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Abstract. This paper presents a novel concept, known as a double-composed cone-metric-like
space, which extends the idea of a double-composed cone-metric space. In this new space, the self-
distance may not necessarily be zero; however, if the distance metric is zero, it must be for identical
points. Additionally, this text introduces several results pertaining to this innovative concept,
including theorems that demonstrate the existence of common fixed points for two mappings that
satisfy generalized non-linear rational contractions within our new space. Various examples are
provided to illustrate the main results and their relationship with other cone metric spaces. Finally,
we demonstrate applications to nonlinear integral equations and boundary value problems (BVPs)
to validate our findings.
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1. Introduction

Fixed-point theory is a fundamental branch of functional and mathematical analysis
that addresses the existence and uniqueness of solutions to integral-differential equations.
Building upon the renowned Banach contraction principle [1], numerous scholars have
made significant contributions to this field. Various results have emerged concerning map-
pings that satisfy different contractive conditions across diverse types of metric spaces.

*Corresponding author.
DOLI: https://doi.org/10.29020/nybg.ejpam.v18i2.6029

Email addresses: anas_abass@tu.edu.iq (A. A. Hijab),
Dr.LaithKhaleel@tu.edu.iq (L. K. Shaakir),
sjohani@psu.edu.sa (S. Aljohani), nmlaiki@psu.edu.sa (N. Mlaiki)

https://www.ejpam.com 1 Copyright: (©) 2025 The Author(s). (CC BY-NC 4.0)



A. A. Hijab et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 6029 2 of 23

One such extension is b-metric spaces, which were introduced independently by Czerwik
[2] and Bakhtin [3]. In recent years, there have been several generalizations of b-metric
spaces, such as b,(s)-metric spaces proposed by Mitrovi¢ et al. [4]. Kamran et al. [5]
extended b-metric spaces, while in 2018, Mlaiki [6], and Abdeljawad et al. [7] introduced
the concept of controlled metric-type spaces and double-controlled metric spaces, respec-
tively. Amini-Harandi [8] (and independence Hitzler et al. [9]) have expanded the concept
of partial metric spaces by defining metric-like spaces, also known as (dislocated metric
spaces). The most comprehensive generalization, the b-metric-like space, was introduced
by Alghamdi et al. [10]. Several fixed-point results have been explored in b-metric and
their predecessors (see [11, 12]). In addition, in 2020, Mlaiki [13] and Ayoob et al. [14]
introduced double-controlled metric-like spaces as a further extension of double-controlled
metric-type spaces. In 2023, Ayoob et al. [15] proposed an extension of metric spaces
known as double-composed metric spaces, which involve two composed functions in the
triangular inequality.

Huang et al. [16] introduced the concept of cone metric spaces as an extension of
traditional metric spaces. Following this, Hussain et al. [17] introduced cone b-metric
spaces and Shateri [18] presented fixed-point theorems on double-controlled cone metric
spaces. Subsequently, Anas et al. [19] introduced type I and II composed cone metric
spaces and [20] extended double-composed metric spaces to double-composed metric-like
spaces (see [21-27]). In 2020, Lateef [28] proved Fisher-type fixed point results in controlled
metric spaces, with subsequent discussion by authors including Dass and Gupta [29] and
Jaggi [30] utilizing a contraction condition of the rational-types. Additionally, Ahmad
et al. [31] provided a generalization of rational contractions in double-controlled metric
spaces for common fixed point theorems. For further details, see [25, 32-34].

The objective of the current study is to establish common fixed point results for new
generalized rational contractions, serving as a generalization of various types of metric
spaces mentioned previously. This study introduces a new class known as double-composed
cone metric-like spaces (for short, DCCM L-space). The goal is to present common fixed
point results involving various types of generalized rational contractions, accompanied by
examples. Finally, the manuscript introduces applications of nonlinear integral equations
and boundary value problems (BVPs) that support our fixed-point theorems within these
new spaces.

2. Preliminaries

This section revisits some notations basic concepts, definitions, and lemmas from prior
research that will be utilized throughout the remainder of this manuscript.

Definition 1. [16] Let E be a real Banach space and P C E. P is called a cone if it
satisfies the following conditions:

(P1) {Og} # P is nonempty and closed,

(P2) aja+ asb € P for all a,b € P, where ay, a9 > 0,
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(P3) PN (—P)={0g}, where Og is the zero element of E.

Consider a cone P, we can define a partial ordering = on E with respect to P by a =< b if
and only if b—a € P. Here, a < b indicates that a < b and a # b, but a < b stands for
b—a € intP, such that intP denotes the interior of P.

Let E be a Banach space, P be a cone in F such as intP # ¢ and < is the partial
ordering of P. The cone P is called normal if there exists a constant number M > 0 such
that for all a,b € E and O = a = b = ||la|]| < M]||b]| it holds or equivalently, if

inf{lla+b|:a,beP|a| = b =1} > 0.

For a non-normal cone (see [18]). Moreover, P is called a solid if intP # ¢.
Now, we present some basic notations of cone b-metric spaces and their properties.

Definition 2. [17] Let I be a non-empty set and s > 1. Assume that a mapping dy :
I' x I' = F satisfies the following conditions: For all a,b,c € T,

(Cb1) dy(a,b) = 0g if and only if a = b,
(Cb2) dy(a,b) = dy(b, a),
(Cb3) dy(a,b) = s(dp(a,c) + dp(c,a)).

The pair (', dp) is called a cone b-metric space. If changing condition (Cb1) in Definition
2 to dp(a,b) = 0, implies a = b, then (T, dy) is called a cone b-metric-like space.

Obviously, cone b-metric-like spaces are generalized to cone b-metric spaces, cone
metric-like spaces, cone metric spaces and metric spaces, respectively, but the same is
not true vice versa (see [17, 19, 21-25, 27]).

Abdeljawad et al. [7] introduced double-controlled type-metric spaces. Mlaiki et
al. [13] generalized double-controlled metric-type spaces (DCMTS) to double-controlled
metric-like spaces (DCMLS). Moreover, we expand on the expanded on cone metric space
as follows:

Definition 3. [18] Consider a set I' # ¢ and non-comparable functions wi,wy : T' x I' —
[1,00). Assume that a mapping o : I' x I' — E satisfies the conditions below: For all
a,b,cel,

(C1) o(a,b) = 0 implies a = b,
(€2) o(a,b) = o(b,a),
(C3) o(a,b) < wi(a,c)o(a,c)+wa(c,b)o(eb).

