence between the set of all prime O—ideals and the set of minimal
prime ideals in an ADL. In that work, they identified a necessary and sufficient condition
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for an O—ideal to be prime and demonstrated that distinct prime O—ideals in an ADL
are always comaximal.

In this paper, we introduce the concept of an 9t—homomorphism within the frame-
work of Almost Distributive Lattices and examine its properties. We establish a sufficient
condition for a general homomorphism of an ADL to qualify as an 991—homomorphism.
Additionally, we demonstrate that both the image and the preimage of an 9t—filter under
an M—homomorphism remain 9M—filters. We also show that the kernel of a homomor-
phism is an 9i—filter. Furthermore, we derive an equivalence between the class of all prime
M—filters and the class of all minimal prime filters. A necessary and sufficient condition
for an 9—filter in an ADL to be a prime filter is also presented. We introduce the notion
of an EF—complemented ADL and investigate its properties. Within an F—complemented
ADL, we establish several equivalent conditions for an 9t—filter to qualify as an anni-
hilator filter. Finally, we prove that any two distinct prime 91—filters in an ADL are
comaximal.

2. Preliminaries

The definitions and significant results from [1, 6] are gathered and given in this part;
these will be needed during the entire document.

Definition 1. [1] An algebra (R,V,A,0) of type (2,2,0) satisfying the following specifica-
tions is an Almost Distributive Lattice(ADL) with zero :

(1) (OVI)No=(0AN0o)V(IN0);

(2) ON(WOVo)=(ONI)V(OA0);

(3) (V) NI =1

(1) 6V ) N0 =06;

(5) 0V (0 NY) =0,

(6) OANO =0, for any 0,9,0 € R.

When 6 = 0 A9, or equivalently, 8 V19 = 4, occurs for every 8,9 € R, then 6 < 9. This
defines a partial < on R in an ADL (R, V, A,0). As a partial ordering on R, this definition
establishes <. When m in R holds maximum with respect to the partial ordering < on
R, it is referred to as maximal i.e., for any m € R, m < 0 = m = 0; M4zt (R) is the
collection of all such maximal elements within R.

In Swamy’s work[1], it is noted that an ADL denoted as R exhibits nearly all features
of a distributive lattice[7, 8], apart from the non-commutativity between V and A and
the right distributivity of V over A. Kither of these properties, if present, would classify
R as a distributive lattice. If, for every 6,9 € Z and every p € R, there is a nonempty
subset Z of R, then 0 V9,0 A € T (respectively, 0 A, uV 0 € F) for every 0,9 € Z. A
maximum ideal (filter) contains every appropriate ideal (filter) of R. The smallest ideal

n
that contains A for each subset A of R is (A] :={(V ¢i)Apn|6; € A,;p € R and n € N}.

i=1
An ideal like A = {6} is written as (6] rather than (\A]; this is known as the principal ideal
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of R. The same way, for each A C R, [A) :=={uV (A 0:)]|0; € A, € R and n € N}. A
i=1

filter like A = {6} is written as [f) rather than [A); this is known as the principal filter
of R. It can be confirmed that (0] V (9] = (6 V 9] and (0] N (Y] = (6 A VY] hold for any
0,9 € R. A sublattice of the distributive lattice (Z(R),V,N) of all ideals of R is thus
the set (PZ(R),V,N) of all principal ideals of R. For any nonempty subset A of an ADL
R, define AT = {p € R | 6V p is maximal, for all § € A}. Here A" is called the dual
annihilator of A in R.

For any 6 € R, we have {#}* = [0)", where [#) is the principal filter generated by
6. An element 6 of an ADL R is called dual dense element if [0)T = M,4z.¢(R) and
the set E of all dual dense elements in an ADL R is an ideal if F is non-empty. In this
paper, R and R’ are used to represent two ADLs with zero elements 0 and 0/, respectively,
while Maz.0t(R) and Mopaz.er(R’) denote the sets of all maximal elements in R and
R’, respectively.

3. MM—homomorphisms of ADLs

In this section, we introduce and analyze 9t—homomorphisms in Almost Distributive
Lattices, establishing conditions for a general homomorphism to be an 9—homomorphism
and showing that both images and pre images of 9—filters under these homomorphisms
remain 9—filters. We also derive equivalences between minimal prime filters and prime
M —filters, present conditions for 9 —filters to be prime, and explore the properties of
E—complemnted ADLs. We will start this section by presenting the following definition.

