EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
Vol. 6, No. 1, 2013, 11-19
ISSN 1307-5543 — www.ejpam.com

Mapping Properties of Some Classes of Analytic Functions
Under New Generalized Integral Operators
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Abstract. In this paper we study the mapping properties with respect to new generalised integral
operator which was studied recently.
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1. Introduction
Let #2(U) be the set of functions which are regular in the unit disc U,
o ={f € #(U): f(0)=f'(0)—1=0}
and S = {f € .« : f is univalent in U}.
In [10] the subfamily T of S consisting of functions f of the form

o0
f(z)zz—Zajzj, a;>0,j=2,3,..., z€U (1)
j=2

was introduced.
Thus we have the subfamily S — T consisting of functions f of the form

o0
f(z)zz-i—Zajzj, a;20,j=2,3,... ,2€U (2)
=2
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A function f(2) € .« is said to be spiral-like if there exists a real number A, |A| < 7/2,
such that
zf'(x)

00 (z€U).

The class of all spiral-like functions was introduced by L. Spacek [11] and we denote
it by S;. Later, Robertson [9] considered the class C; of analytic functions in U for which
2f'(z) €S;.

Let Pkl(p) be the class of functions p(z) analytic in U with p(0) =1 and

Re e*

27

J

0

Re e*p(z) — p cos A
1-p

dO <kmcosA, z= ret® 3)

where k > 2,0 < p <1, Ais real with |A| < % In case that k =2, A =0, p = 0, the class
P]?(p) reduces to the class P of functions p(z) analytic in U with p(0) = 1 and whose real part
is positive.
we recall the well-known classes
zf'(2)
f(=)

(zf'(2))
f'(z)
These classes are introduced and studied in [7].

The purpose of this paper is to develop the mapping properties with respect to a new
generalized integral operator.

Rﬁ(p)={f(z):f(z)e,e¢and €Pl(p), O§p<1},

Vkl(p):{f(z):f(z)eﬂand EP]?(p), O§p<1}.

2. Preliminary Results

Prof. Breaz [3] has introduced the following integral operators on univalent function
spaces:

. 5
J(z) = /sf[f{(t")]“-...-[fp’(t")}”’dt , )
0
. ’
-1 / Y1 / "p
H(z) = ﬁftﬂ (@] @] et (5)

0

4

1 Yp
e [ (A0)" (50 o

0
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=

z

1 Yp
oo (B0) . (59)"] .

0
: A L
Fyp(z) = fa’f tP1 (@) T (fpit)) P de , (8)
0
and .
. PO
Gy p(z) =1 [p(r - 1)*-1]‘f gI_l(t)-----gg‘l(t)dt , C)
0

where y;,7, €CVi=1,p, peN—- {0}, neN—-{0,1}.
Let D™ be the Salagean differential operator [see 12] D" : . — ./, n €N, defined as:

D°f(2) = f(2),D'f(2) = Df (2) = 2f'(2), D" f (z) = D(D" "' £ (2)) (10)
and D*,D* : .o — .o/, k e NU {0}, of form:

o0
D°f(2)=f(2),...,D"f(z) =D(D*'f(z)) =2+ Y _n*a,z". an
n=2
Definition 1 ([2]). Let B, A€ R, >0, A>0and f(z) =2+ Z;’ozz ajzj. We denote by D’;
the linear operator defined by

o0
DY :A—ADEf(z)=2+ > [1+(— DA a;s’. (12)
j=n+1

Remark 1. In [1] we have introduced the following operator concerning the functions of form

(D:

Dg:A—>A,fo(z):z— Z [1+(j—1)k]ﬁajzj. (13)
j=n+1

The neighborhoods concerning the class of functions defined using the operator (13) is studied in

[5].
Remark 2. Let consider the following operator concerning the functions f €S,
S=1{f € o :f isunivalent in U}:

[1-2,(k—1)]F1 1+c
[1-2y(k—1)D1F  k+c

D:{f/xzf(z) =(hxtpy#f)&) =2+ CR-a2, )

k>2

(411

where C(n, k) = o
-1

, (). is the Pochammer symbol; k > 2, ¢ > 0.
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The following integral operator is studied in [4], where f;,i =1...n, n €N, is considered
to be of form (2):

Definition 2. We define the general integral operator Iy, 5 ,, : <, — ./ by

Ik,n,k,u(fl:---:fn)ZF: (15)