The pair (I', o) is referred to as a double controlled cone-metric-like space (DCCMLS) (see
[18, 26, 28, 35]).
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Ayoob et al. [15] introduced generalizations of DCMTS and named it a double-
composed metric space (abbreviated as DCMS). In the same vein, Anas et al. [19]
extended DCMS to a type II composed cone-metric space (C2CMS) and [20] further
generalized DCMS to a double composed metric-like space known as DCML-space. In
this context, we present the double composed cone-metric-like space, DCCML-space, as
outlined below:

Definition 4. [19] Let T be a non-empty set and f,g: P — P be nonconstant functions.
Consider the mapping D, : I' x I' — E that adheres to the following conditions: For all
a,bcel,

(D1) D.(a,b) = 0g if and only if a =,

(D2) D.(a,b) = Delb,a),

(D3) D.(a,b) < f(De(a,c)) + g(De(c,b)).

Then the pair (I',D.) is referred to as a C2CMS.

Example 1. Let E=R?2 P={u=(v,s) € E:t,5 >0}, and =R. Let D.: T xI = E
be defined by De(a,b) = (e1(a — b)3, ea(a — b)?), where e1,e2 > 0.

Define f,g: P — P by

fw) = (¥ —1,e* — 1) and g(u) = (4r,2s),u € P.

It is not difficult to see that (a — b)3 < 4a® + 4b3 < (e*®
202 + 2b2 < (e — 1) + 202

Therefore, (T, D.) is a C2CMS.

3

— 1) + 4b®. Also, (a — b)? <

Now we introduce our generalization of the DCM L-spaces.

Definition 5. Let I' be a non-empty set and f,g : P — P be nonconstant functions.
Consider the mapping L. : I' x I' — E that adheres to the following conditions: For all
a,b,cel,

(L1) Lc(a,b) =0 =a=0b,

(£2) £c(aa b) = Ec(bv CL),

(£3) Lo(a,b) < [(Le(ar)) + g(Lele,)).

The pair (T, L.) is known as a double-composed cone metric-like space (DCCML-space).

The following examples demonstrate that every C2CMS is a DCCM L-space; however,
the converse is not always true.

Example 2. Let E=R?> P={u= (v,5) € E:t,5 >0}, andl' =R. ThenL.:T'x = E
is defined as L.(a,b) = (e1(a + b)?, e2(a + b)), where ¢1,e2 >0 and p,q > 1 and p # q.
Define f,g: P — P by

Flu) = ((1+2vfltp)n_17 (1+2q71tq)n_1) and g(u) = ((1+2p—1«cv)m_17 (1+2q*1w)m—1>7u €Pn>

n n m m
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m> 1.

Obviously, conditions (L1) and (L£2) of Definition 5 are satisfied. Note that if a,b are two
nonnegative real numbers, then (a + b)9 < 29719 4 20719 g > 1, and 1 +na < (1 + a)"
. L, . (14a)"—1

is Bernoulli’s inequality. Hence, a < *———— for any n > 1, by the same way for p >
1,m > 1. We can easily deduce that the condition (L3) is satisfied.

Therefore, (T, L.) is a DCCML-space. Obviously, (T', L.) is not a C2CMS because it does
not satisfy (D1).

Example 3. Consider E=R* P={u=(t,5) € E:1t,5 >0} and ' = R.

Define L. : T xT' — E by Lc(a,b) = (sinh(eo(a, b)), elotb) _ 1), where ¢ > 0, and o(a,b)

is a DCMLS with two controlled functions wi,ws : T' x I' — [1, 00).

Take f,q: P — P defined by

f(u) = (sinh(2w (a, o)r), 5252”) and g(u) = (sinh(2ws(c, b)r), 52‘525), where u € P.
FEvidently, (L1) and (L£2) are satisfied. Since sinh(t) is an increasing function, for all

a,b>0,

sinh(a + b) < sinh(2maz{a,b}) < sinh(2a) + sinh(2b).
Therefore, for each a,b,c € T,
sinh (ec(a, b)) < sinh (ew;(a, c)o(a, c) + ewa(c, b)o(c, b))

< sinh (w1 (a, ¢) sinh(eo(a, ¢)) + wa(c, b) sinh(eo(c, b)))

< sinh (2wi(a, ¢)Le(a, c)) + sinh (2wa(c, b) Lc(c, b)) , (1)
and

elath) _ 1 < pat2etb _ | _ categbte _
. o2(a+c) ;_ o2(c+b) L e2(a+;) 1 . e?(c-l-;) _ 1‘ 2

Thus, from (1), (2), we get

Le(a,b) = f(Le(a,c)) + g(Le(c,b)).
Then, (I', L) is a DCCML-space. Clearly, it is not C2CMS or DCML-space.
Afterwards, we define the topology of the DCCM L-space on T'.

Definition 6. Let (I',L.) be a DCCML-space, where P is a normal cone with normal
constant M, and {a,} be a sequence in T.
(i) The sequence {a,} is called convergent to ag € I' if lim L.(an,a0) = Lc(ao, ao), i-e.,
n—oo

lim a, = ayp.
n—oo

(ii) {an} inT is called L.-Cauchy if lim L.(an,an) is a converges in T, i.e., for every
n,M—00

¢ € E with Op < ¢, there is a positive integer ng € N such that L.(ay,amn) < ¢ for
all n,m > ng.
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(iii) The space (I', L) is said to be L.-complete if every L.-Cauchy sequence in T' con-
verges to a point in I, i.e., lim L.(ap,a0) = Lc(ag,a0) = lm  Lo(ap, am).
n—00 n,Mm—00

Definition 7. Let (T',L.) be a DCCML-space via f and g, where P is a normal cone
with normal constant M. Suppose ag € I' and O < ¢. Then L.-ball with center ag and
radius ¢ is B(ag,¢) = {b € I' : |L(ap,b) — Lc(ap, ap)| < ¢}, and put B = {B(ap,¢) : ap €
I'andOp < c}.

Lemma 1. The collection B = {B(ag,¢) : ag € I'and Op < ¢} of all open balls forms a
basis for a topology Tz, on I'.