Definition 2. Let m and m’ be mazimal elements of R and R’ respectively. Then the map-
ping & : R — R’ is known as homomorphism if, for all 6,9 € R, it satisfies the following:

(1) 0V I) =¢£(0) vEWD)
(1) (6 NI) = £(0) AE(D)
(iii) £(0) =0
(i) &(m) =

The Co-kernel of the homomorphism £ is defined by Co — Ker £ = {0 € R | £(0) €
Minaz.eit(R')}. Clearly Co — Ker € is filter in R.

The set of all homomorphism functions from R to R’ represented as Homp (R').

Lemma 1. For any £ € Homg(R'), we have:
(i). for each ideal F of R' with ¢~Y(F) # 0, E71(F) is an ideal of R.
(i1). if € is onto then, for each ideal G of R, £(G) is an ideal of R'.
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Proof. (i). Consider F is an ideal of R’ with ¢~1(F) # (). Let p,o € ¢~(F). Then

&(p),&(o) € F. Since F is an ideal of R, we get that £(p)VE(o) € F and hence £(pVo) € F.
Therefore pV o € £71(F). Let p € & Y(F) and w € R. Then &(p) € F. Now, £(p Aw) =
E(p) NE(w) € F, since £(w) € R'. Therefore p Aw € £~1(F).
(ii). Let & be an onto function and G be any ideal of R. Then £(G) is a non-empty set.
Let §, 7 € £(G). Then § = &(p) and 7 = £(0), for some p,0 € G. Now 6 VT = &(p) V&(o) =
E(pVo)e&(G),since pVo € G. Therefore § V1 € £(G). Let § € £(G) and x € R'. Then
5 = &(p), for some p € G. Since £ is onto and k € R/, there is n € R satisfies £(n) = .
Now § Ak =&(p) NE(M) =E(pAn) € E(G), since p An € G. Therefore § A k € £(G). Hence
£(G) is an ideal of R'.

Definition 3 ([9, 10]). For every ideal F of R, consider the set M(F) ={r € R|[kVp €
Minaz.eit(R), for some p € F}.

Lemma 2. For any £ € Homg(R') and any ideal F of R, we have E[IMN(F)] C M[E(F)].

Proof. Let £ € Homg(R') and F be any ideal of R. Let x € £[9MM(F)]. Then there is
p € M(F) satistying k = £(p). As p € M(F), it is clear that pV o € Mpaz.en(R), for
some o € F. That implies £(p V 0) € Mpazet(R’). Let n € R'. Now [k V(o) An =
[E(p) V&) An = &(p Vo) An = n. Therefore kK V £(0) € Mipaz.eir(R') and hence
€ ME(F)]. Thus EPR(F)] C MECF)].

In general, M[E(F)] € EOM(F)] is not true for any ideal F of R. Consider the subse-
quent example.

Example 1. Consider R ={0,0,9,0}. Two binary operations V, A are defined on R as
follows:

SEESSISESY R
SEESSESS RS
SYESH RS NESNESN
| B D
q|||ala
Q| DS >
SIESIESIESIES
QDD
SEESSESI RS S
SHESHESEEN AN

It is observed easily that (R,V,A,0) is an ADL with 0.

0 ifk=0
Define £ : R — R by&(k) =<0 ifk=0
0 otherwise.
Take an ideal F = {0,0} of an ADL R. Then IM(F) = {0,9}. That implies {M(F)] =
{6}. Clearly we have that §(F) = {0,0}. That implies M[E(F)] = {6,9}. Therefore
E[M(F)] # M[E(F)]. Thus £ is not an M—homomorphism.

Now we present the idea of an 91—homomorphism.
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Definition 4. A homomorphism & of Homg(R') is said to be an IM—homomorphism if
EM(F)] = ME(F)].

