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Abstract. In our paper, we study a class WR (A, 3, a, u, 0), which consists of analytic and univalent
functions with negative coefficients in the open unit disk U = {z € C : |z| < 1} defined by Hadamard
product (or convolution) with Rafid - Operator, we obtain coefficient bounds and extreme points for
this class. Also distortion theorem using fractional calculus techniques and some results for this class
are obtained.
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1. Introduction

Let R denote the class of functions of the form:

[c8)

f@=z2- a" (4,20,n€N={1,23,}) &)
n=2

which are analytic and univalent in the unit disk U = {z € C : |z| < 1}. If f € R is given by (1)
and g €R given by

o0
g(z)=z2— Z b,z", b, >0
n=2

then the Hadamard product (or convolution) f * g of f and g is defined by

o0
frg@=2- abz"=(g*f)z). )
n=2
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Lemma 1. The Rafid -Operator of f € Rfor 0 <u <1, 0 < 0 <1 is denoted by Rz and defined
as following:

! ) (+%)
RO(f(z) = t97te =) £ (z0)dt
e = G 1)L @0
o0
= z—ZK(n,,u,Q)anz", (3)
n=2
_ (A=W 'r6+n)
where K(n,u,0) = Ty
Proof.
1 [ :
R? = -1~ (7%5) £ (zt)dr
V) = G ey ) O e
1 [ _( oo
= o t91e (FH) gt —Zan(zt)” dt
(1_M) 1—'(9+1)J0 n=2
1 [ o _( OO o ([
= T zf tfe (Ht)dt —Zanz”f 014, (Ht)dt
(1-w)'re+1) | Jo =2 0
Let x = ﬁ, then if t = 0, we get x = 0, t = 00, we get x = oo and t = (1 — u)x, then

dt =(1—u)dx. Thus
1

0 _ ” _ o \1H+0,—x .6
R,(f(z)) = A=+ 1) |:ZL (1—w) e x%dx

00 00
_Zanznf (1 _“)9+ne—xx9—1+ndx:|
n=2 0

1 o
= 2(1—w)™TO +1) = ) a,2"(1—w)P"r6 +n)
(1-wero +1) { ;

00 _ n—1
B S /DG CRRD
n=2

re+1 n*

o0
= z— ZK(n, u, 0)a,z".
n=2

Definition 1. A function f(2) €R, z € U is said to be in the class WR(A, 8, a, u, 8) if and only
if satisfies the inequality:
2(RO((f * €)(@)) + A22(R)((f * €)(2)))"
e
(1= MRE((f * g)(2)) + Az(RE((f * £)(=)))
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> g 2(RO((f * )(2))) + Az RO ((f * g)(2)))” s @
—_— a,
T (= RIS +g)(2)) + Az(RE((f * £)(2)))

where 0<a<1,0<A<1,>0,2€U,0<u<10<0<=<1and g(z) €R given by

o0
glz)=2— Z b,z", b,>0.
n=2

Lemma 2. [1]Letw=u+iv. ThenRew > o ifand only if [w — (1+ o)| < |[w+ (1 — o).

Lemma 3. [1]Let w =u+1iv and o,y are real numbers. Then Re w > o|w — 1|+ y if and only
if Re {w(1+0e'®)—gel®} > .

We aim to study the coefficient bounds, extreme points, application of fractional calculus
and Hadamard product of the class WR(A, B, a, u, 9).

2. Coefficient Bounds and Extreme Points

We obtain here a necessary and sufficient condition and extreme points for the functions
f(2) in the class WR(A, B, a, u, 6).

Theorem 1. The function f(z) defined by (1) is in the class WR(A, 3, a, u, 0) if and only if
D= A+n)[n(1+p) - (B+a)IK(n,p,0)ab, <1-a, (5)
n=2

where 0 <a<1,>0,05A<1,0<u<1land0<60<1.

Proof. By Definition 1, we get
2(RO((f * 8)(2))) + A2 RO((f * g)(2)))"
e
(1= 2)RO((f *£)(2)) + Az(RE((f * g)(2)))
2RO((f * 8)(2))) + Az*RO((f * g)(2)))”
(1= DRE((f * g)(2)) + Az(RE((f * g)(=)))

—1‘+a.