Proof. Let ag € T'. So, ag € B(ap,c) for Op < ¢, which implies that ag € B(ag,¢) C

U B(ag,c). Now, assume that b € B(ag,c1) N B(ap,c2). Then there exists Op < ¢

ap€el
Op<c

such that B (ao,c) € B(ag, 1) and B(ag, ) C Blag, c2). Let d € B(b,c), then LE(b,d) —
LE(b,b) < ¢. Thus, B(b,c) C B(ag, c1) N B(ag, c2).

Definition 8. [36] Presume P is a solid cone in a Banach space E. A sequence {a,} C P
is said to converge if for each Op < ¢ there exists N such that a, < ¢ for allm > N.

Lemma 2. [32] If E is a real Banach space with a solid cone P and {an,} C P is a
sequence with ||a,|| — 0, as n — 400, then {a,} is a convergent sequence.

Lemma 3. [32] Let E be a real Banach space with a solid cone P.
(i) If v,5,t € E and v < s < t, then v < t.

(ii) If v € P and v < t for each t > Op, then vt = 0p.
In general, the limit of a convergent sequence in DCCM L-space may not be unique.

Proposition 1. Let E be a real Banach space with a solid cone P and {a,} C P. Let

(T, L.) be a DCCML-space via f and g. Assume lim L.(an,a0) = O0g. Then, every
n—oo

convergent sequence has a unique limit, i.e.,

|Lc(an,ap)|| = 0 implies that lim a, = ag is unique.
n— o0

Proof. The proof is omitted.

Let (I', L.) be a DCCM L-space. Define L.:T2— E by
Lc(a,b) = [2Lc(a,b) — Le(a,a) — Le(b,b)],Ya,b € T.
Obviously, Z\C(a, a) =0g,Va €T.

Let ¥ be the family of all onto mappings ¢ : [0,00) — [0,00) under the following
necessities: v < 9(t) for each t € [0,00), and " (the derivative of ¢) increases [37]. Next,
we present the following lemma, utilizing results from the literature.

Lemma 4. [20] Let 1) € U, then for all z € [0,1] and 0 < q < 1 < p, we have
(i) (W(a")¥ < (@) < ()7
(ii) (07 (@)1 < ¥ (@) < (67HaP))
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3. Main results

This section presents some fixed-point results within the framework of DCC M L-space.
In this work, the first theorem for common fixed points is analogous to the non-linear
generalization rational contraction, with the self-mapping of DCCM L-space, see [31, 38].

Motivated by Ahmad et al. [31], we denote by A the family of all mappings A : 2 —
[0,1) with any mapping (say) T : I — T satisfying the following conditions:

(i) MTa,b) < A(a,b) for each a,b T
(ii)) A(a,Tb) < A a,b) for each a,b €T

Clearly, since A € A the iterative M (a,b) — 0 as j — +00. Now, we state and prove the
common fixed point results in DCCM L-space.

Theorem 1. Assume (I',L.) is an L.-complete DCCML-space with two non-constant
functions f,g : P — P, where P is a normal cone via normal constant M. Let Ty, T5 :
I' = T' be a mappings and there exists A € A such that

Lo(Tia, Tod) = A(a,b)M(a,b), for all a,b €T, (3)

where

M. b) = max {Ecw, ), Lola, Tya), Lo(b, Tob), Ll T10)Lelb. T2D)

1+ Lc(a,b) 7
/:,C(b, Tgb) [1 + ﬁc(a, Tla)} [Ec(a, Tla) + Ec(b, sz)} EC(Tla, Tgb)
1+ L.(a,b) ’ 14+ Lc(a,b) + Lo(Tra, Tob)

For ag € T, we set a sequence {a,} defined as asn+1 = Trag, and agnio = Thaont1 for
every n > 0. Suppose

(i) f and g are bounded and non-decreasing, g is sub-additive and g(Aa) < a, A € (0,1);

(i) lim S g (€ Lelao,an)) | + g™ (€7 Lelan,an) | = O,
where £ = M ag,a1) < 1. If for every fized point a, we conclude that L.(a,a) = O0g, then
T1 and Ty have a unique common fized point.

Proof. Let ap € T'. Then, {a,} is constructed in I" by agp+1 = Thag, and agyi2 =
Thaop+1, for all n € N. If there exists ng € N for which ayp,+1 = apn,, then Thap, = an,.
Therefore, there is nothing to prove. Thus, we assume that a, 1 # a, for all n € N. From
inequality (3), we obtain

Lc(a2n+1,azny2) = Le(Tia2n, Trazn 1) =2 Ma2n, agpi1)) M (a2n, a2n41),
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where

M((agn, azns1) = max {Lc(azn, a2n+1), Le(azn, Tra2n), Le(a2ni1, Toa2541),
Lc(agn, Traon)Le(aont1, Toaon+1) Le(aon+1, Toaont1)[1 + Le(aon, Thazn)]
1+ Le(azn, azni1) ’ 1+ Lc(azn, aznt1)
[Le(azn, Trazn) + Le(aanit, Toaoni1)] Le(Tiagn, Toagn 1)
1+ Le(azn, aznt1) + Lo(Trazn, Trazni1) }

9

= max {Lc(az2n, a2n+1), Le(a2n; a2n+1), Le(A2n41, A2n42),
Le(a2n, 02n41)Le(@2n41, 2n42) Le(A2ns1, a2ni2)[1 + Le(azn, azny1)]
1+ Le(azn, azny1) ' 1+ Lo(azn, azn41)
[Le(azn, azni1) + Le(aznt1, aant2)] Le(a2nt1, azny2)
1+ Lc(azn, a2nt1) + Le(a2nt1, a2n+2) }

)

= max {Lc(azn, a2nt1), Le(a2n i1, a2ni2)} -

Hence,

Lc(a2n+1, a2n+2) = M azn, a2n+1) M (a2n, a2n+1),

where .
M (agn, azn+1) = max{Lq(a2n, a2n+1), Lc(a2n+1, a2n+2)}-

By the properties of the function A we deduce that

Lc(a2n+1, a2n+2) = Mazn, a2nt1) M (a2n, aznt1) = MToT1a2n—2, a2n+1) M (a2n, a2n+t1)
A