Example 2. Consider R ={0,0,9,0}. Two binary operations V, A are defined on R as
follows:

SEESSISSE B
SEESY ISR R
S| DD DD
SRS RS RSN ESS
SHESH ESHESH Y
Q|| >
SIS S K
S |
SEESNES R RS
Q||| 9

It is observed easily that (R,V,A,0) is an ADL with 0. Let & be an identity mapping
on R. Then, & is homomorphism on R. Take an ideal F = {0,6} of R. Now IM(F) =
U (u)t ={9,0}. Therefore EM(F)] = {9, 0}. Obviously, we get £(F) = {0,60} and hence
BEF

ME(F)] = {V,0}. Therefore E[IM(F)] = ME(F)]. Thus & is an M—homomorphism.

Theorem 1. Let £ € Homg(R') with onto property and Co — Ker & = Mpazeit(R).
Then & is an 9IM—homomorphism.

Proof. Clearly, we have that {[9(F)] C ME(F)]. Let k € M[E(F)]. Then k V p €
Mpnaz.eit(R'), for some p € £(F). Since p € f(F), there exists an element o € F such that
&(o) = p. Since k € R’ and & is onto, there exists an element € R such that £(n) = &.
Since KV p € Mpazeir(R'), we have that &£(n) V £(0) € Muaz.et(R'). That implies
&MV o) € Mpaz.er(R') and hence nV o € Myyaz.eir(R). That implies that n € 9(F) and
hence k = £(n) € £[M(F)]. Therefore M[E(F)] C E[M(F)]. Thus EM(F)] = M[E(F)].

Theorem 2. Let £ € Homp(R') with onto property and Co — Ker &€ = Mpaz.eit(R).
Then M(F) = M(G) < ME(F)] = M[E(G)], for each two ideals F,G of R.

Proof. By Theorem 1, we have that £ is an 9t—homomorphism. Assume that 9(F) =
M(G). Now ME(F)] = E[M(F)] = EN(G)] = MIE(G)). Therefore ME(F)] = M),
Conversely assume that IM[E(F)] = M[E(F)]. Let k € M(F). Then &(k) € £[IM(F)]. That
implies (k) € M[E(F)] = ME(G)]. That implies £(k) V E(N) € Muaz.eir(R'), for some
n € G. Hence kK V1 € Mpazer(R). That gives k € IM(G). Therefore M(F) C M(G).
Similarly, we get that 9(G) C MM(F). Hence IM(F) = M(G).

Definition 5. [9] A filter S of R is referred to as an 9M—filter if there exists an ideal F
of R such that S = IM(F).

It is evident that for any x € R, the filter (k)T is an M —filter of R.

Theorem 3. For any £ € Homg(R') and M—filter V of R, £(V) is an M—filter of R'.
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Proof. Let V be an 9 —filter of R. Then, there exists an ideal F of R such that
Y = M(F). From Lemma 1, it follows that {(F) forms an ideal of R'. Now &(V) =
E[M(F)] = M[E(F)], since & is an M—homomorphism. Therefore £(V) is an M—filter of
R’

Definition 6. Let £ € Homg(R') and S be a filter of R'. A filter €71(S) of R is refereed

as the contraction of S with respect to €.

Example 3. Let R = {0,1,2,3} and define V, A on R as follows:

ANlO]1]2]3 vVio|1|2]|3
0(0|0|0]|0 010|123
110|123 111111
2101|283 2121222
310|131 38|3 3181 1]12]|3

Clearly, (R,V,A,0) is an ADL. Let A = {0,1} and B = {0,1,2} be two discrete ADLs.
Then (R',V, A, 0) is an ADL with respect to the point wise operations and 0 = (0,0). Define

a mapping f : R — R’ as follows: f(0) =0, f(1) = (1,1), f(2) = (1,2), f(3) = (1,0).
Clearly f is a homomorphism from R into R'. Now consider the filter S = {(1,0), (1,1), (1,2)}
and the ideal T = {(0,0), (0,1), (0,2)} in R'. Clearly, M(T) = S. Hence S is an IM—filter
of R'. But f~1(S) = {1,2,3} is a filter of R but not an M—filter, because 3 € f~(S) and
(3)" = {12},

Next, we establish a sufficient condition under which the contraction of an 9J1—filter
remains an 9—filter.

Theorem 4. Let £ € Hompg(R') with onto property and Co — Ker £ = Mpaz.et(R). If
every ideal of R’ contracts to an ideal of R, then every IM—filter of R’ contracts to an
M— filter of R.