) t A Uy
DkF(z)zf (letl(t)) (w) dt,
0

where f; € .o/, i €EN— {0}, A=(A4,...,A,) EN{, u=(Uy,...,u,) EN, n€Nand k €N,

Theorem 1. Let a, yq, Y9, B €C, Re a =a > 0 and DX’Iszfj(z) €., Ay, Ay, k>0, 0 ER,
j=1,p,p €N D", f;(z") of form (14). If
1

(D}, Fi(z") OS] 1
0%, F;GE"Y @}, @) |~ n

1

P

Y181 - (121 — 1 = oD+ 182 (275 — 1|~ |o])]

j=1

<1

b

P
0@y =1)-2r2 =115} 57)
|2

and

n+2a (n+2a)n+ﬁ

p
o211 = 1)@= -] [6]-8DI < —;
j=1

n

then V&6, 5}, 5]2. €C,j=1...p, Re(B)>a, Re(S6) > a, the function

D ny\2y;—1 5 ny)2y,—1 ’
I'(z) = Jtﬂfn l—[[(( xxfj(t)) } [( 22, fi ) ] il ae

tCT

is univalent for all n € N — {0}.

If we consider the operator Dg f(2) of form (13) we obtain the following Corollary, whose
proof is similar with the prove of Theorem 1.

Corollary 1. Let a, y1, Y2, ¥ € C, Re a = a > 0 and foj(z) ed,f>0A>0, 0€R,
fo(z") of form (13). If

(DY £,z
(DL £

_L | @useEny

(DP £

IA

1 -
-, VzelU,j=1,p,
n

“n
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p
Zl[|5}| ~(12y1 =1 = loD+1831- (12y2 = 1l = lo ]
=

<1
. <
o @n =12, = D (15} 67

]:

and

n+2a (n+2a)n+za

2 n

p
lo-2r - 1)- Q-1 ([ [8}-62)I <
j=1

then for all 5, &%, 5]2. €C,j=1...p, Re(y)>a, Re(y6) > a, the function

B n 21—15 B riny\2ra—1 512
()= Jﬁ 11—[[(@ SCPRk } {(lelu ) } . an

te i

is univalent for Vn € N — {0}.

Lemma 1 ([6] ). Let u = uy + iuy, v = vy +ivy and ¥(u,v) be a complex valued function
satisfying the conditions:

(i) W(u,v) is continuous in a domain D € C2, Re
(i) (1,0) € D and Re ¥(1,0) > 0,
(iii) Re ¥(iu,y,v;) <0, whenever (iu,y,v;) € D and v; < —%(1 + u%).
Ifh(z)=1+ Z ¢;z' is an analytic function in U such that (h(z),zh’(z)) € D and
Re \Il(h(z),zh’(z)l)zi 0 for z € U, then Re h(z) > 0 in U.

Lemma 2 ([8]). Let f(z) € Vkl(p), 0<p <1and A is real with |A| < % Then f(z) € R;{L([o’),
where [ is one of the root of

282 +(1-2p)B%+(3sec? A —4)B — (1+2p)tan A = 0. (18)

Following we present the mapping properties of the general integral operator of form (16),
giving also several examples which prove its relevance.

3. Main Results

Theorem 2. Let Dn’K)L f;EM e RY, D "’Kl £ ofform (14),n€N, A}, Ay, k>0, 0 €R,
j=1,ppeEN, for 0< p < 1. Also let A be real, |A|< f

P
0<[p-11> 6¢+p6<1,
j=1
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then I'(z) € Vk’l(n), I'(2) of form (16), with
p
=[p-1]1).69+45, (19)
j=1

B, 5, 8] €C ae{1,2}, j=1,p, Re(B5)> 0.
Proof. Let consider the notations

n 1= 5 n -
h(z) = f e 11—[ [((DA Afj(t )RS 1:| |:( Py Azfj(t ))?r 1] dt

tU

:f ¢Po-1 ﬁ [h}(t”)r} : [h?(t”)]é]2 dt
0 =1

in (16), with a, 71, 12, B, 8 €C, Re a = a > 0 and D;;szfj(z) €, nEN, Ay, Ay, k >0,

