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1. Introduction

Vertex cover of a graph is one the well-studied parameters in the theory of graphs.
In optimization, the parameter can be used to model some real-world problems and in
the elimination of repetitive DNA sequences for synthetic biology [1]. The parameter, as
pointed out by Angel and Toregas et al. in [2] and [3], respectively, can also serve to
model safety, defense strategy, and emergency facility location problems. It is well-known
that the vertex cover problem is an NP-hard optimization problem. Karp in [4] used the
N P-completeness of the clique problem to show that the vertex cover problem is N P-
complete. N P-completeness of the vertex problem was also investigated by Garey et al.
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in [5] and [6]. Other studies on vertex cover and its variations can be found in [7], [8], [9],
[10], [11], [12], and [13].

Vertex cover is closely related to the concept of domination. In fact, for a non-trivial
connected graph, a vertex cover is a dominating set. Undoubtedly, a vertex cover can
be made a dominating set in any graph by incorporating a domination-related concept
in its definition. In this way, a variant of vertex cover emerges (see, for example, [8],
[9], [10], [11], and [12]). Using the concept of 2-domination, we introduce the parameter
called 2-vertex cover of a graph. As used to model a protection strategy in a network,
the 2-vertex covering ensures that every node or vertex outside the cover has at least
two neighbors coming from the covering. For studies that deal with 2-domination and its
variants, readers may consider [14], [15],[16], [17], and [18].

2. Terminologies and Notations

The open neighborhood of a vertex v of a simple undirected graph G is the set Ng(v) =
{u € V(G) : wv € E(G)} and its closed neighborhood is the set Nglv] = Ng(v) U {v}.
The open neighborhood of a set S C V(G) is the set Ng(S) = UyesNg(v), and its closed
neighborhood is the set Ng[S] = S U Ng(S). A vertex v € V(QG) is an isolated vertex if
|Ng(v)] = 0. The set containing all the isolated vertices in G will be denoted by I(G).
A vertex v is a leaf or an endverter if |[Ng(v)] = 1. The set L(G) will denote the set
consisting of all the leaves in G.

Let G and H be any two graphs. The join G + H is the graph with vertex set
V(G+H)=V(G)UV(H) and edge set E(G+ H) = E(G)UE(H)U{w :u e V(G),v €
V(H)}. The corona G o H is the graph obtained by taking one copy of G and |V(G)]
copies of H, and then joining the ith vertex of G to every vertex of the ith copy of H. We
denote by H" the copy of H in G o H corresponding to the vertex v € G and write v+ H"
for ({v})+ H".

A subset A of V(G) is independent if for every pair of distinct vertices in A do not
form an edge. The maximum cardinality of an independent set in G, denoted by a(G),
is called the independence number of G. Any independent set with cardinality equal to
a(@G) is called an a-set in G.

A set S C V(G) is a dominating set in G if Ng[S] = V(G). It is a 2-dominating
set if for every v € V(G) \ S, |Ng(v) N S| > 2, i.e., v has at least two neighbors in S.
The domination number (2-domination number) of G, denoted v(G) (resp. 72(G)), is the
minimum cardinality of a dominating (resp. 2-dominating) set in G. Any dominating set
(2-dominating set) with cardinality v(G) (resp. 72(G)) is called a ~-set (resp. y2-set).

A subset S of vertices of a graph G is called a wvertexr cover of G if for every edge
e = uv € E(G), either u € S or v € S. The minimum cardinality of a vertex cover of
G is the vertex cover number of G and is denoted by S(G). Any vertex cover of G with
cardinality B(QG) is called a S-set. A set S C V(G) is a 2-vertex cover (or covering) of G if
S is both a vertex cover and a 2-dominating set in G. The 2-vertex covering number of G,
denoted by 2(G), is the minimum cardinality of a 2-vertex covering of G. Any 2-vertex
covering of G with cardinality f2(G) is called a [a-set.
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Readers are referred to [19] for other basic definitions that are not given here.

3. Main results

Theorem 1. Let G1,Ga,...,Gy be the components of G. Then B2(G) = Zkzl Ba2(G).