Then by Lemma 3, we have

" 2Ry ((f * )(=))) + Az*Ry((f * £)(2)))”
e
(1= MRI((f * g)(2)) + 22(R) ((f * 8)(=))Y

(1+ Be') —ﬁef¢} > a,
—n < ¢ <, or equivalently,

" (R ((f * g)(2))) + Az (R ((f * g)(2))))(1 + Be'?)
e
(1= MRE((f * )(2) + Az(RO((f * £)(=)))
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Let

and

_ Be'® (1= MR)((f * g)(2)) + Az (R ((f * g)(2))))) -
(1= MRE((f * )2 + Az(RE((f * £)(=)))

F(z) = [2R)((f *)(2))) + Az (R ((f * £)(2)))1(1 + e'?)
—Be'?[(1 = MRY((f *g)(2))) + 22(Ro,((f * £)=))'],

E(z) = (1= MR)((f * g)(2)) + Az(R)((f * g)(2)))'.

By Lemma 2, (6) is equivalent to

But

Also

[F(z)+(1—a)E(2)| = |F(z) —(1+a)E(z)| for0 < a<1.

|F(2) + (1 - a)E(2)|

|:z — ZK(n, u, 0)a, b,z — AZn(n — 1DK(n, u, G)anbnz":| (14 Bei?)

n=2 n=2

—Bet® {(1 — )z — iK(n, u, 0)a,b,z") + Az — xi nK(n, u, G)anan”]

n=2 n=2

+(1-a) [z - i(l —A+nA)K(n,u, G)anbnz”:|

n=2

2-—a)z— i[(n +An(n—1))+ (1 —a)(1 — A+nA)]K(n,u,0)a,b,z"
n=2

—Bel® i[n +An(n—1)— (1 —A+nA)]K(n,u,0)a,b,z"

n=2
>2—a)lz|— Z[(n +An(n—1))+ (1 —a)(1 — A+ An)]K(n,u, 0)a,b,|z|"
n=2

—[J’Z[n +An(n—2) = 1+ AIK(n, w, 0)a,b,|z|™.
n=2

|F(2) = (1+ a)E(2)|

o o0
[z — ZnK(n, u, 0)a,b,z" — AZn(n — DK(n, 1, 0)a,b,z" | (1+ Be'?)

n=2 n=2

165

(6)
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00 o
_Bei® [z —(- A)ZK(n, u, 0)a, b,z" — AZnK(n, u, 9)anbn2"]
n=2 n=2

—(1+a) |:z =Y (A —A+nA)K(n,p, Q)anbnz”:|

n=2

—az - i[(nun(n - 1) =1+ o)1 =2+ n)IK(n, p, 0)a,b,z"
n=2

—Bel® i[n +nA(n—1)—(1—-A+nA)]K(n,u,0)a,b,z"

n=2

< alz|+ Z[(n +nA(n—1))— (14 a)(1 — A+nA)]K(n,u,0)a,b,|z|"

n=2
+8D [n+nA(n—1)— (1 — A+nA)IK(n,p, 0)a,bylz|"
n=2
and so
|F(z)+ (1= a)E(z)| — [F(z) — (1 + @)E(2)| = 2(1 — a)|#|
= > [(@2n+2nA(n—1)) - 2a(1 - A +n2) — B(2n+2nA(n— 1)
n=2
—2(1—=A+nA))IK(n,u,0)a,b,|z|" >0
or
Z[n(l +B)+nA(n—1D)(1+B)—1Q—-A+nA)a+ B)IK(n,u,0)a,b, <1—a.
n=2

This is equivalent to

2(1 —A+n)[n(l+B) - (f+a)]K(n,u,0)a,b, <1—a.
n=2

Conversely, suppose that (5) holds. Then we must show

re { R ((f * £)(2))) + Az2(R)((f * g)(2))))(1 + fe'?)
(1= MR)((f * £)(2)) + A2(R((f * £)(=))Y
et (1= MRI((f * £)(2)) + Az(R)((f * £)(2)))) } -
(1= DR ((f * g)(2)) + Az(R((f * £)(=))Y B
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Upon choosing the values of z on the positive real axis where 0 < g = r < 1, the above
inequality reduces to

e8]

(1-a)— > [n(1+ Be?)1—A+An) — (a+ Bel®)(1 — A+ nA)K(n,u, 0)a,b,r"
Re = — > 0.
1—>.(1=A+nA)K(n,u,0)a,b,r" !
n=2
Since Re(—e'?) > —|e!®| = —1, the above inequality reduces to
o
(1-a)= > [n(1+B)A—=A+An)—(a+B)(1—A+nA)]K(n,u,0)a,b,r"
Re = — > 0.
1—>.(1—=A+nA)K(n,u,0)a,b,r" !
n=2

Letting r — 17, we get desired conclusion.

