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Abstract. In this manuscript, the measure of noncompactness (MNC), Darbo and Banach con-
traction fixed point theorems (FPT), as well as fractional calculus, are used to carry out the anal-
ysis of the solvability of a general but abstract coupled system of quadratic Hadamard-fractional
integral equations in Orlicz spaces Lg. Several qualitative properties of the solution to the studied
coupled system are established, such as the existence, monotonicity, and uniqueness, in addition
to continuous dependence on the data. We conclude with some examples that illustrate our hy-

pothesis.
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1. Introduction

Coupled systems of differential and integral equations are often used to formulate
physical and biological models. The study of coupled systems of integral equations is of
significant interest to numerous fields of science, such as multimedia processing [1], nuclear
physics [2], diffusion equations [3], electromagnetics [4], and heat conduction [5].

The aim of the present paper is to analyze and demonstrate the solutions of the coupled
system:
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where 0 < 8 < 1, in Orlicz spaces Lg, and the operators G;, A;, R;,i = 1,2, operate on
some arbitrary Lg.

We establish and present assumptions that allow us to solve and study the coupled
system (1) under general growth conditions. As a result, we examine some qualitative
properties of the problem (1), such as existence, monotonicity, and uniqueness, in addition
to the continuous dependence on the data in the spaces Lg (cf. [6]).

Several authors examined various types of coupled systems of integral equations in the
literature, including the space C(J) (cf. [7-10]) and the Banach algebras (cf. [11, 12], for
instance), where the outcomes have been made under conditions that are ”continuous,”
i.e., stronger than the ones provided in this article. Additionally, polynomial growth was
used on the studied functions to obtain L,-solutions for the coupled systems in [13, 14].
As a result of eliminating these limitations, we extended these results to examine the
coupled system (1) using the technique presented in [15] that is not a Banach algebra,
using appropriately and various Orlicz spaces (Le,, Lo,, Lo,), which are not a Banach
algebra.

Using Orlicz spaces Lg as the solution space, we can study operators with strong
nonlinear properties (such as exponential growth, for example). This allows us to examine
the solutions in Lg rather than continuous results. Statistical physics and physics models
may inspire this (cf. [16, 17]). Recalling the thermodynamics model

y(s) + /A(s,t)ey(t) dt =0
I

contains exponential nonlinearity (cf. [18]). Furthermore, the quadratic integral equations
(QIE) were studied in the Banach-Orlicz algebra [19] and in various Orlicz spaces in [15, 20]
employing the approach of the fixed point theorems (FPT) in conjunction with a suitable
(MNC) measure of noncompactness (MANC) concerning different assumptions, see also
[21, 22]. The measures of noncompactness (MNC) have been employed in the study of
numerous models of integral equations; (cf. [23-25]). These cases are unified and included
as special cases of the coupled system (1). Let us recall that, in [26], two existence theorems
of the coupled system

z(t) = g1(t) + fr (t, y(£), A= Viy() [3 Kt s)ha(s,y(s)) ds, A~ Gay(t) [} wi (t5,y(s)) d8>

y(t) = ga(t) + f2 <t, z(t), \- Vox(t) f;lC(t, s)hg(s,x(s)) ds, \-Gaz(t) fab ug(t,s,x(s)) ds>

have been studied in arbitrary Lg, in two separately cases A’ and Ag-conditions using
Darbo’s(FPT) with a (MANC). The authors in [27] studied the existence, in addition to
the uniqueness of monotonic solutions of the Hadamard fraction equations

t ai—l xz)(s
z(t) = H <hi(t)+G2i(w)(t)+ Gijéi?;”/l <logi> Gg"(s)()ds>, tellie], 0<a; <1
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in Orlicz spaces see also [28]. The current manuscript is motivated and induced by the
extension and generalization of the results introduced in the previous literature to prove
some qualitative properties of the solutions for an abstract but general coupled system of
quadratic Hadamard-fractional integral equations (1), including existence, monotonicity,
and uniqueness, in addition to continuous dependence on the data in Lg-spaces. We
use the technique of (MNC) concerning (FPT) and the theory of fractional calculus to
obtain the findings. We present a few constructed examples that support and illustrate
our findings.