(a2n—2, a2n4+1)M (a2n, a2n+1) = -+ < Aao, a2nt1) M (azn, a2n+1)

Mao, T1Taa2n—1) M (azn, azn+1) = A ao, a2n—1)(M (a2, a2n+1)

-+ 2 Mao, a1) M (azn, azn+1)-

IA

Thus,

Lc(a2n+1, a2n+2) < A ao, a1)M (a2, azn41)- (4)
If M(agn,agnﬂ) = Lc(a2n+1,a2n+2), then by (4) we get
Lc(a2n+1, a2n+2) = Aao, a1)Le(a2n41, a2nt2) < Le(@2n41, A2n+2),

which is a contradictiopv.
On the other hand, if M (ag,, aznt+1) = Le(a2n, aon+1), then by (4) we have

Lc(a2n+1, a2n+2) = Aao, a1)Le(a2n, a2n+1)

= (A(ao,al))Qﬁc(GQn—l,azn) < -+ =2 (Mao, a1))" Leao, ar).
Applying it recursively, we have

Le(an,ant1) =" Le(ag,a1), where& = A(ap, aq). (5)
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For m < n, and n,m € N and condition (i), we deduce that

Le(am,an) =2 f(ﬁc(amyam—&-l)) + g(ﬁc(am% an))
= f(ﬁc(am,am+1)) + gf(ﬁc(am+1, am+2)) + 92 <£C(am+2,an))

n—2
= Z gifmf(['c(az” @i+1)) + gnmL (Ec(an_l, an)). (6)

Substituting (5) in (6) implies that

n—2
1 elams an)l| = {32 g F (6" Lelan.an) | + [lg" " (6" Lelao, an)) ]

Thus, as n,m — oo, and condition (ii), we have
[1Le(am; an)|| = 0.

Since the sequence {a,} is L.-Cauchy in I', which is £.-complete DCCM L-space, there
exists an element a € I' such that {a,} — a. Hence

Le(an,a) = Le(a,a) = Le(an, am) = 0p. (7)

Now, we prove that Tha = Tha = a. Since {a,} — a, as n — +o0, from condition (i) and
(L£3), we deduce that

Lc(a,Tia) < f(
= f(

Le(a,a2n42)) + g(Le(aznt2, Tra))
Le(a,azn12)) + g(Le(Tra, Toagni1)),
implying that

Lc(Tva, Toazn+1) = Aa, aznt1)M(a, azn+1),

and

M(av a2’n+1) = max {Ec(aa a2n+1)7 Ec(av Tla): Ec(a2n+1v T2a2’n+1)7
Le(a, Tia)Le(azmt1, Toaon+1) Le(agnt1, Toaony1)[1 + Leo(a, Tra)]
1+ EC(CL, a2n+1) ’ 1+ ,CC(CL, a2n+1)

[Ec(a, Tla) + £c<a2n+1a T2a2n+1)] ,CC(T:[CL, T2a2n+1) }

)

1+ Lc(a,azn+1) + Lo(Tra, Toazn+1)

=max {L.(a, azn+1), Lc(a, Tia), Lo(aonti, aont2),
Le(a, Tia)Le(aznt1, aznt2) Le(azn1, aznt2)[1 + Le(a, Tia)]
1+ Le(a,azn+1) 7 1+ Le(a, azn1)
[Le(a, T1a) + Le(aznt1, aant2)] Lo(Tra, aznya)
1+ Le(a,a9n+1) + Le(Tra, aznt2) } ’

)
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By assuming f and g are bounded and taking the limit in the above relationship and (7),
we obtain that

O < Ec(a, Tla) = f(O) + g()\(a, a2n+1)£c(a, Tla)).
We use the fact that A(a, agn4+1) € A and condition (i), we can take g(A(a, azn+1)Le(a, T1a)) <
Ec(a7 Tla)'
Therefore, ||L.(a,Tia)|| =0, i.e.,, Tia = a. Using the same way as for the proof of 71, we
get Toa = a. Hence, T7 and T, have a common fixed point a.
Let a and a* be two fixed points of 77 and 15, where Tia = Tha = a and T1a* = Tha* = a.
Since a # a*, it implies T;a # Tja*, i,j = 1,2. By (3) we obtain

L(a*,a) = Lo(Tia*, Tha) < Aa*, a)M(a*,a),

where

M(a*,a) = max {L’C(a*, a), Le(a*,Tia"), Lc(a, Tra),

L.(a*,Tva*)L.(a,Tra)
(

1+ Lc(a*,a) ’
Lc(a, Toa)[1 4+ Le(a*, Tra™)] [ﬁc(a*, Tya*) + L.(a, Tga)]EC(Tla*, Tra)
1+ L(a*,a) ’ 1+ Le(a*,a) + L(Tha*, Tha)

- {ﬁc(a*’ CL), £C(CL*, (l*), EC(a7 a)’ ﬁcia—i- Zczaﬁf((i; a) ’
Le(a,a)[1+ Le(a*,a*)] [Lela*,a*) + Le(a, a)] Le(a*, a)
1+ L.(a*,a) 14 Le(a*a) + Le(a*, a) '

By assuming any fixed point a and a*, L.(a*,a*) = L.(a,a) = Op and the fact that
Aa*,a) € ]0,1), theresultis L.(a*,a) < A(a*,a)M(a*,a) < L.(a*,a). Thus, [|[L.(a*,a)| =
0, which is a contradiction. Therefore, a* = a.

Corollary 1. Assume (I',D.) is a complete C2CMS with two non-constant functions
f,9: P — P, where P is a normal cone via normal constant M. Let T1,T5 : T' = T" be a
mappings and there exists A € A such that

D.(Tya, Tob) = A(a,b)M(a,b), for alla,b e T, (8)

where

Dc(a, Tla)Dc(b, TQb)

M (a,b) = max {Dc(a, b), D.(a, Tia), De(b, Tob),

1+ D.(a,b) ’
De(b, Tob)[1 + De(a, Tia)|] [De(a, Tia) + De(b, Tob)| De(Tha, Tob)
1+ D.(a,b) ’ 14 Dc(a,b) + D.(T1a, Trb)

For ag € T, we set a sequence {a,} defined as asn+1 = Tiaz, and azpto = Torasn+1 for
every n > 0. Suppose



A. A. Hijab et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 6029 11 of 23

(i) [ and g are bounded and non-decreasing, g is sub-additive and g(Aa) < a, X € (0,1);
(@) lim S0 gt (6 De(ao, an)) || + [lg" ™ (€7 Delao, ar)) || = 0,

n,m—
where £ = N ag,a1) < 1. Then Ty and Ty have a unique common fixed point.
Proof. The proof follows from Theorem 1 by taking (I', £.) in C2CMS.