Proof. Let S be an M —filter of R’. Then & = 9M(F), for some ideal F of R'. As per our
hypothesis, we have that ¢ ~1(F) is an ideal of R. We derive that £~ [(F)] = M[¢ L (F)).
Let K € MEY(F)]. Then £ VT € Muyapear(R), for some 7 € ¢~1(F). That implies
E(kVT) € Mpaz.eir(R') and hence (k) VE(T) € Mupaz.ei(R'). That implies £(k) € M(F),
since £(7) € F. That implies k € £~ HM(F)]. Therefore M[E~H(F)] C £ HM(F)]. Let
k € EYM(F)]. Then &(k) € M(F). That implies £(k) Vw € Mpaz.et(R'), for some
w € F. Since w is an element of an ideal F of R’ and £ is an epimorphism, there exists
an element v € R such that {(v) = w. That implies (k) V (V) € Mpaz.eat(R') and
hence £(k V V) € Maz.eit(R'). Therefore kK Vv € Co — ker £ = Muaz.et(R). So that
K € M (F)]. Hence £~ HMM(F)] € ME™(F)]. Thus £~ HIM(F)] = MEH(F)].

Theorem 5. Let £ € Homg(R') and every IM—filter of R’ contracts to an M—filter of
R. If R' has dual dense elements, then Co-ker & is an IM—filter of R.
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Proof. Let E’ be the set of all dual dense elements of R’. Clearly E’ is an ideal of R’.
Then M(E') = Mpaz.ert(R'). Clearly we have that M4z 00 (R) is a filter of R’ and hence
it is an M —filter of R’. Clearly, we have that Co — ker £ = £ 1 (Mnaz.e1:(R')). Therefore
Co — ker & is an M —filter of R.

Definition 7. For any filter S of R, define H(S) = {rk € R | nVK € Mpaz.eit(R), for somen €
R\ S}

The following lemma is straightforward to prove, so we omit the proof.
Lemma 3. For any prime filter S of R, H(S) is a filter of R contained in S.
Lemma 4. For any prime filter S of R, H(X) =M(R \ X).

Proof. Let k € H(X). Then k V1 € Mpaz.et(R), for some n € R\ X. Since R \ X is
an ideal of R, we get that k € M(R \ X) and hence H(X) C M(R \ X). Similarly, we get
that M(R \ X) C H(X). Therefore H(X) = M(R \ X).

Theorem 6. Let {To}taca be a class of M—filters of an ADL R. Then () Ta is an
aEA
M— filter of R.

Proof. For each o € A, let To, = M(F,) where F, is an ideal of R. Then {F,}aca

will be an arbitrary family of ideals in R. For each v € A. Hence () F, is an ideal of R.
aEN

Thus we get [ M(Fo) = 9)?( N ]—"a>. Therefore (] 7o is an M—filter of R.
JISYAN aEN aEAN

Theorem 7. Let F,G be two ideals of an ADL R. Then IM(FVG) is the smallest M— filter
containing both M(F) and M(G).

Proof. Clearly, we get MM(F) C M(F V G) and M(G) C M(F Vv G). Suppose M(F) C
M(V) and M(G) € M(V), for some ideal V of R. Let § € M(F Vv G). Then there exist
x € F and v € G such that 6 V (x Vv) € Mpaz.6t(R). Therefore 6 vV x € M(G) C M(V).
There exists p € V such that 0V x V i € Mpaz.er(R). Since pV 1w € V, we get 6 € M(V).
Therefore MM(F V G) is the supremum of M(F) and M(G).

Corollary 1. Let {9(Fa)}acn be a class of M—filters of an ADL R, for each o € A.