Corollary 1. Let f(2) € WR(A, B,a,u,0). Then
. < l-—a
"T A -2+ +B) - (B + a)K(n,u, 0)b,’
where0<a<1,>0,05A<1,0<u<1,0<6<1

Theorem 2. Let f;(z) =z and

l-a
(2)=2— 2",
W) =2 = A+ B = (B + a)K(n.ps 000,
wheren>2,nelN,0<a<1,£>0,0<A<1,0<u<land0<6<1.
Then f (2) is in the class WR(A, 8, a, u, 0) if and only if it can be expressed in the form

F@) =) 0ufula),
n=1

o o
where 0, >0and >, oc,=1orl1=0,+ Y, o,

n=1 n=2
o o0
Proof. Let f(2) = >. 0 pfa(2), where o, >0and > o, =1. Then
n=1 n=1

B 00 1—a n
fe)=sa- ; (T=A+nA)n(1+B)— (B +a)K(m,, 0)b, "

and we get

1—a

i ((1 —A+nA)(n(1+B)-(B+ a))K(n,,u,G)bn) y

n=2
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1—a
(O”(l —A+nA)(n(1+B)— (B + a))K(n,u, 9)bn)

o0
= Zo-n =1—-0; <1 (by Theorem 1).
n=2

By virtue of Theorem 1, we can show that f(z) € WR(A, 8, a, u, 0). Conversely, assume that
f(2) of the form (1) belongs to WR(A, 3, a, u, 6). Then

1—a
an = (1=2A+nA)(n(1+B)— (B + a))K(n,u,0)b,’

nelN, n>2.

Setting
(1-2A2+nA)(n(1+ ) — (B +a))K(n,u,0)a,b,
o. =
" 1—a
o0
and 0, =1— ). 0, we obtain
n=2

F@) =D 0ufale) = 01H0+ D 0ufal2).
n=1 n=2

This completes the proof.

3. Application of the Fractional Calculus

Various operators of fractional calculus (that is, fractional derivative and fractional inte-
gral) have been rather extensively studied by many researcher (c.f. [3-5]). However, we try
to restrict ourselves to the following definitions given by Owa [2] for convenience.

Definition 2 (Fractional integral operator). The fractional integral of order & is defined, for a

function f(z), by

PSS B I

where f(z) is an analytic function in a simply - connected region of the g-plane containing the
origin, and the multiplicity of (z — t)°! is removed by requiring log(z — t) to be real, when
(z—1t)>0.

Definition 3 (Fractional derivative operator). The fractional derivative of order 6 is defined,
for a function f(z) by

sy L 4 fO .
D f(z) = r(1_5)d2L (Z_t)édt (0<65<1), (8)

where f(z) is as in Definition 2.
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Definition 4 (Under the condition of Definition 3). The fractional derivative of order
k+6 (k=0,1,2,--) is defined by

k
DO f(2) = d—kpff(z), (0<6<1).
dz

From Definition 2 and 3 by applying a simple calculation we get

1 2 T'(n+1)
D—5 — 6+1 _ n+o
SO = a1 ;r(n+1+5)anz ’

5 B 1 1_5_°° 'n+1) s
Dif) =t =57 ;F(n-l—l—(‘i)anz

Now making use of above (10), (11), we state and prove the theorems :

Theorem 3. Let f(z) € WR(A, B, a, u,0). Then

DI @) < —— a5 [ 14 21 - a) "
z T I(2+6) L 2+8)A+AM)R2+B—a)6+1)b, ’
and ) ) 201 ) )
-5 5+1 |1 _ —a
D" f @l 2 Far 5 B R T R 2l |

The inequalities in (12) and (13) are attained for the function given by

1—a

_ 2
A+ 02+ -6+ Dby

flz)=2

Proof. By using Theorem 1, we have

i - 1—a
L= 0102+ B - a0 + Dby

By (10), we have
o
[@+8)% D% f(5) =2~ Y (n,5)as",
n=2
such that I'(n+ 12+ 6)
n+ +
_ >
£(n,0) Tnt146) , =2

we know that £(n, &) is a decreasing function of n and

2
0< €(n,5) < 6(2,5) = 2_’_—5

169

)

(10)

(11

(12)

(13)

(14)

(15)

(16)
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Using (15) and (16), we have

ITQ2+68)7°D°f(z)] < o +0(2,8)z1) a,
n=2

2(1—a)
2+0)1+A)2+p—a)B+1)b,

|z| + |22

which gives (12); we also have

\

IP2+8) "D f ()] = sl —€(2,6)z* ) a,
n=2

2(1—a)

— 2
24+0)1+A)2+pB—a) 6+ 1)b2| |

> |z

which gives (13).