2. Preliminaries
Let RT =[0,00) C R = (—00,00) and J = [1,€], e~ 2.718.

Definition 1. [17] The function O(u) = (lu‘p(t) dt, defined on RT is called a Young
function (Y.F.) if:

e The function p is nondecreasing, right-continuous, positive, and defined on RY;
o limy o O(t) = 0o and ©(0) = limy;_,o O(t) = 0.

The complementary (Y.F.) function ©* of the function © is known as

©*(t) = sup (ts - @(s)), Vit>0.

s>0

Furthermore, the function © is known as N -function if:

o(t)
t

=0 and lim;_, % = 00;

e O(s) =0 s=0and O(s) >0 if s>0.

Definition 2. [26] The space Lx = Lo(J) x Lo(J) is a Banach space under the norm

1z, y)llx = [lzlle + llylle,

where x,y € Lo(J), and Lg = Lo(J) is called the Orlicz space of the functions f under

the norm
HfH@:inf{/@(f) dsg1}.
e>0 J €

Let Ex = Eg(J) x Eg(J) be the closure in Ly, where Fg = Eg(J) be the closure in
Le(J) such that

lim sup sup ||f-xplle=0,
00 measD<§ f€Eo

where yp and "meas” are the characteristic function of a measurable subset D C J and
the Lebesgue measure, respectively. For multiplications of operators, we have:
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Lemma 1. ([29, Theorem 10.2] Let ©1,03 and © be arbitrary N -functions. The following
hypotheses are identical:

(i) For every uy € Lo, and uz € Le,, ui - u2 € Lo.
(i) 3 k > 0 such that for all measurable functions uy, uz, we obtain ||uiuz|le < k||uille, ||uzlle,-
(iti)) 31>0, ug >0 s.t. V> wug, © (%) <O1(s) + Oa(t).

. . @—1 9_1
(i) hmsuptﬁoo% < oo,

Denote by W = W(J) the set of Lebesgue measurable functions on the interval J.
The functions are equal almost everywhere in the set W concerned with the metric

d(y,z) = inflp +meas{s : [y(s) —z(s)| = p}],
becoming a complete metric space. It should be noted that the convergence in measure
on the interval J is the same as the convergence concerning the above metric d (cf. [30]).

Corollary 1. [26] Assume that U C LLx is a bounded set and the functions x,y € Lo are
almost everywhere. nondecreasing (or almost everywhere nonincreasing) functions on the
interval J. Therefore, the pair (x,y) = u € U becomes almost everywhere nondecreasing
(or almost everywhere nonincreasing) on the interval J, in addition to the set U being
compact in measure in Lx.

Definition 3. [31] Assume that U C Lx is a bounded set. The Hausdorff MNC B (X)
(cf. [31]) is known as

fp(U)=inf{r >0: IY CLx st.UC Y + B, },
where B, = {x € Lx : ||z|lx <r}, r > 0.

Definition 4. [26] Assume that, ) # U = (X1, X2) C Lx, with X1, X2 C Le are bounded
sets and for e > 0, then

C(U) = C(Xl,XQ) = C(Xl) + C(XQ)

= limsup sup sup ||z1-xplle+limsup sup sup ||z2-xplle
e—0 mesD<e x1€X, e—0 mesD<e xo€ X2

is known as the measure of equiintegrability in Lx.
Corollary 2. [26] For a compact in measure and bounded set ) # U C Lx, we have
c(U) = Bu(U).

Theorem 1. [26] Assume that O # C C Lx is a closed, bounded, and convez in addition
to the continuous map T : C — C verifying

Bu(T(U)) <k puU), 0<k<1, (Contraction condition)
for any O U C C. Then T has at least one fized point in C.
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Proposition 1. [32] Suppose that B € (0,1), t € RT, and © is a Young function (YF),
then we get:

(a) For fot O(s7P) ds < co. If Bo < B, then the integral

/Ot O(s™72) ds

is finite as well.

(b) The set

1 tk1-8
Ut) =<9 k>0: : / 0" Hds <1
k1i-8 Jo

is increasing and continuous functions with W(0) = 0.

Definition 5. [33] The Hadamard type fractional integral of order > 0 for a given
integrable function y is known as

B—1
/Cﬂy(t)zl_‘(lﬁ)/t<logi> @ds, t>1, 8>0,
1

where T(B) = [° e v~ dy.