Then || M(Fy) is the smallest M—filter containing each IM(Fy).
aEA

The set of all M—filters of R is denoted by Fop(R)

Theorem 8. Let Fon(R) be a sublattice of F(R). If {Ta}acr be any class of M—filters of

R, then \/ Tu is again an IM—filter of R.
aEA
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Proof. For each o € A, let T, = M(F,) where F, is an ideal of R. Then {F4,}aecn
will be any class family of ideals of R. Since T, = M(F,) € M(VF,) for each o € A
, we get \/ To € M(\ Fao). Let 0 € M(\/ Fo). Then there exists y € \/ F, such that
OV x € Mpaz.et(R). Then there exists a positive integer n such that x = x1Vx2V---Vxn
where x; € Fy,. Thus we get 0Vx € Maz.eit(R) = OV (x1VX2V- - -VXn) € Mpazeit(R) =
(OVx1)V(OVX2) V-V (OVXn) € Mpaz.eit(R) = (0Vxa]V(OV x| V-V (OVXxn] =R =
M(OVx1]) VIR((OVx2]) V- - VIR(OVXn]) = R = (OVx1) TV (OVX2) TV -V (OVXn)T = R.
Since § € R we get 6 € (0Vx1)TV(OVx2)TV---V(0Vx,)". Then there exists v; € (0Vx;)"
fori=1,2,--- ,nsuch that 0 = vy AvaA---Av,. Now, 0 = 0VO =0V (v1 Ava A+ Avy) =
(OVO)A(OVU)A- - A(OVV,) € (x1)TV(x2) TV V(xn)T CM(F)VIN(Fo)V---VIN(F,) =
TiVTaV - VT, CVT,. That implies M(\/ Fo) € VTy. Thus \/ 7, is an M —filter of R.

Theorem 9. Consider the set Fop(R) of all M—filters of R is a sublattice of F(R). For
any filter T, there exists a unique IM—filter contained in T.

Proof. Let T be any filter of R. Consider M = {U € Fm(R) | U C T}. Since
M naz.et(R) is the M—filter and Miaz.eit(R) C T, we get Mopazert(R) € M. Clearly, I
satisfies the hypothesis of Zorn’s Lemma. Then 9 has a maximal element let it be N.
It is enough to show that A is unique. Let )} be any maximal element of 9 such that
N C Y. Clearly, N VY C T. Hence N' VY € 9. Therefore N = N V)Y = ). Thus I has

a unique maximal element, which is the required 9t—filter contained in 7.

Definition 8. A filter S of R is referred as co-dense if St = Maz.et(R).

Example 4. Let R = {0,1,2,3,4,5,6,7} and define V, A on R as follows:

ANl O|1|2]84|5]6|7 V101|284 |5]6|7
olojojololo|o]|o]|o 00| 1]2[38|4|5|6|7
1101112831466 7 11111 |1]|1]|1]1
2101112341567 2121212122222
310|313, 8|0]0|38]|0 31811281266
Jlol41 5041577 F 41114141114
5104151041577 5151212126552 5
6106637767 6161261266
TVO0\T\TO0\T| T T T T1 71112164566\ 7
Then (R,V, A) is an ADL. Clearly a filter S = {1,2,4,5,6,7} is a co-dense filter of

R.
Lemma 5. Any non co-dense prime filter of an ADL is an O9N—filter.

Proof. Let S be any non co-dense prime filter of R. Then there exists an element
Kk & Mpaz.eit(R) such that x € ST. That implies [k) € ST and hence ST C [k)T. That
implies S C [k)*, since S C STF. Let 7 € [k)". Then 7V k € Mypaz.eir(R) and hence
TV K € S. Since S is prime, we get that either k € S or 7 € §. Suppose k € S. Since
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[k) C ST, we get easily that [k) NS = Myuaz.eit(R). That implies £ € Map.e1:(R), which
is a contradiction to k & Mpaz.er(R). Which gives 7 € S and hence [k)" C S. Thus
S = [k)" = M((k]). Therefore S is an M—filter of R.

We will now present the definition of an F—complemented ADL.

Definition 9. An ADL R is classified as an E—complemented ADL if, for every k € R,
there exists n € R such that both k An € E and £V 1n € Mpazen(R) hold true.