Proof. Let S be a fo-set in G. For each j € [k] = {1,2,--- ,k}, let S; = SNV (Gj).
Then S = Ué?:lSj. Since S is a vertex cover of G, it follows that S; is a vertex cover of
G for each j € [k]. Now, let j € [k] and let v € V(Gj) \ S;. Since S is a 2-dominating
set in G, we have [Ng(v) N S| > 2. It follows that |Ng,(v) N S;| > 2. Therefore, S; is a
2-vertex cover of G for each j € [k]. Thus,

k k
Ba(G) = [8] = [ Ujy Sjl = D151 = Ba(Gy).
s i=1

For each j € [k], let D; be a f2-set in G;. Clearly, D = U;?:le is a 2-vertex cover of

G. Hence,
k

k
Ba(G) <D = Ul Dj| = IDj| =D Ba(Gy).
j=1

j=1
This proves the assertion. ]
Theorem 2. Let G be a graph on n vertices. Then max{y2(G),5(G)} < B2(G) < n.

Moreover, each of the following holds:

(1) If G has vertex v with |Ng(v)| > 2, then B2(G) < n — 1. In particular, if G is a
connected graph and n > 3, then 52(G) < n — 1.

(17) B2(G) =1 if and only if G = K;.
(iii) B2(G) =2 if and only if G € {Ka, Ko, Ko+ H, Ko+ H} for some graph H of order

n— 2.
(iv) P2(G) =n if and only if G' € {K1, K3} for every component G' of G.

Proof. Since every 2-vertex covering of GG is both a vertex cover and a 2-dominating
set in G, it follows that max{~2(G), 8(G)} < B2(G). Clealy, 52(G) < n.

(i) Suppose G has vertex v with [Ng(v)| > 2. Then clealy, S = V(G) \ {v} is a 2-vertex
cover of G. Hence, 53(G) < |S| = n — 1. If G is connected and n > 3, then there exists
w € V(G) with [Ng(w)| > 2. Therefore, 82(G) < n — 1.

(74) Suppose B2(G) =1, and let S = {v} be a fa-set of G. Since S is a 2-dominating set,
there can be no vertex outside S. Hence, G = K;.
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The converse is clear.

(7i1) Suppose B2(G) = 2, say S = {z,y} is a fPo-set of G. Suppose first that zy € E(G).
If n =2, then G = K3. Suppose n > 2 and z € V(G) \ S. Since S is a 2-dominating set
in G, we have z € Ng(z) N Ng(y). This implies that G = ({z,y}) + H = K2 + H, where
H = (V(G) \ S) is a graph of order n — 2. Next, suppose zy ¢ E(G). If n = 2, then
G = K3 by (i) and Theorem 1. Suppose n > 3. Following an earlier argument, we have
V(G)\S C Ng(z)NNg(y). Therefore, G = ({z,y})+H = Ko+ H, where H = (V(G)\ S)
is a graph of order n — 2. Accordingly, G € {K3, K2, Ko + H, Ko + H} for some graph H
of order n — 2.
The converse is clear.

(iv) Suppose [2(G) = n. From (i), it follows that |[Ng(v)| < 1 for every v € V(G). This
implies that G’ € {K1, K3} for every component G’ of G.

For the converse, suppose that G’ € {K, K2} for every component G’ of G. From (i)
and (i7i), and by Theorem 1, it follows that £2(G) = n. O

Theorem 3. Let G be a graph on n wvertices such that |Ng(v)| > 2 for some vertex
v € V(G). Then B2(G) = n—1 if and only if for every pair of non-adjacent vertices p and
q of G, it holds that p,q € L(G) UI(G).

Proof. Suppose f2(G) = n — 1. Suppose, for a contradiction, that there exist non-
adjacent vertices p and ¢ such that p,q ¢ L(G)UI(G). Then |Ng(p)| > 2 and |Ng(q)| > 2.
It follows that S = V(G) \ {p, ¢} is a 2-vertex covering of G, implying that 5(G) < |S| =
n — 2, a contradiction to our assumption. Therefore, G satisfies the given property.