Proposition 2. [34] The operator KCP maps the a.e. nonnegative-nondecreasing functions
into itself.

Lemma 2. [28] Suppose, that M* and M are complementary N-functions and © is N-
function with fo M(s%~1)ds < 00, 0 < 8 < 1. Moreover, put

1

1 tel—B
/ M(s"Yds e Eg, seJ, e>0,
0

1
e€l-=p

k(t) =

then the Hadamard operator KP : Ly- — Lg is continuous and verifying

2
IK7ze < <= lIklellzlar

I'(8)

3. Main results.

Next, we discuss the solvability of the coupled system (1) in Lg. Define the operator
T as follows

T(z,y)(t) = (Tiy(t), Toa(t)), t € J,
where

Tiy = h1 + Fy, (Al(y), Ui(y) ), Tox = ho + Fy, <A2(:L'), Us(z) >,
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(), 0w) ) = 4 (1 Malw), ) ). Tilw) = Gitw) - As(w),
and
Ai(w)(t) = KPR (w),

s.t. KP is Hadamard operator 5 and Gy, F ., \i, R;, are different operators operate on
different Orlicz spaces i = 1,2. First, we inspect the existence of monotonic-Lg solutions
for the coupled system (1).

Definition 6. The ordered pair u = (x,y) € Lx s.t. x,y € Lo is called a solution of the
coupled system (1), if u verifies the coupled system (1).

3.1. The existence of solutions.

Let M, M* be complementary N-functions and ©, 01,09 be N-functions. Further-
more, put the assumptions for i = 1, 2:

(G1) 3 k1 > 0 s.t. for every u; € Lo, and ug € Lg, we have ||ujuz|le < killuile, ||uzlle,.
(G2) h; € Eg(J) are a.e. nondecreasing functions on the interval J,

(G3) fi(t,z,y) : J xR xR — R be continuous in = and y for almost all ¢ and
measurable in ¢ € J. Furthermore, suppose that t — f;(¢,z,y) are nondecreasing-
positive function and 3 a1, as > 0, and functions ¢; € Lg s.t.

[fi(t, 2, 9)| < i) + anlz] + azly|. (2)

(G4) The operators A; : Eg — Fo, G; : Eg — FEg,, and R; : EFg — Ejs~, and they are
continuous. Moreover, let A;, G;, R; take the set of all a.e. nondecreasing functions

into itself and assume that for any w € Eg we get A;(w) € Fgo, Gi(w) € Eg,, and

(G5) There exist positive functions a; € Lo, ¢; € Lo,, b; € Ly s.t. for t € J,
[Ai(w) ()| < ai(t)wlle, |Gi(w)(t)] < gi(t)|wlle, [Ri(w)(t)] < bi(t)[|lw]e-

1

(G6) Assume that k(t) = —4 561_6 M(s°~1)ds € Eg, for a.e. s€J and e> 0.
el=F
. 2 Bazkilkle, |\ . .
(G7) Let (arlla”ll = 1) > 22z oo, 67llar (Iballo + IBalle + lletlle + lleallo).
. 27 ash 4]
* © T QR (S} * *
b * 1
(anllarto + 252l g s ) < 1,

where r is the positive solution of the equation
2002k1[|K|e,
I'(8)

and [|a*[lo = max { aillo }, 16°lln- = max { illar- } and |lg"lo, = max {[lgille, }-

Ih1lle+halle+llerlle+ llealle = (1*0é1||a*|\e> T lg*lle, 16" [ar+-72 = 0



M. Metwali, S. Alsallami / Eur. J. Pure Appl. Math, 18 (2) (2025), 6157 7 of 15

Theorem 2. Let the assumptions (G1)-(G7) hold, then there exists a.e. nondecreasing-
solution u = (x,y) € Eg of (1).

Proof. Step I. In what follows, put ¢ = 1,2. Lemma 2 and assumption (G6) imply
that the operator K : Ly« — Le, is continuous and assumptions (G3) and (G4)
indicate that Fy,,A; : Eg — Eo, G; : B9 — FEeg, and R; : Eg — Ej+. Then the
operators A; = KPR; : Eg — FEeg, is continuous. By assumptions (G1) and (G4) the
operators U; = G;-A; : Eg — Fg is continuous. Assumption (G2) gives that, the operators
T; : Eog — Eg are continuous. Therefore, T' = (Tl, Tg) acts from Ex into itself and is
continuous.