Then, some special cases of Theorem 1 are presented, and since every C2CMS is a
DCCML-space, the last cases of Corollary 1 are investigated, while the early cases of
Corollary 1 are omitted.

Corollary 2. Let (I', L;) be a L.-complete DCCM L-space with two non-constant functions
f,g : P — P, where P is a normal cone via the normal constant M. Suppose that
T, Ty : I' = T' is a mappings and \j € A,j =1,---,6, such that

,Cc(Tla, Tgb) =<\ (a, b)ﬁc(a, b) + A (a, b)EC(a, Tla) + /\3(0,, b)ﬁc(b, Tgb)
,Cc(a, Tla)ﬁc(b, Tgb) ,Cc(b, Tgb) [1 + Ec(a, Tla)}

M) T Ty ) 1+ Lo(a,b)
[Le(a, Tra) 4 Lo(b, Tob)| Le(Tra, Tab)
As(a, b
+Xs(a, ) 1+ Lo(a,b) + Lo(Tya, Tob) ’ (9)

for all a,b € T', where Z?:l Aj(a,b) < 1.
For ag € T, take the sequence {an} as agnt1 = Tiag, and agni2 = Thasny1 for every

_ )\1(&0,&1)+>\2(a0,a1)
n>0. Let £ = 130 & (auar)

(i) f and g are bounded and non-decreasing, g is sub-additive, and g(Aa) < a, X € (0,1);
(i) lim S g (€ Lelaosan)) | + g™ (€% Lelao,ar)) | = 0.
If for every fixed point a, we conclude that L.(a,a) = Og, then Ty and Ty have a unique
common fixed point.
Proof. 1t is observed that for each a,b € I, there exist A\; € A,j =1,---,6, such that
Ma,b) = Z?:l Aj(a,b) < 1, resulting in
ﬁc(Tla, Tgb) j/\l(a, b)ﬁc(a, b) + )\2(&, b)ﬁc(a, Tla) + A3 (a, b)ﬁc(b, Tgb)
c(a, T (b, Tob Le(b,Tob) |1+ L.(a,T
L (a 1a)£ ( 2 ) +)\5(a,b) ( 2 )[ (a 1(1)]
1+ Le(a,b) 1+ Le(a,b)
[Le(a,Tya) + Le(b, Tob)| L(T1a, Tab)
1+ Ec(a, b) + £C(T1a, Tgb)

< 1. Suppose

+ A(a, b)

+ )\6(0'7 b)

Ec(a, Tla)[,c(b, Tgb)
1+ Lo(a,b)

< [g Aj(a, b)] max {ﬁc(a, b), Le(a, Tia), Le(b, Tob),

Ec(b, Tgb) [1 + ,CC(CL, T1CL)] [,CC(CL, Tla) + ,Cc(b, Tgb)] EC(Tla, sz)
1+ Le(a,b) ’ 1+ Le(a,b) + Lo(Tya, Tod)

=X(a,b) M (a,b).
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Therefore, through Theorem 1 we obtain the desired result. Moreover, let a9 € I'. A
sequence {a,} in I" defined as agn+1 = Thaz, and agnt+2 = Thazn+1,Vn € N. Then,

Le(a2n+1, a2n+2) =Lc(Thaom, Toazn41)
- A1(ag, a1) + A2(ao, ar1)
T L 1= 5 (a0,a1)

Lc(an, ant1).

Remark 1. In Theorem 1 and Corollaries 1 and 2, if P = R™ is taken, the condition
(i) is interchanged to f and g are continuous and non-decreasing, g is sub-additive, and
g(Aa) < a,\ € (0,1); and condition (ii) to

n—2

S g (€ Lelao, 1)) + 9" (€ Lolao,01)) = O,

=m

as n,m — oo. Then, the study reveals the same special results in the spaces DCMS and
DCML-spaces, respectively.

By providing 77 = T5 = T in Theorem 1, and Corollaries 1 and 2, respectively, we
derive the following corollaries:

Corollary 3. Assume (I, L.) is an L.-complete DCCML-space, where P is a normal
cone via normal constant M. Let T : ' — ' be a mapping and there exists A € A such
that .

L.(Ta,Tb) < Aa,b)M(a,b), for all a,b €T, (10)

where

M{(a,b) = max {,Cc(a, ), Lo(a, Ta), Lo(b, Th), Zel2: T £c(b. TH)

1+ Lo(a,b)
L.(b,Th) [1 + L(a, Ta)] [ﬁc(a, Ta) + L.(b, Tb)] L.(Ta,Tb)
1+ L(a,b) ’ 1+ L(a,b) + L(Ta, Th)

For ag € T', we take the sequence {a,} defined as any1 = T"ag for every n > 0. Suppose

(i) f and g are bounded and non-decreasing, g is sub-additive, and g(Aa) < a, X € (0,1);

(i) Tim SR g (€ Lolao,an)) |+ g (€ Lelan,an)) | = 0,

o0

where £ = M ag,a1) < 1. If for every fized point a, we conclude that L.(a,a) = Og, then
T has a unique fized point.

Proof. The proof follows from Theorem 1 by taking the self-map T : I' — T' as
h=T=T.
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Corollary 4. Suppose that (I', L.) is a complete C2CMS, where P is a normal cone via
normal constant M. Let T : T — I" be a mapping and there exists A\ € A such that

D.(Ta,Th) = Aa,b)M(a,b), forall a,beT, (11)

where

c(a,Ta)D.(b, Th)

~ D,
M(a,b) = max {Dc(a, b), D.(a,Ta),D.(b,Th),

1+ D.(a,b)
D.(b,T)[1 + De(a, Ta)|] [De(a, Ta) + De(b, Tb)| D(Ta, T)
1+ D.(a,b) ’ 1+ D.(a,b) + D.(Ta,Th)

For ag € T', we take the sequence {a,} defined as ant1 = T"ag for every n > 0. Assume
that

(i) f and g are bounded and non-decreasing, g is sub-additive, and g(Aa) < a, A € (0,1);
) lm Y2 (g (€D as,an) | + g™ L€ Delag, an)| = O,
where £ = N agp,a1) < 1. Then T ensures a unique fixed point.