Theorem 4. Let f(2) € WR(A, B, a, u, 0). Then

||t~ '1 2(1—a)
r2—5) | T2+ M2+p -6 +1)b,

D f(2)] < Iz |

and

||t~ '1 2(1—a)
re-o)| 2-6)+A)2+p—a)8+1)b,
The inequalities (17) and (18) are attained for the function f(z) given by (14).

|2|

D2 f(2) =

Proof. By (11), we have

r(2-58)2°D2f(z) = Z_ZF(H+1)F(2—5) )
n=2

rn+1-56)
o0

= zg— Z ®(n,6)a,z",
n=2

I(n+1)r2-5)

where ®(n,6) = T 1-3)

. For n > 2,®(n, 6) is a decreasing function of n, then

r3)r(2—-5) 2rr2—-s5) 2
re-8) (2-6)r(2-8) 2-6

®(n,6) <9(2,6) =

Also by using (15), we have

IN2-8)DIf() < lal+®(2,6)l21* ) a,
n=2
2(1—a) e

2-85)1+M)2—F+a)(0+ by

|z] +

5

>

170

(17)

(18)
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Then
D) < 1+ S g
% T~ I(2-9) 2-0)1+1)(2-B+a)O+1)b, ’
and by the same way, we obtain
D) 2 i- 20 |
% T~ I(2-9) 2-0)1+1)(2-B+a)O+1)b,

Corollary 2. For every f € WR(A, 8,a, u,8), we have

|Z|2 - 2(1-a) 19
[ 30+ )2 /5+a)(9+1)b2||] (19
p | > 2(1-a) 20
()t [ 3(1+7L)(2—[3+a)(9+1)b2|2|}’ (20)
and

|z|[ - (- |z|} <If @) @1

A+ Me2-B+o@+Db, " | =
<ol [1+ (-2 |z|} 22)

- QA+2A)2—-B+a)6+1)b, ’

Proof.

(i) By Definition 2 and Theorem 3 for 6 = 1 we have D f(2) = fg f(t)dt, the result is
true.

(ii) By Definition 3 and Theorem 4 for 6 = 0, we have

o 4 [ _
DY) =— | f(0de=F(),
0

the result is true.

Corollary 3. D ®f(z) and Df f(2) are included in the disk with center at the origin and radii

1 2(1-a)
r2+46) | (2+5)(1+7L)(2 B+a)0+1)by ]’

and
1 T 2(1—a) 1

re-:o) [ (2 0)1+A)2—-B+a)®+1)b,
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4. Hadamard Product

Theorem 5. Let
f(z)=z—2a z" g(z)—z—Zb z"
n=2
belong to WR(A, 3, a, u, 0). Then the Hadamard product of f and g given by
o0
(f xg)(z) =2 — Y, a,b,z" belongs to WR(A, B, a, u, ).
n=2
Proof. Since f and g € WR(A, 8, a, u, 6), we have

i (1 —A4+n)[n(1+B)—(a+B)IK(n,u,0)b,]

=L 1—-a ]

and

i [(1—=A4+nW)[n(1+B)—(a+B)IK(n,u,0)a, ]

n=2 - 1-a -

and by applying the Cauchy- Schwarz inequality, we have

1—a

i [(1 — 24+ n)[n(1+B) - (a+[3’)]K(n,u,9)«/anbn} Jab
n=2

IA

1—a

nbn
(i [(1 A+ nA)[n(l+B) - (a-l—[a’)]K(n,,u,G)bn} . )1/2

n=2

1—a

00 1/2
. (Z [(1 —A+nV)[n(1+B) —(a+ B)IK(n, b, Q)an} bn) |

However, we obtain

i [(1 —A+n)n(1+B) - (a+[3’)]K(n,u,9)«/anbn:| -
an n

<1

- 1—a

Now, we want to prove

i [(1 —A+nA)[n(1+p)—(a+p)IK(n,u, o)

1—a

} a,b, <1.
n=2

Since

i [(1—7L+nk) n(1+[3’) (a+ B)IK(n, ,u,@)i| b

n=2 1=

i [(1 —A+n)[n(1+B) - (a+ B)IK(n, u, 9)«/anbn} -
= a,Dy.

1—a

Hence, we get the required result.

172
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