Step II. We shall prove that T": B, (Ex) — Ex is continuous, where
B (Ex) = {u = (v,y) € Lx : 2,y € Eo, [Jullx <7}

For arbitrary u = (x,y) € B,(Ex), z,y € Fo, and recalling Remark 2, we have

Twylle < lhlle +[If1(t Ai(y), Ui(y))lle
< Ihille + llealle + alldi (vl + azlTisle
< lhalle + llerlle + auffar - lylle||, +azllGr(y) - 4rw)le
< fhille + lleallo + anllalle - iyl + arkallGatw)lo, - I 41w,
< alle + llerlle + arllarlle - [yl +azkor - Iwle]|, [* R,
< Imlle + llallo + arlalo - lle + azkslorlos - llle 1 422 1 Ra(3) s
< Imlle + llallo + anlanlle - Iyle + 2K gl - Tyl - Inllar Lol
2000k1 ||k le,

= [lhlle +lleille + erlflarlle - ylle + W!\m!l@l\lbl\lw -yl

Similarly, for x € Eg, we have

200k ||k]le,
I'(B)

[Tozlle < [lhzlle + [lez2lle + arllazlle - [lz]le + lg2lley l1b2laz- - [l

Then for u € Ex, we have

|Tullx = [Twylle + [Toz[le
200k | kle,
< lhlle + llhzlle + lleille + lle2lle + atllaille - lylle + W”Ql”@l b1 ar+
200k || klle
+ai1l|azlle - [|zlle + WHWHGIWDHM* S IET P
< |hille + [[helle + lleille + [le2lle + axlla*[le ([lz]le + llyllo)

lyllé
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200k [|k]|es 2
2azk1lklloa oo 15#)1as- (lzllo + lylle
. 200k1 || Elles | « .
< Imlle + Wizlo + llealo + llczlo + anlla” ol + 225102 g o 107 -
N 2ai0k1 || klle " "
< lhalle + Ihslle + lletllo + lleallo + arlla®lle - + 222tl*lOn oy gy 02 <1,

INGE))

where [|a*[lo = max { laille }, 16°[lnr+ = max { billar- } and lg*[lo, = max {lgille, } i =
1,2. Recalling assumption (G7), we have T : B, (Ex) — Ex is continuous.

Step III. Let Q, C B,(Ex) include all monotonic (a.e. nondecreasing) functions on
the interval J. Then () # Q, is closed, convex, and bounded, in Ex in addition to be
compact in measure regarding Corollary 1.

Step IV. The operator T keeps the monotonicity property for the functions. For
i =1,2, let us choose u = (z,y) € Q,, where z and y are nondecreasing on J. Proposition
2 implies that the operator K? takes the a.e. nonnegative-nondecreasing functions into
itself. Therefore, the operators A; = KPR; and A;, and U; = G - A; are a.e. nondecreasing
on the interval J (by using (G4)). Assumptions (G2) and (G3) grant us that the operators
T,,T, are a.e. nondecreasing on J. Those grant us that T = (71,73) : Q, — Q, is
continuous.

Step V. We need to show that Sy (TX) < kSu(X), k €[0,1). For any u = (z,y) €
U cC Q, and a set D C J, with measD < ¢, ¢ > 0. By assumption (G5), we have

1Ai(2) - xplle < IAi(z - xp)lle < ||a1 - [l - xpllo||g < llaillollz - xplle

and similarly
1Gi(2) - xplle < ||gillgllz - xpllo-

Therefore, we have

IT(®) - xolle < lIh - xplle +||F5 (A1(v), Ui(w)) - xo|

< b xolle + llev - xolle + a1 [A1(v) - xo | + a2l Gr(y) - A1(w) - xole
< [hi-xplle + ller-xplle + aillaifle - [y - xplle + azki[|G1(y) - xplle, - [A1(y)le,
< ;- xplle + ller - xplle + aillarlle - ly - xplle + azkilgrlle, - [y XD||®2|1L]<(:£§)2 [b1][ar+llylle
< [lhi-xplle + ller-xplle + aillaifle - [y - xplle + W!glll@l “[ly - xpllellbyflar= - 7.
Similarly, we have
200k1 ||k o,