For the converse, suppose that G satisfies the property and let S’ be a fs-set in G.
Since |Ng(v)| > 2 for some vertex v € V(G), it follows from Theorem 2 that [2(G) =
|S’| < n—1. Suppose for a contradiction that S2(G) < n — 2. Then there exist distinct
vertices z,y € V(G)\ S’. Since S’ is a vertex cover of G, we have zy ¢ E(G). This implies
that z,y € L(G) U I(G) by the assumption. Therefore, S is not a 2-dominating set in G,
a contradiction. Accordingly, 52(G) = |S'| =n — 1. O

The next result is immediate from Theorem 3.
Corollary 1. Let n be a positive integer such that n > 3. Then
(i) B2(Kp) =n—1, and
(i7) Pa(Kin—1)=n—1.
Theorem 4. Let n be a positive integer. Then

{%] , if n is odd

5+1, if nis even

/BQ(Pn) = {
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Proof. From (ii) and (iii) of Theorem 2, we have B2(P1) = 1 = 13! and Bo(P) =2 =
% + 1. Let S be a [2-set on P,. Suppose first that n is odd and n > 3, say n = 2r + 1

where r > 1. Let P, = [a1,a9,...,a2,a2,41]. Since S is a 2-dominating set, we have
ai,az-+1 € S. Again, since S is a Ba-set of P,, it follows that S = {aj,as, ..., a2 —1,a2-+1}.
Hence, )
n—+ n
Bu(P) =181 = 5= = | 7]
Next, suppose n is even and n > 4, say n = 2t wheret > 2. Let P, = [a1, a2, ..., a2—1, az,].
Since S is 2-dominating, a1, a2, € S. Again, since S is a fo-set of P,,, S = {a1,as, ..., a2-—1}U

{agr+1}. Hence,

Bo(Pp) =S| == +1. O

|3

Theorem 5. Let n be a positive integer where n > 3. Then

21 if nis odd
52(C) = {H .
5,4 n is even
Proof. Let D be a f3a-set on P,. Suppose n is odd. Clearly, 52(C3) =2 = 1%1 So sup-
pose that n > 5, say n = 2r + 1 where r > 2. Let C,, = [b1, ba, ..., by, bar11,b1]. We may
assume that by € D. Since D is a [a-set of C),, it follows that D = {b1,bs, ..., bor—1,bor+1}.
Hence,

pic =1pi= 5= 1]

Now, suppose that n is even and n > 4, say n = 2m form > 2. Let C), = [b1, b2, ..., bam—1, bam, b1].
Again, we may assume that by € D. Since D is a Bo-set of C,, we have D = {b1,bs,...,boym—1}.
Hence,

Theorem 6. Let G = Ky my,... m;, be a complete k-partite graph with 2 < my < mg <

- <my. Then
Ba(G)= > m
ielk]\{k}
where [k] = {1,2,--- ,k}.
Proof. Let 51,59, --,5) be the partite sets of G and let .S be a [2-set of G. Suppose
v € V(G)\ S. Then there exists j € [k] = {1,2,---,k} such that v € S;. Since S is a
vertex cover of G, it follows that U;cip (35 € S. Moreover, since V(G) \ S; is a 2-vertex

cover of G and S is a fa-set of G, S = V(G) \ S;. Again, because S is a fa-set of G, we
must have j = k. Therefore, 52(G) = S| = X e i) M- O

The next result follows from Theorem 6.
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Corollary 2. Let m and n be positive integers such that 2 < m < n. For the complete
bipartite Ky, n, we have Bo(Kp ) = m.

Remark 1. Let G be a graph and let S be a 2-vertex cover of G. Then L(G)UI(G) C S.

Theorem 7. Let a and b be positive integers such that 3 < a < b. Then there exists a
connected graph G such that B(G) = a and B2(G) = 0.

Proof. If a = b, then consider G = K,41. Then B(G) = a and, by Corollary 1(i),
B2(G) = a. Next, suppose a < b and let m = b—a. Let G be the graph obtained from K, ;
by adding m pendant edges vix1,v122,. .., V1%, where V(Kq11) = {v1,v2, -+ , Vg, Vgt1}
(see Figure 2). Clearly, S1 = {v1,v2, -+ ,v,} is a vertex cover of G. Hence, 5(G) < |S1| =
a. Let S be a B-set in G. If v1 ¢ S, then {v9,v3, -+ ,v441} C S since S is a vertex cover
of G. Again, since S is a vertex cover of G, it follows that {z1,x2, - ,zn} € S. Thus,
S ={wx1,z2,-+ ,Tm,v2,V3, - ,Ve41}. Consequently, 5(G) =|S|=m+a=b—a+a=0,
which is not possible. Thus, v; € S. Suppose |(V(Kq41) \ {vi}) N S| < a— 1. Then there
exist r,t € {2,3,--- ,a+ 1} such that v,,v; ¢ S. This, however, is not possible because
vy € E(G) and S is a vertex cover. Therefore, |(V(Kq+1)\{v1})NS| = a—1. Therefore,
since S is a f-set in G, B(G) = |S| = a.