Proof. The proof follows from Corollary 1 by taking the self-map T : I' — T' as
Th=T,=T.

Corollary 5. Suppose that (I', L.) is an L.-complete DCCML-space, where P is a normal
cone via normal constant M. Let T : I' — T' be a mapping and there exists \j € A, j =
1,---,5, such that

L(Ta, Tbh) =Ai(a,b)Lc(a,b) + Xa(a,b)Lc(a,Ta) + A3(a,b)Lc(b,Th)
Lc(a,Ta)L.(b,Tb) Le(b, Tb)[1 + Lc(a,Ta)]
R R A Wy P
[Lc(a,Ta) + Le(b,Tb)| Lc(Ta, Tb)
1+ L.(a,b) + Lc(Ta,Th) ’

+ )\4(CL, b)

+ Xs(a,b) (12)
for all a,b € T with Y°5_; Aj(a,b) < 1.
For ay € T, we take the sequence {an} as apn+1 = T"ag for every n > 0. Let & =

A1(a0,a1)+A2(a0,a1)
=3 h(anan) < 1. Suppose that

(i) f and g are bounded and non-decreasing, g is sub-additive, and g(Aa) < a, A € (0,1);
(i) lim SIS lg (€ Lelasan) | + gL (€ L ansan)) | = .

If for every fized point a, we conclude that L.(a,a) = 0g, then T ensures a unique fized
point.
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Proof. The proof follows from Corollary 2 by setting the self-map 7" : I' — I as
Th=T,=T.
Remark 2. It is worth noting that the fourth member W in the sources [35, 39]
raises some doubts. Indeed, it follows from the proof of thecpfem'ous references and others
results, as well as some examples in these works, from which we obtain the form %, a
division by zero. This is incorrect since 0 is the unique fized point of map T or the
distance metric approaches zero. The main motivation for our new results complements
and provides entirely new observations.

Remark 3. In the following we show that:

(i) Our results represent an improvement and generalization of the findings of Lateef
[28]. On one hand, if Ao = A3 = A5 = X\¢ = 0, the new generalized contraction
becomes a Fisher contraction or an improvement of Jaggi work [29, 30] regarding
common fized points or merely fired points. Moreover, the conclusion still holds,
i.e., T has a fized point. On the other hand, we extend the result in DCCML-spaces
and C2CMS, instead of DCCMLS and DCCMTS. In other words, we broaden the
result to DCCM L-spaces.

(ii) Special Cases for Corollaries 2 and 5:
Case 1. if o = A3 = Ay = Ag = 0, then we obtain the result of the Dass and Gupta
contraction, where \1(a,b) = k1 and As(a,b) = ko, k1, ko € (0,1), (see, [29]).
Case 2. if da = A3 = Ay = A5 = Ag = 0, then we obtain the result of extending
Banach contraction principle.
Case 3. if A1 = XAy = A5 = A\g = 0, then we obtain the result of extending Kannan’s
contraction.
Case 4. if \y = A5 = A¢ = 0, then we obtain the result of extending the Riech-type
contraction (see [19]).

(iii) Through Remark 1, we know that every C2CMS is a DCCML-space, and the self-
distance in the latter does not need to be zero. Thus, the new results are still valid
mn C2CMS.

(iv) Towards the siz-member in Corollary 2 we can that obtained as the form
ﬂc(a’TIal)fng(’leTTng(cb(’aT;?f)c(a’TZb) , which implies that it is less than and equal to
Lc(a,Tha) + L.(b,Tab). So, we go again to the second and third members. Thus, we

discuss the result obtained.

We present some examples below to verify our theorems.

Example 4. Consider E = R?. P = {u = (v,5) € E : t,5 > 0}, and T' = [0,1]. Now,
L.: T xT' = E is defined by

2
Le(a,b) = (sinh (@) ,O). Then L. is a DCCML-space with two functions, f(u) =
(sinh((a+b42)r),0) and g(u) = (sinh((a®+b*+1)r),0), where u € P, by the same process
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as for Example 3, where the function % is a DCMLS. Moreover, (ay,b1)(az,b2) =
(araz,b1b2) is defined in [40].

Define T1, Ty : T' — T by Tia = § and Tha = §, for a € R. Choose \; : I' x I' = [0,1), for
j = 17 o 76 b?/

)\l(avb) = 5+3%+b7)\2(a7 b) = 3+a+b )‘3((1 b) = 2+3%+ba)\4(a7 b) = 4+3%+b7 )\5(CL, b) = 6+3%+b
and A¢(a,b) = 0. Then, emdently, Z?: Aj(a,b) = %&”‘% < 1. Also, \j(a,b) € A with
two maps 11 and Ty for all j =1,--- ,6.

Now, consider ag =0 and a,b € I'. Then,

2
LT, 1ot) = (sinh (B2 )
5+a+b, . (a+b)? 3+a+b, . . ,9a®
=~ (sinh (7). 0) + =g (sinh (57, 0)
+L"+b . 1667 4+a+b(sinh(9§ ) sin h(16b ).0)

35 (b () O+ e (sinh (@) )
n 6+a+b (51nh(16b ),0) + (smh( g )Sl h(16b2),0)

36 1+ (sinh ((a+b) ),0)
= M(a,b)Lc(a,b) + Xa(a,b)Lc(a, Ta) + Az(a,b)L.(b, Th)

L.(a,Ta)L.(b,Tb) Asa >£c(b,Tb) 1+ Le(a,Ta)]
1+ L.(a,b) S\ 1+ L.(a,b) ‘

+ A4(0’7 b)

Hence, Corollary 2 is fulfilled and a = 0 € T' is a common fized point such that Tia =
Tha = a.

Example 5. Consider E =R, and P =R". Let ' = {1,2,3}. Define a symmetric map
Lo:TxT = E by

L.(1,1)=L:(2,2) =0,L.(3,3) =2, and

Lo(1,2) = 11, £o(1,3) = 6, £o(3,2) = 3.