Example 5. Consider two discrete ADLs A = {0,7} and B = {0,v1,v2}. We have
A x B ={(0,0),(0,v1), (0,v2), (7,0), (1,11), (T,12) } let it be R. Define V and N on R un-

der point-wise:

V (0,0) | (0,21) | (0,2) | (7,0) | (7y01) | (7,10)
(0,0) | (0,0) | (0,11) | (0,9) | (7,0) | (7,21) | (7,12)
(0,1/1) (0,1/1) (0, 1/1) <O,V1) (7‘, Vl) (7‘, Vl) (7‘, Vl)
(0,V2> (O,VQ) (O, 1/2) (0,1/2) (T, 1/2) (T, 1/2) (T, 1/2)
(1,0) | (1,0) | (ryv1) | (1y,2) | (7,0) | (7,01) | (T,12)
(ryv1) | (1yv1) | (myrn) | (1yvn) | (7o) | (Tyvn) | (7y01)
(tyva) | (1y10) | (Tyv2) | (Ty10) | (Ty12) | (Ty12) | (T,12)

A (0,0) | (0,1) | (0,2) | (7,0) | (7,01) | (T,12)
0,00 | (0,0) | (0,0) | (0,0) | (0,0)| (0,0) | (0,0)
(07V1) (070) (Ovyl) (07V2) (070) (0,V1) (07 VQ)
(0,v2) | (0,0) | (0,v1) | (0,2) | (0,0) | (0,271) | (0,12)
(1,0) | (0,0) | (0,0) | (0,0) | (7,0) | (7,0) | (7,0)
(tyv1) | (0,0) | (0,v1) | (0,0) | (7,0) | (1y01) | (T,12)
(t,v2) | (0,0) | (0,v1) | (0,0) | (7,0) | (7,01) | (7,12)

Clearly, (R,V,N\,0") is an ADL, where 0/ = (0,0).
We have that

(i) (0,07 = {(r,1), (,12)} " =R = (7,11)"
(ii) (0,v1)"F ={(7,0), (1, 01), (7, 02)}" ={(0,1), (0,2), (7,11), (7, 12)} = (7,0)"
(iii) (0,v2)"" ={(7,0), (1,11), (T,v2)} " = {(0,1), (0,v2), (T,11), (7, 12)} = (7, 0)*
(iv) (7,007 ={(0,11), (0,v2), (7,1), (1, 12)}* ={(7,0), (7,11), (7,02)} = (0,11)"
(v) (r,v) " =R ={(r,1), (T,12)} = (0,0)"
(vi) (T,02) 7T =R ={(7,11), (1,12)} = (0,0)"
(

Thus (R,V,A,0") is an E—complemented ADL.
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Lemma 6. In an E—complemented ADL R, every prime filter X with X N E = 0 is an
M — filter.

Proof. Let X be any prime filter of R with X N E = (). We have that M(R \ X) =
H(X) C X. Let k € X. As per our hypothesis, there is n € R such that k An € E and
KV 1N € Mpazet(R). That implies k An ¢ X and hence n ¢ X. Since kK V1 € Myaz.et(R)
and n ¢ X, we get that k € H(X) = M(R \ X). Which gives X C MM (R \ X). Therefore
X =M(R\ X). Thus X is an M—filter of R.

Theorem 10. For any proper M—filter S of R, S is prime if and only if S contains a
prime filter.

Proof. Assume that S contains a prime filter, say X. Since S is an M —filter of R, we
have that S = M(F), for some ideal F of R. We prove that S is prime filter of R. Let
k,m € R with kVn € S. Suppose that k ¢ Sand n ¢ S. Then k ¢ X and n ¢ X. Since X is
prime, we get kVn ¢ X. That implies (k V7))t C X C S = M(F). Suppose kVn € M(F).
Then (kVN)Vw € Mpaz.e(R), for some w € F. It givesw € (kVn)tT C X C S =M(F).
Therefore w € F NM(F) and hence F NIM(F) # 0. Thus S = F = M(F) = R, which
leads a contradiction. Therefore kVn ¢ 9M(F) and hence kVn ¢ S, we get a contradiction.
Which leads either k € S or n € §. Thus § is prime.

Theorem 11. In ADL R, every prime IM—filter is minimal.

Proof. Let X be a prime 9i—filter of R. Then, there exists an ideal F of R such
that X = 9M(F). For an element k € X, there is an element n € F satisfying x V1 €
Mpax. elt(R). Assuming that n € X, it follows that n € 9(F). This leads to the
conclusion that FNM(F) # (), resulting in the equality X = M(F) = F = R, which gives
a contradiction. Thus, we conclude that n ¢ X'. Therefore, X' is minimal.

Definition 10. A filter S is referred to as annihilator of R if it satisfies the condition
S=8"".