Let D be a fs-set in G. By Remark 1, {x1, 22, -+, 2} C S. Now suppose v; ¢ S.
Since D is a vertex cover of G, it follows that {va,vs, - ,v,41} € D. Hence, D =
{x1,m9, Ty, V2,03, -+ ,Vg4+1}. This implies that S2(G) = |D| = m + a = b. Suppose
v1 € D. Since D is a vertex cover of G, |V (Ky44+1) \ D| < 1. The assumption that D is a
Bo-set in G forces |V (Kq41) \ D| = 1. Therefore, 2(G) = |D| =m+a =b.

Therefore, the assertion holds. O

The next result is a consequence of Theorem 7.

Corollary 3. Let n be a positive integer. Then there exists a connected graph G such that
B2(G) — B(G) = n. In other words, the difference B2(G) — B(G) can be made arbitrarily
large.

Theorem 8. Let H be a non-trivial graph and let G = K1+ H, where K1 = ({v}). Then a
set S C V(G) is a 2-vertex cover of G+H if and only if S =V (H) or S = {v}UDyUI(H)
where Dy is a vertex cover of H such that Dy NI(G) = &.
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Proof. Suppose S is a 2-vertex cover of G. Suppose v € S and let w € I(H). Since
Ng(w) NS = {v} and S is 2-dominating set in G, w € S. Thus, I(H) C S. Let
Dy =[V(H)\I(H)]NS. Since S is a vertex cover of G, Dy is a vertex cover of H. Thus,
(7) holds. If v ¢ S, then S = V(H) because vp € E(G) for all p € V(H) and S is a vertex
cover of G. This implies that (i) holds.

For the converse, suppose that (i) holds. Clearly, S is a vertex cover of G. Let
x € V(G)\'S. Then z € V(H) \ (Dg UI(Q)). Since x ¢ I(G), zq € E(H) for some
q € V(H). Since Dy is a vertex cover of H, ¢ € Dg. It follows that v,q € Ng(z)N S.
Hence, S is a 2-dominating set in G. Therefore, S is a 2-vertex cover of G. If (ii) holds,
then S = V(H) is a 2-vertex cover of G because H is non-trivial. O

Lemma 1. Let G be a graph of order n and let S be a B-set of G. Then each of the
following holds:

(i) SNI(G) = o.
(i) n=pB(G)+ [I(G)| +[(V(G)\I(G))\ 5]

(#i7) If G is not the empty graph, then |(V(G) \ I(G)) \ S| > 1.  Hence,
n=B(G)+ G|+ |(V(G\NI(G)\ S| = B(G) + [H(G)| + 1.

Proof. (i) Since a vertex cover only ensures that every edge is incident to a vertex
inside the cover, S being a (-set of G implies that S N I(G) = @. Hence, () holds.

(#4) Since V(G) = SUI(G)U[V(G)\ I(G)) \ S], (i) implies that n = B(G) + |I(G)| +
(V(G)\I(G))\ S].

(i73) Suppose G # K,. Then S # @ and B(G) = |S| < n — 1. It follows that |(V(G) \
I(@)) \ S| > 1. Therefore,

n=pB(G) + 1G]+ |(V(G)\I(G)\ 5] = (G) + [I(G)| +1. T

Corollary 4. Let H be a non-trivial graph of order n and G = K1+ H. Then each of the
following holds:

(i) If H # K,, then B2(G) = B(H) + |[I(H)| + 1. Moreover, if H is connected, then
B2(G) = B(H) + 1.

(ii) If H = K, then B2(G) = n.

Proof. (i) Suppose H # K. Then V(H)\ I(H) # @. Let Dy be a (-set of H. Then
DynI(H)=@. Let S={v}UDyUI(H). Then S is a 2-vertex cover of G by Theorem
8. Tt follows that B2(G) < |S| = B(H) + |I(H)| + 1.