Take f,g: P — P; it is defined by f(u) = sinh (%u); and g(u) = (% ), where u € P.
Evidently, valid that (T', L.) is a L.-complete DCCML-space regarding f, g, and L.(3,3) #
0. Therefore, (T, L.) is not a C2CMS, see [20].

Further, let us define a map T : T' — T as

T(a) = 2 if a € {2,3}
Y3 ifa=1.

Then, T ensures a unique fixed point.

Proof. Let us take \(a,b) = 2+a+b € A, for all a,b € T'. Now, consider the following
cases to show that Corollary 3 satisfies:
Case 1. a=1,b=2,

0x[1+6] [64-0]x3
L(T1,T2) = L£c(3,2) =3 < 38 = 2 x 11 = A(1,2) max{11,6,0, 225 L0 [61073,
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Case 2. a=1,b =3,
Lo(T1,T3) = £o(3,2) =3 <3 =& x 6 = A(1,3) max{6,6,3, 323 220l [0+,
Case 3. a =2,b =3,

3x[140] [0+3]x0
Lo(T2,T3) = £(2,2) = 0 < 2 = 3 x 3= \(2,3) max{3,0,3, &x3 [0 [013x0y
Since L.(3,3) # 0, we further take
Case 4. a=1,b=1,

6x[1+6] [6+6]x2

L(T1,T1) = £(3,3) =2 < 126 = 3 x 42 = \(1,2) max{0,6,6, 88, Ox[H0] [+602y
Consider ag = 2 € T'. Thus, a, = T"ag = 2 for each n > 1. For condition (i) in Corollary 3,
we reach that u < f(u) = sinh ($u), ($u) = g(u) < u,0g < u, and g(A(a,b)u) < u,u € P.
Moreover, we see that

Jim (AMa,b))" = 0.
a,bel’

Therefore, all the conditions of Corollary 3 are satisfied and a fixed point is given as a = 2.

Afterwards, we present the iterative fixed point 7%, k > 1 as follows.

Theorem 2. Suppose (I',L.) is an L.-complete DCCML-space with two non-constant
functions f,g: P — P, where P is a normal cone via normal constant M. LetT : ' — T’
be a mapping and there exists A € A such that

Lo(T*a, T"b) = A(a,b)M(a,b), for all a,b €T, (13)

where

L.(a,T*a)L.(b, T*b)

M (a,b) = max {Ec(a, b), Le(a, T a), Lo(b, TD),

1+ L(a,b) ’
Le(b,T*b)[14 Le(a, T*a)] [Le(a, T*a) + Lo(b, T*b)] Lo(T*a, Tb)
14 Lc(a,b) ’ 1+ Lc(a,b) + L(T*a, T*b)

For ay € T', we set a sequence {ay} defined as a1 = T"ag for every n > 0. Suppose that

(i) f and g are bounded and non-decreasing, g is sub-additive, and g(Aa) < a, A € (0,1);

(i) lm Y2 (g (€ Lulao,an) ] + g (€0 ulao, )] =0,
where £ = M ag,a1) < 1. If for every fized point a, we conclude that L.(a,a) = O0g, then
Tk has a unique fized point.

Proof. The proof follows from Corollary 3 by taking T%a = a. Subsequently, we
observe
TH(Ta) = T(T*a) = Ta.

Hence, T* has a fixed point Ta and Ta = a, which means that 7% has a unique fixed
point, where T" has a fixed point a.
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Corollary 6. Suppose (I',L.) is a complete C2CMS with two non-constant functions
f,g: P — P, where P is a normal cone via normal constant M. Let T : ' — I be a
mapping and there exists A € A such that

D(T*a, T*b) < A(a,b)M(a,b), for all a,b€eT, (14)

where
D.(a, T*a)D.(b, T*b)

M (a,b) = max {Dc(a, b), De(a, TFa), Do (b, TD),

1+ D.(a,b) ’
De(b, T*b) [1 + De(a, T*a)] [De(a, T*a) + De(b, T*b)| De(T*a, T*b)
1+ D.(a,b) ’ 1+ D.(a,b) + De(T*a, T*b)

For ag € T, take the sequence {a,} defined as an+1 = T"ag for every n > 0. Suppose
(i) f and g are bounded and non-decreasing, g is sub-additive, and g(Aa) < a, A € (0,1);

(i) T S2 [lg 7 (€ Delao, o) | + g™ (€0 Defao, an)) | =0,

where € = N ag, a1) < 1. Then T* ensures a unique fized point.

Corollary 7. Assume (I',L.) is an L.-complete DCCML-space with two non-constant
functions f,g: P — P, where P is a normal cone via normal constant M. Let T :T' — T’
be a mapping and there exists \j € A,j =1,---,6, such that
Le(T*a, TFb) <\i(a,b)Le(a,b) + Xa(a, b)Le(a, T a) + \3(a, b)L.(b, TFb)

L.(a,T*a)L.(b, T*D) Le(b,T*b)[1+ Le(a, T*a)]

14+ Lc(a,b) 1+ L(a,b)
[Le(a, TFa) + Lo(b, TF)| Lc(T*a, T*b)

U+ Lo(a,b) + Lo(TFa, TF)

for all a,b € T', where E?:l Aj(a,b) < 1.

+ )\4(@, b)

+ )\5 (a) b)

+ )\G(a, b) (15)

i (ao,a1)+X2(ao,a1) <

— n —
Forag € T, take the sequence {a,} as an+1 = T™ag for everyn > 0. Let§ = 157y Ay (a0.a1)
1. Suppose that

(i) f and g are bounded and non-decreasing, g is sub-additive, and g(Aa) < a, A € (0,1);
(i) lim SIS lg (€ Lelasan) ] + gL (€ Lol an,an)) | = .

If for every fized point a, we conclude that L.(a,a) = Op, then T* possesses a unique fized
point.