IToz-xplle < [lhe-xplle+llcz:xpllo+ aillazlle-[lz-xplle+ lg2lle1-llz-xplle1brllar=-r-

INC)
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Then
ITvw-xpllx = [Ty xplle + T2z - xplle
< |lh1-xplle + lh2 - xplle + lle1 - xplle + lle2 - xplle + ailla*|le - (Il xplle + Iy - xpllo)
2-raski|klle, | . .
—————||g" e, [b*||ar= - ([|z - xplle + llv - xplle
T(3) lg" ley 167l (Il I I o)
< |- xplle +1lh2 - xplle + lle1 - xplle + lle2 - xplle + ailla®|le - [lu - xpllx

2 - raks||klle,

I'(8)

Since h;,¢; € Ego, i = 1,2, we get

lg* e 10"l 2+ - [l - X lx-

tim { sup_[sup {Ihixolle + lexnle = 0}]}.

e=0 Umes D<e Luex
Recalling Definition 4, we obtain

2 - ragk: ||klle,

IN))

Since ) # U C Q, is bounded in addition to compact in measure, then we shall apply
Corollary 2 to obtain

(T (V) < (alua*n@ n rg*uelub*uM*) o(U).

2. Tagkluk”(az

bu(T() < (ol + 2752

rg*uglub*uw) B (U).

2-razk:|klle,
r

Since (al\a*H@ + ©) llg*lle, ||b*||M*> < 1, we get our verification and Theorem

1 achieves our proof.

3.2. Uniqueness of the solution.

Next, we demonstrate that the coupled system (1) has exactly one solution.

Theorem 3. Assume that the assumptions of Theorem 2 hold with replacing the inequality
(2) with the following

‘fl(t7070)| < Ci(t)’ |fi(t7x7y)_fi(taj’g)‘ < al’aj_'f‘_}_aﬂy—?ﬂ) u = (I,y),@ = (jvg) €Qy,

(3)
for i=1,2, and in addition, assume that
Ar - askr||klle,
¢ = (anla’l + 220 g o, s ) <1 (@

where r,Q, are defined in Theorem 2. Then the coupled system (1) has a unique solution
u € Lx in Q,.
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Proof. Using the inequalities (3) for i = 1,2, we obtain

”fi(t,l‘,y)’ - ’fl(t7070)“ < ’fi(t?xvy) - fl<t7070>‘ < Ckl‘.%" +042’y‘

= |filtt,z,y)] < [fi(t,0,0)] + ca|z| + coly| < ci(t) 4+ cn|z| 4+ calyl.

Thus, Theorem 2 indicates that, there is a.e. nondecreasing solution u € Ex of (1) in Q,.
Now, let u = (z,y),u = (Z,y) € Q, be any two distinct solutions of the coupled system
(1), then we have

le—zllo < Hfl(t,AluUl( ) = A (tm@.n)|
< allAily) - <>||@+a2uU1<> U@l
< aifaillyle - arllgle| , +allcr(y) 41(y) - Gl@ml@we
< alallelllyle - glle] + az||G1(y) <> G A1)l + 02| G1@) A1) = G1(@ A (@)
< aillaflefy = 9llg + a2ki||Gi(y) — G1(H)||o, 1 A1 (y )H92+0f2k1||01 e |41(y) — A1(®) o,
< ailladllelly - 7llo
2|k, 2||k[le, .
+azki||gi][g v — vllo = 7 I'(5) 1161 (| az H?JH@+@2/<?1H91H91Hyﬂe T'(5) [R1(y) = Ri(9)| o
< 041HalH®Hy—yH9
2000k ||k 2000k ||k
22192 g, ot Il = gl + 2R gy, alloallar 1 - gl
4r - gk ||k
— (antale + 220 g o, s ) s~ 9
.. _ 4r - ank ||k _
siutarty. |y~ glo < (anlaalle + 2 g 102l ) o - 2
Therefore,
I~ allx = ||~ 7, 5~ )]l = e~ 2o + 1y — 5lle
4r - aoky ||k
< (antalle + 2202 g o, s ) - e
dr - agky ||k
# (aullallo + 2O g alar ) o 1l
4r - anky ||k
< (antarllo + 2200 g o, 1 s ) (1l =l + o~ 2l

= C- Hu — ﬂ”x

Equation (4) grants us that u = u (a.e.), and we get our verification.
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3.3. Continuous dependence on the functions h;, and h,.