Next, suppose Sy is a fo-set of G. If Sy satisfies (i7) of Theorem 8, then Sy = {v} U
Dy UI(H) where Dy is a vertex cover of H such that Dy N I(G) = @. Hence, f2(G) =
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|So| > B(H) + |I(H)| + 1. Suppose Sy = V(H). Then 52(G) = |So| = n. By Lemma 1,
5(G) > BUH) + |[I(H)| + 1.

Therefore, 52(G) = f(H) + |I(H)| + 1.
(ii) Suppose H = K,. Then |[I(H)| = n and Dy = @ is the only vertex cover of H.
Hence, by Theorem 8, S = V(H) is a B3-set of G. Thus, 52(G) = n. O

Theorem 9. Let G and H be non-trivial graphs. Then S C V(G + H) is a 2-vertex
covering of G+ H if and only if S = SqgU Sy and satisfies one of the following conditions:

(i) S¢ =V(G) and Sy is a vertex cover of H.
(1) Sg =V (H) and S¢ is a vertex cover of G.

Proof. Suppose S is a 2-vertex cover of G+ H. Let Sg = SNV (G) and Sy = SNV (H).
Then S = S¢ U Sg. Suppose Sg # V(G) and Sy # V(H). Pick any x € V(G) \ S¢ and
p € V(H)\ Sy. Since zp € E(G + H), it follows that S is not a vertex cover of G+ H, a
contradiction. Thus, Sg = V(G) or Sy = V(H). Suppose Sg = V(G) and let st € E(H).
Since S is a vertex cover of G+ H, s € Sy or t € Sy. Hence, Sy is a vertex cover of
H, showing that (7) holds. Similarly, S is a vertex cover of G whenever Sy = V(H),
showing that (i7) holds.

For the converse, suppose that S = Sg U Sy and (i) holds. Let pg € E(G + H). If
p € V(G) or g € V(G), then p € S or ¢ € S. Suppose pg € E(H). Since Sy is a vertex
cover of H, p € Sy C S or q € Sy C S. This implies that S is a vertex cover of G + H.
Now let z € V(G + H) \ S. Since Sg = V(G), z € V(H) \ Sg. The assumption that G is
non-trivial assures that |[Ngtg(2) 0S| > |[Neru(z) N Sa| = |S¢| > 2. Therefore, S is a
2-vertex covering of G. The same conclusion is true for S if (i) holds. O]

The next result is a consequence of Theorem 9

Corollary 5. Let G and H be non-trivial graphs of orders m and n, respectively. Then
B2(G + H) = min{m + B(H),n + B(G)}.

Theorem 10. Let G be a non-trivial connected graph and let H be any graph. Then
S C V(G o H) is a 2-vertex cover of G o H if and only if D = QU (Uyey(a)Rv) and
satisfies the following conditions:

(1) Q is a vertex cover of G.
(19) I(H") C Ry and Ry, \ I(HY) is a vertex cover of H' for each w € Q.
(tit) S, = V(H") for each v € V(G)\ Q.

Proof. Assume that S is a 2-vertex cover of Go H. Let @ = DNV(G) and let R, =
DNV (H") for each v € V(G). Clearly, D = QU (Uyey () Rv)- Let pg € E(G) C E(GoH).
The assumption that D is a vertex cover of G o H implies that p € @ or b € Q. This
shows that @ is a vertex cover of G. This, in turn, shows that (i) holds. Let w € Q.
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Since D is a 2-dominating set, it follows that I(H"Y) C R,. Let st € E(H"). Then
s,t € V(H")\ I(H"). Since D is a vertex cover of Go H), s € R, or t € R,,. Hence,
s € Ry \I(HY) ort € R, \ I(H"). This implies that R,, \ I(H") is a vertex cover of
H™. Thus, (i) holds. Next, let v ¢ Q and let ¢ € V(H"). Since D is a vertex cover of
GoH and vqg € E(Go H), q € R,. Since v was an arbitrary vertex of H", it follows that
R, = V(H"). This shows that (ii7) also holds.