4. Applications

The fixed-point results play a vital role in the existence of theory of various classes of
equations, particularly, for solving differential equations, integral equations, and fractional
differential equations. This has led to significant improvements in the applications of fixed-
point techniques.
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4.1. Non-linear Integral Equations

Consider I' = C0, 1], the class of all continuous functions on [0, 1]. Let E = C|0, 1] so
that P = {h(t) € E : h(t) > 0,t € [0,1]} is equipped via the norm ||| = ||7]lcc + |7 ]/o-
We endow I' with DCCM L-space as follows,

P
Le(m,m2)(t) = ( sup sinh (|7 (2)[ + |n2(t)!)”) ¢!, for each n1,75 € T, andp > 1. (16)
t€[0,1]

Evidently, (T', £.) is an L.-complete DCCM L-space, where f(u) = [sinh((1+n1+n2)(2u)? )]%,
1
and g(u) = [sinh((2 + n? + n3)(2u)?)]»,u € P.

Theorem 3. Assume that for each ni,m € T' = C|0, 1],

(i) There exist a function A € A, and 0 < 8 < 1, such that,

[ECE v, m W)+ |2t v, ma(v))] < gk(m(V)anz(V))(lm(V)\ + [n2(v))); (17)

(ii) = (t v, fo (t,v,n(v ))du) E(t,v,n(v)) for some t,v € [0,1].

Then, this integral equation

1
n(v) = /0 S(t, v, n(v))dv,

admits a unique solution in C|0, 1].

Proof. Let T : T' — I' be continuous defined by Tn(v) = fol =(t,v,n(v))dv. Then

o=

Lo(Tny, i) () = ( sup sinh (|Tm(8)] + Tna(t)))*)” e,
te(0,1]

from Lemma 4, we have

(sinh (|7 ()] + [Toa()])")* < sinh [Ty (0] + [Tna(0)] < 2Tm (1)) + [ Toa(0)

1 1
- / =(t, v, 1o ()
0

"(t v, (v))dv| +

/|Et1/771 |d1/—|—/| (t,v,ma(v))| dv

- /IEtvm )| + E(t v e ()] do

IA

1
2/ é/\(m(V),nz(V))(lm(V)l + |n2(v)[)dv
0

\)
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o =

iy / A (), 1)) (1 (0)] + [0 )P o
0

o =

1
<ﬁ/0 A(m (v), n2(v)) [sinh(|n1 (V)] + [n2(¥) )] dv

1
< BLo(mm) (1) /0 A (), ()

= BAm (), m2(v) L, n2) (2)-

We observe that L.(Tn1,Tn2)(t) = BAXm(v),n2(v))Le(n1,m2)(t), where 0 < 8 < 1 and
A € A. Hence, all of the requirements for Corollary 5 have been met. We obtain the
desired results.

4.2. Boundary Value Problems
The current study results will be applied to solve the first-order periodic BVPs:

@ (V) =h(t,=(1)), t € [0,1] (18)
@ (0) == (1),

where h : [0,1] x R — R is a continuous function on [0,1]. The problem above can be
formulated as:

@ (t) + 6w (t) =h(t, @ (1)) + 6w (t), t € [0,1] (19)
w(0) =w(1).

The problem (19) is equivalent to the following integral equation:
1
(1) = / G(t,u) (R, (w)) + 6 (u))du, (20)
0
where G is a Green function defined by

ed(u—t+1) 0
G(t,u) = {eaﬁf‘& (—

ed—1 =

N
IN
-

Thus, it is noticed that fol G(t,u)du = 3.
Let I' = C[0,1]. Define L. :T' xI"' — E, where E = C[0,1],P = {¢(t) € E: p(t) > 0,t €
[0,1]} is a DCCM L-space, by

Lo(wn, w2)(t) = <e|w1<t)|+|m<t>| _ 1) o(t), (21)

where o(t) = et > 0, and (T', L.) is an L.-complete DCCM L-space via f(u) = g(u) =
(7“252”)&. Moreover, let T : ' — I" be a mapping defined by

1
To(t) = /0 Gt ) (h(as, w(w)) + e (u) ), (22)
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Corollary 3 is utilized to show that T" has a unique fixed point, which is the solution for
the BVP (18).

Theorem 4. Assume that there exists 6 > 0 such that, for each wi,wo € T,
)
[A(t, @1(4)) + 01 (8)] + |A(t, w2(1) + dw2(t)] < g (jr(t)] + |w2(t)]).
Then, BVP (18) possesses a unique solution in T'.

Proof. Let L. be a mapping given in (21), T be the operator function in (22). Then

Ec(Twl, TwQ

— (|Tm (O +Tw2(0] _ )et

(ey G(tw) (h(w,w1 (1) +8w1 (u))du|+| [} G(tw) (h(u,w2 (1) +5wa (u))du| _ 1) ot

< (efo G(t,u) |h(u,m1 () +0w1 (1)) |+ A (w2 (1)) +dw2 (u) | du _ 1) ot
< (efo G(tu) § (|1 ()| +ew2(w))du _ 1) ot
< (eg |1 (&) +lw2(8)]) fy Gltw)du _ 1) ot
5 1 et 1
< (= O+=2OD5 _ 1) 3 (since e —1 < r(e' —1),r = 3 € (0,1)).
t
= Lc(w1,w2) sup °. (Since 1 < €', t € [0,1)).
t€[0,1] 3

We deduce that L.(T'wi, Twa) = A(t)Le(wr, w2) = A(H)M (wl,w2) where M(ml,w@) in
t

(10), and A(t) = sup e (0,1). Therefore, T is a generalized rational contraction, and
t€[0,1]
all the conditions in Corollary 3 hold. Thus, we obtain the desired result.

5. Conclusions

This research introduces a novel concept in the realm of generalized metric spaces,
called double-composed cone-metric-like spaces, which is illustrated through a series of
examples. We derived generalization rational-type contraction theorems for a variety
of mappings, termed common fixed points in double-composed cone-metric-like spaces
and provided a number of related results to support our theorems. Furthermore, we
presented numerous examples to substantiate the main results of our study. The study
demonstrates applications of nonlinear integral equations and BVPs, proving the existence
of solutions. This particular new generalization provides valuable tools for studying fixed
point theorems.

The following points outline potential open problems and avenues for future research:

e Explore new generalizations of double-composed cone-metric-like spaces, such as
fuzzy double-composed metric-like spaces, fuzzy double-composed cone-metric-like
spaces, and neutrosophic double-composed cone-metric-like spaces.
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e Establish new fixed point results in various types of contractions, including new

nonlinear rational contractions, weak contractions, almost-contraction, and (¢, F')-
contraction, among others.

e Develop deep and non-trivial applications of our main results to further expand the

scope of our research.
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