Example 6. From the ezample 4, consider a filter T = {1,2,3,6}. it is clear that T is
an annihilator filter of R, because T = T .

Theorem 12. In an E—complemented ADL R, the statements listed below are equivalent:
(i) Every 9M—filter is an annihilator filter
(ii) Every minimal prime filter is an annihilator filter
(iii) Every prime M~ filter is of the form (k)™T, for some k € R
(iv) Every M—filter is of the form (k)*, for some K € R

(v) Every minimal prime filter is non co-dense.
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Proof. 1 = 2: Obvious
2 = 3 : Assume condition 2. Consider any prime 9—filter X of R. It follows that X
qualifies as a minimal prime filter of R. By 2, we get X = (x), for some non maximal
element x of X*. Since R is an E—complemented ADL, there is 1 of R satisfying kAn € E
and KV 1 € Mpazet(R). Tt gives n € (k)T = X. Therefore ()™ C P™T = X = (k)T and
it gives (n)*+ C (k)T. Let 7 € (k)*. Then 7V £ € Mpaz.eir(R). Which leads 7 € (n)*F,
because k € (n)*. Therefore (k)* C (n)**. Hence (k)* = (n)*+ = X.
3 = 4 : Assume condition 3. Let S be any MM —filter of R. Suppose that S # (k)*T, for
all kK € R. Consider § = {7 | T is an M — filter and T # (k)*, for all kK € R}. Clearly,
S € § and hence § # (). By the Zorn’s Lemma, § has a maximal element say P. Clearly,
P is a prime filter and M # (k)™", for all x € R, this leads a contradiction. Hence
S = (k)TT, for some x € R.
4 = 5 : Assume condition 4. Let X’ be a minimal prime filter of R. Then X is an 9i—filter
of R. By 4, we get that X = (k)T for some x € R. Clearly x € X. As P is minimal
and k € X, there is n ¢ X satisfying the property that x V7 € Myaz.et(R). It gives n €
(k)T = X" and hence n € X*. We derive that X+ # Map.et(R). If X1 = Mopaz.e(R)
then 7 € Mypaz.e1:(R), get a contradiction to n ¢ X. Hence X # Maz.et(R). Thus X
is non co-dense.
5 = 1: Assume condition 5. Let S be an M —filter of R. Then & = M(F), for some ideal
F of R. Now we prove that S = STT. Clearly, we have that S C STT. Let v € ST. We
show that (SV ST)NE # 0. Suppose (SVST)NE = 0. As E is an ideal of R, there
is a prime filter X of R satisfies SVST C X and X N E = (). Let x € X. Since R is an
E—complemented ADL, there is n € R such that k Ap € E and k V1 € Mpazent(R).
Which gives kK Anp ¢ X and hence n ¢ X. Therefore X' is a minimal prime filter of
R. By our assumption we have X is non co-dense. Since (SV 8T) C X, we have that
XT C(SVvSEHT =8NS = Muzer(R). That implies XT C Maz.ee(R) and
hence X = Maz.et(R), it gives a contradiction to X is a non co-dense. Therefore
(SVST)NE # 0. Now choose € (SVST)NE. Then y € SVST and u € E. That
implies p = d Ao, for some § € S, 0 € ST and (u)" = Muazent(R). Now (6)T N (o))" =
(GAo)T = ()T = Muazer(R). Since § € S = M(F), there is 7 € F and it satisfying
SVT € Mupaz.at(R). Since v € ST and 0 € ST, we get that vV o € Mpaz.e1:(R). Which
gives v € (o)™ Since (6)T N (0)T = Myaz.eit(R), we get that (o)™ C (§)T+ C (r)t C
M(F) = S. Therefore v € S and hence ST C S. Thus § = St*. Therefore S is an
annihilator filter of R.

It is straightforward to demonstrate that the set (9Mx(R),U,N) of all M—filters of
R forms a distributive lattice, where M(F) N IM(G) = M(F N G) and M(F) UM(G) =
M(F V G), for some ideals F, G of R. Let us recall that two filters S, T of an ADL R are
comaximal if S V7T = R. We now introduce LI—comaximality of 9t—filters of an ADL.

Definition 11. Two M—filters S, T of an ADL R are referred as U—comazximal if SUT =
R.