For the converse, suppose that D is as described and satisfies (), (i7), and (7i7). Let
vw € E(Go H). If v,w € V(G), then v € Q or v € @ by (7). Suppose v € V(G) and
w e V(HY). If v € @, then vw is incident to v € D. Suppose v ¢ Q. Then R, = V(H") by
(7i7). Hence, w € S, and vw is incident to w € D. Next, suppose that that v,w € V(H?)
for some z € V(G). If z ¢ @, then R, = V(H?). This implies that v,w € R, C D.
Suppose that z € . Since vw € E(Go H), v,w € V(H?*)\ I(H?). By (ii), R, \ I(H?)
is a vertex cover of H*. It follows that v € R, \ I(H?) or w € R, \ I(H?). Therefore,
D is a vertex cover of G o H. Finally, let x € V(G o H) \ D and let v € V(G) such that
x € V(v+HY). If x =v, then v ¢ Q. By (éii), R, = V(H"). Since G is a non-trivial
connected graph and @ is a vertex cover of G, it follows that Ng(v) N@Q # @. Choose any
u € Ng(v)N@ and s € R,. Then u,s € Ngom(v) N D. Suppose x € V(H") \ R,. Then
x ¢ I(H") because x ¢ D. Also, from (iii), it follows that v € @ (otherwise, R, = V(H")
contrary to the fact that x € V(H") \ R,). Hence, from (ii), R, \ I(G) is a vertex cover
of H". This implies that Ny (z) N (Ry \ I(G)) # @. Since v € Ngom (), it follows that
|INGor(z) N D| > |Ngv(z) N (R, \ I(G))| + 1 > 2. This shows that D is a 2-dominating
set in G o H. Therefore, D is a 2-vertex cover of G o H. [

Corollary 6. Let G be a non-trivial connected graph of order m and let H be any graph
of order n. Then

Pa(Go H) =mn+ (B(H) —n+[I(H)|+1)5(G).
In particular, if H is a non-trivial connected graph, then
Bo(GoH)=mn+ (B(H) —n+1)5(G).

Proof. Let @ be a -set in G, D,, a -set in H” and R, = D, UI(H") for each v € Q,
and let S, = V(H") for each v € V(G) \ Q. Then D = Q U (Upey(g)Rv) is a 2-vertex
cover of G o H by Theorem 10. It follows that

f2(GoH) < |D|

= QI+ D[R]+ D Ry

veER veV(G\Q
= B(G)+B(G)[B(H) + |[I(H)| + n(m — B(G))
= mn+ (B(H)—n+ |I(H)|+1)3(G).

On the other hand, let Dy be a B2-set in G o H. Then Dy = X U (Uyey(g)Ty) and
satisfies properties (i), (i7), and (iii) of Theorem 10. Hence, X is a vertex cover of G
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by (i), T, = S, U I(H"), where S, is a vertex cover of HY, for each v € X by (ii), and
T, =V (H") for each v € V(G) \ X by (iii). Thus,

B2(GoH) = |[Dyf
= |X|+ > IT]+ Z !Tv\
veX veV (G
> X[+ > (BH) + |1( )\)+ n
veX VeV (G)\X

= |[X[+|X[(B(H) + [I(H)]) + (m — [X|)n
= mn+ (B(H)+ |I(H)| —n+1)|X]
> mn+ (B(H) + [1(H)] —n + 1)(G).

This establishes the desired equality. If H is a non-trivial connected graph, then |I(H)|
0. Hence, the additional assertion holds.

Ol

4. Conclusion

The parameter 2-vertex cover, a variant of vertex cover, had been introduced and
initially studied. This newly defined concept incorporates the concept of 2-domination
in a graph. We gave bounds on the parameter, obtained the value of the parameter for
some well-known classes of graphs, and characterized graphs that attain specific values
such as 1, 2, n — 1, and n, where n is the order of the graph. We also characterized
the 2-vertex covering in the join and corona of two graphs and determined their 2-vertex
cover numbers. We also showed that the difference between 2-vertex cover number and
vertex cover number can be made arbitrarily large. The new parameter can be studied for
other classes of graphs, say trees and other graphs resulting from some unary and binary
operations, and bounds in terms of other parameters may be determined. Furthermore,
since the vertex cover problem is N P-complete, the question as to whether the 2-vertex
cover problem is also N P-complete remains unanswered.
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