Next, we may discuss the continuous dependence of the obtained solutions for the
coupled system (1) on the functions h;,i = 1,2.

Definition 7. A solution u = (x,y) € Lx of (1) is continuously dependent on the function
hi,ho if ¥V € >0, 30 > o such that |h1 — hi|le + ||h2 — h2lle < & implies that ||u—1ulle <€,
where

- Gi@)) ot AL hi
(1) =m()+ fi (A1<y><t>+ o0 (1ogg> R@() ds>

) . -1’ (5)
y(t):hg(t)—i-fg(Ag(aE)(t)—i— S . [ (1ogg) W@), tell,e.

Theorem 4. Assume that the assumptions of Theorem 8 hold. Then the solutions u € Lx
of the system (1) depend continuously on the functions hi, ho.

Proof. Let u,u be any two different solutions of (1), then similarly as done in Theorem
3, we have

Ju—allx < [lh1 — halle + [[h2 — halle

* 47“‘(12]61”]?”(9 * * — _
+ (qua lo + WQHQ o 16" laz= ) { |y = 9llg + ||z — 2[|g

dr - aoki||k||e,

— 1 il + 2 ~ falle + (e’ + 2]

Hg*Helllb*llM*> |u — ul|x
< |lh1 = halle + |lha — halle + C|lu — ullx,

where C' is given by (4). Then, we get

—1 _ _
lu—allx < (1=C) (Il = hullo + Iz = halle )
Therefore, if ||h1 — hille + ||h2 — ha|le+ < (), then |lu — ille < ¢, where

de)=€-(1-0).

4. Remarks and Example

We would like to conclude with some significant remarks and examples that highlight
the applicability of the results we have found.

Remark 1. The neutron transport [35], the traffic theory [36], the kinetic theory of gases
[37], and astrophysics [38] are more efficient utilization of the quadratic integral equation
through Hadamard fractional operators.
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Remark 2. We can determine the acting and continuation assumptions for the operators
of the form G;(w) = l;(t) - w(t), l; € Le, over several Orlicz spaces in (cf. [17] and
assumption (G3)).

Example 1. Select the N-functions M(s) = M*(s) = s*> and Oy(s) = exp|s| — |s| — 1.
We need to show that, the operator KP : Lyp — Lo, is continuous and the outcomes of
Lemma 2 is verified.

Indeed: Lett € [1,e] and for any 5 € (0,1), we get

t t
_ -1 - 2p-2 —
k‘(t)—/OM(u )du—/ou du_?ﬁ—l'

That gives us the verification of Proposition 1. Furthermore,

e e 28-1 t2ﬁ—1
— 25—1 — -1
/1 Oy (k(t)) ds /1 <e 55 1 ) dt,

which is finite. Then for x € Ly+, we have J? : Ly — Lo, is continuous.

For additional details and many instances of the N-functions M, M*, and ©9 that
satisfy Lemma 2, refer to [17, Theorem 15.4].

Example 2. For i = 1,2, let B = %, Ai(2) = a;(t) - 2(t), Gi(2) = gi(t) - 2(t), and
Ri(z) = a;(t) - 2(t), where h; € Lg,a; € Lo,g; € Lo,, and b; € L+, then the coupled
system

t)-yt) rt by (t)-y(t
o) = a(0)+ 1 (b (0 y(0), 2O [1 fog 1000 g,
) = ha(t) + fo(1 aa() -a(0), DR J1 fiog R0 g5,

have a solution uw = (x,y) € Lx, where t € J.

5. Conclusion

There have been several qualitative properties developed in this paper, consisting of
existence, monotonicity, and uniqueness, in addition to the continuous dependence of the
data, which are all indications for an abstract and general coupled system of quadratic
Hadamard-fractional integral equations. To perform our analysis, we used the (MNC)
measure of noncompactness, as well as the (FPT) fixed-point theorem and the fractional
calculus in the Orlicz spaces Lg. Finally, we concluded with a few remarks as well as a
few examples that illustrate and support our hypothesis. Future research will concentrate
on the qualitative properties of the solutions for numerous fractional problems in distinct
function spaces, such as Lebesgue spaces or Orlicz spaces. Furthermore, we shall check
the numerical results for the issues considered.
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