If two 9t—filters are comaximal, then they are necessarily LI—comaximal. However, the
opposite is not true. Any two comaximal 9—filters are LI—comaximal. But the converse



N. Rafi, T. Gaketem, R. K. Bandaru / Eur. J. Pure Appl. Math, 18 (2) (2025), 5742 12 of 14
is not true. This can be demonstrated with the following example.

Example 7. Let R = {0,0,9,0,1} represent a distributive lattice, with its Hasse diagram
shown below

0

0
Consider the filters S = {9,1} and T = {0, 1}. Clearly F ={0,0,9} and G = {0,0,0} are
ideals in R. It is straightforward to derive that M(F) =T and M(G) = S. Consequently, S
and T are two distinct M—filters of R. Now SUT = M(G)UM(F) = M(FVG) =M(R) =
R. This implies that S and T are U—comazimal. However, since SVT ={60,9,0,1} # R,
it follows that S and T are not comazimal in R.

Lemma 7. For every p,m € R with kNN € Muaz.eit(R), (k)T and (n)™ are U—comazimal.

Proof. Let k,n € R with kK V1 € Mpa.er(R). Clearly, we have that (k)™ = 9((x]
and (7)™ = M((n]). Now (k)™ U (n)* = M((x]) LM((n]) = M((x] v (n]) = M((r V 7]) =
M(R) = R. Therefore (k)* and (n)* are LI—comaximal.

Theorem 13. Any two distinct prime 9M—filters of R are necessarily L1—comazximal.

Proof. Let X and ) be two distinct prime 99t—filters of R. Consequently, X and ) are
minimal. Choose o € Y\ X and 7 € X \ ). Therefore 7V k, 0 V1 € Muaz.ct(R), for
some £ ¢ X and n ¢ V. Which gives 0V ¢ X and nV 7 ¢ ). Hence (o V k)" C X and
(nV 7)T C Y. Clearly we have that (o V k) V (T V1) € Mpaz.ct(R). By above result, we
get that (o0 Vk)TU(7Vn)T =R and hence X UY = R. Thus X and ) are LJ—comaximal.

Definition 12. For any filter S of R and k € R, define [k]ls = {r € S| TV kK €
Mma:p.elt(R)}

Lemma 8. For any filter S of R and k € R, we have the the subsequent conditions
(i) [kls =S N (k)T is a filter in S
(ii) if S is an M—filter then [k|s is an IM— filter.
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Proof. 1. Clearly, [k]s # 0. Let 6,9 € [k]s. Then VK, 9V Kk € Mpaz.et(R) and hence
(OND)V Kk € Minaz.eit(R) Therefore 6 AY € [k]s. Let 0 € [k]s. Then 0V k € Minaz.et(R).
For any 0 € S, we have 0 V 0V k € Mpuz.c1t(R). Therefore o V 0 € [k]|s. Thus [k]s is a
filter
2. Let S is an M —filter of R. There there exists an ideal F of R such that S = 9MM(F).
Clearly we have (k)T = 9((k]). Therefore (k)T NS = M(F) N M((k]) = M(F N (x]).
Hence [k]s is an 9—filter.

Theorem 14. Let S be an M—filter of an ADL R with maximal elements. If for any
k,m € R with kV 1N € Muaz.et(R), then [kls and [n]s are U—comazimal in S.

Proof. Let k,n € R with KV1 € M paz.e1:(R). By Lemma-7, we have that (k)" U(n)* =
R.Now,S=SNR=8N((k)TUm)=(SNk)TUEN(NT) = [klsU[n]s. Therefore
[k]s U [n]s = S and hence [k|s and [n]s are LI—comaximal in S.

Conclusions

In this paper, we introduced the notion of 9t1—homomorphism in the context of an
Almost Distributive Lattice(ADL). We have derived a sufficient condition for a homomor-
phism to become an 991—homomorphism. We have proved that the image and the inverse
image of an M —filter of an ADL under an 91—homomorphism again 9—filters. We have
derived some sufficient conditions for a prime filter of an almost distributive lattice to be
an M —filter. We have established a set of equivalent conditions for every 9Mi—filter to
be an annihilator filter. We have obtained an equivalency between prime 21—filters and
minimal prime filters of an ADL. We have proved that any two distinct prime 991—filters
of an ADL are comaximal.
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