aeR,jZE,peN.
From Theorem 1, we obtain

(') (1 H(z) 1 SR UHCII |
o= (5w et X 8

which is equivalently to

i z[ﬂ(z)]”)z m{(l_ ),zh’(z) 5} N R L AL
e (14— IO, e 5 1 ") +B6 | +e jzmze;l,z} @ 1 |[+e
(20)

a
j=1,ae{1,2} hj (=) z

Furthermore, we have

iA z[1'(2)]” iA N a z[h;?(z)]’ ir
Re [e (14——[11(2)], )} <(B6—1)+Re |e"- 121;172}%. s —1 | +e|,

which can be written as following

1 7" p he /
Re[eil(lﬁ-m)} <Re EM' Z 51}_@_1 +/55€M

1
(=) ey GG
p
Subtracting and adding p cos A Z 5;‘ on the left hand side of (20) and then taking
j=1,a€{1,2}

the real part, we have

o, e b [, EY
Re [e (1-1— )] ncos i Sjﬂ;lzije e hj.‘(z) pcosA |, (21)
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where 7 is given by (19).
Integrating (21) and then using (19), we have

2 1 "
Narinoay
J; Re [e (1 + )] ncosA||df
e I O
SE . e |:e . hj.‘(z) —pcosA||dO. (22)
Since f;(z") € Rﬁ(p), j=1,p, p,n €N — {0}, we obtain
=T @)
Re | e —pcosA||dO <(1—p)kmcosA. (23)
0 e

Using (22) and (23), we have

2n 1 "
f Re [ei)L (1 + M) - ncosk:|
0

TN d6 <(1—mn)kmcosA.
Hence I'(z) € Vkl(n) with 7 given by (19).

Remark 3. If we consider the operator fo(z) IS Rﬁ(p) of form (13) we obtain similar result as
in Theorem 2.

Remark 4. If we apply the operator (10) to the integral operator F(z) of form (6), we obtain
the result from [8].

Next we give few examples of particular cases which can be found in literature.

Let B =0 in Dgf(z) of form (12) or (13). So we have that Dgf(z) = f(2),YA > 0. We
will use this form of the integral operator, where the function f is of form (2) with respect to
the operator (17). For further simplification, we consider that y; =y, =1, and 6 =1 (except
of Example 4).

For the first four examples we consider 5} =0,j=1,p,peN—-{0},n=1.

Example 1. If 0 = 1, y = 1 and we use the notation 6}2 =v,J= 1,p, p € N—{0}, we obtain the

p p
operator F(z) of form (6). F(z) € Vkl(n) fo<(p-1)>. yi+1<lwithn=(p—1) > vi+1
j=1 j=1

Example 2. If o0 = 1 we obtain the operator G(z) of form (7) for 5}2 =vp,J= 1,p, peN—{O}

p p
G eVIMifo<(p-1) X rj+1<lwithn=(p—-1)X r;+1L
j=1 j=1



REFERENCES 18
Example 3. If ¢ = 1 and we use the notation 5}2 =1/y;, j= 1,p, p € N — {0}, we obtain the

p
operator F, g(z) of form (8). F, g(z) € VkA(n) ifo<(p-1)> Yl + B < 1 with
j=1"

p
n=(p—1)_21n+/5-
p=

Example 4. If o = 0 we obtain the operator G, ,(z) of form (9) for y = [p(y —1)+1], 6 = %

p p
and5]2=y—1, GY,p(z)EVkA(n)ifOS(l—p)Zyj+1<1With"r)=(p—1)2}fj+1.
j=1 j=1

For the next two examples we consider 6]2. =0,j= ﬁ, peN-—-{0},and o0 =0.
Example 5. a) If y =1, 6 = 1, we obtain a particular case of the function J(z) of form

p
(4), in which B =1,Yn e N—{0}. J(z) € V})() if0 < (1—p) X y;+1 <1 with
j=1

p
n=>pE-1)2r+1L
j=1

b) If6 = %, 5} =Y Jj= 1,p, p € N—{0}, we obtain the operator J(z) of form (4), in which
P p
B=1,YneN—{0}. J(z) e VX () if0<(1-p) X y;+1<lwithn=(p—-1) X r;+1.
j=1 j=1
Example 6. If n=1, 6 = %, we obtain the operator H(z) of form (5) for 5} =75, J= 1,p,

p p
p € N—{0}. F(z)EVkA(n)ifOS(l—p)Zlyj+ﬁ<1With"r)=(p—1)_zl}fj+/3.
J: J:
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