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Abstract. The paper deals with some stability properties of the solutions of impulsive differential
equations with “supremum?”. Initially several integro-summation inequalities for piecewise continuous
functions are solved. The main characteristic of the considered inequalities is the presence of the
supremum of the unknown function over a past time interval. These inequalities are generalizations
of Bihari’s integral inequality. They are base of studying the practical stability as well as the uniform
practical stability of the solutions of nonlinear impulsive differential equations with “supremum”.

2000 Mathematics Subject Classifications: 26D99, 34A37, 34D99

Key Words and Phrases: Integral Inequality, Supremum, Practical Stability, Impulses

1. Introduction

In the last few decades great attention has been paid to automatic control systems and
their applications to computational mathematics and modeling. Many problems in the con-
trol theory correspond to the maximal deviation of the regulated quantity. Such kind of real
world problems are adequately modeled by differential equations with “maxima” [16]. In
connection with many possible applications it is absolutely necessary to be developed qual-
itative theory of differential equations with “maxima” (see the monograph [3] and papers
[2,4,5,6,10,11]). One of the main mathematical tools, employed successfully for studying
existence, uniqueness, continuous dependence, comparison results, perturbations, bounded-
ness, and stability of solutions of differential and integral equations is the method of integral
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inequalities. Various types of integral inequalities are solved in the papers [1, 7, 9, 13, 15,
17, 20, 21, 22]. The involvement of maximum function in the equation requires applica-
tion of a new type of integral inequalities. Additionally, if the unknown function is piecewise
continuous then so called integro-summation inequalities with supremum have to be applied.

The purpose of the paper is studying some stability properties of the solutions of impulsive
differential equations with “supremum”. The main apparatus of investigation are integral in-
equalities which contain the supremum of the unknown scalar piecewise continuous function
over a past time interval. Some nonlinear inequalities are solved and applied to investigate
some properties of the solutions of the considered equation.

2. Mathematical Model

Let {t;}]° be a given sequence of points such that t; < t; 1, lim t; = co.
1—00

Let the points tq, T be fixed, 0 <ty < T < 00, and the following condition be satisfied:

H1 The functions o,7 € C!([ty, T),R,) are nondecreasing, 7(t) < t for t € [t,, T) and
there exists a nonnegative constant h such that the inequalities 0 < 7(t) —o(t) < h
hold for t € [ty, T).

Denote by Z(ty, T) the set of all natural numbers k such that t;, € (ty, T). Consider the
following impulsive differential equation with “supremum”

' =f(6x(0), sup  x(s)) fortelt,T), t£t, &)
selo(6),7(t)]

Ax|,_, =1 (x(ty), for i € Z(ty, T), )

with initial condition
x(t)=¢(t), t € [t(ty) —h,to] 3)

where x € R, Ax|t:t. = x(t; +0) — x(t; — 0) for i € Z(t,, T).
Let PC(£2,R), Q C R, be the set of all functions u : 2 — R which are piecewise continuous
in Q, i.e. there exist limits lilmu(t) =u(t;+0) < oo and
tlty
liTmu(t) =u(ty —0)=u(ty) < o0, tp €Q.
tTty
Denote by x(t; ty, ¢) the solution of the initial value problem (1)-(3)

and |[plo = max |P(s)].

s€[(to)—h,to]
Let the following conditions be satisfied:

H2 The function f € C(R; x R x R,R), f(t,0,0) = 0 and the inequality
If(t,%, )| <A()|x|P +B(t)ly|P for x,y € R

holds, where the functions A, B € C(R,,R, ) and p = const > 0.
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H3 The functions [; : R — R, I;(0) = 0 and the inequalities
11;(0)] < Bilx|? for x €R,
hold, where f3; = const > 0 for i € Z(0, c0).

H4 For any point ty € R, and any initial function ¢ € C([7(ty) — h, ty],R) the initial value
problem (1)-(3) has a solution x(t;ty, ¢) € PC([t(ty) —h,00),R).

The solution x(t) = x(t;ty, ¢) of the initial value problem (1)-(3) satisfies the following
integral equation

x()=plt)+ Y. Ii(x(ti))+f f(5x6),  sup  x(®))ds, t€lto,T). @

to<t; <t gelo(s),7(s)]

3. Integro-summation Inequalities with “Supremum”

We will solve some nonlinear integro-summation inequalities which contain the supremum
of the unknown scalar nonnegative piecewise continuous function over a past time interval.
In the proof of the main results we will use the following results:

Lemma 1 ([9, Corollary 1, p.16] ). Let the following conditions be satisfied:
1. The function v(t) € PC([0, 00), [0,00)).
2. The function u(t) € PC([0, 00), [0, 00)) satisfies the inequality
t
u(t)<c+ Z Biu(t;) +J v(s)u(s)ds,
o<t;<t 0
wherec >0, 8; >0, (i=1,2,...) are constants.
Then for t > O the inequality

u(t) < c( l_[ 1+ ﬁi)) exp (J v(s)ds)
0

o<t;<t
holds.

Lemma 2 ([8, Corollary 2.2.]). Let the nonnegative piecewise continuous function V(t) at
t >ty > 0, with discontinuities of the first kind in the points
te (tg < t; <ty <---< lim t; = 00) satisfies the inequality

1—00

Vi) <ct+ Y] aiVm(ti—O)—I-f q(s)V™(s)ds,

to<t;<t

where q(s) € C([ty,00), R, ) and m is a positive constant. Then for t > t the following estimates
hold:
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(i) forme(0,1)

1

V(t) < l_[ (1+aicm_1)[c1_m+(1—m)f q(’L’)d’L'i| 1_m; (5)

to<t;<t

(ii) form>1

m—-1 ft e
l_[ (1+aimcm_1)] J q(r)dr}

V(t)<c l_[ (1+a;mc™ H)x [1—(m—1) [c
to<t;<t
(6)

to<t;<t

where

t Cl—m m E
f q(tr)dt < , and l_[ (1+amc™ 1) < (—) .
t m m-—1

to<t;<t

In the case when the supremum of the unknown nonnegative scalar piecewise continuous
function is involved in the integrals we obtain the following result:

Theorem 1. Let the following conditions be fulfilled:
1. The function a € C*([ty, T),R,) is a nondecreasing function and a(t) < t for t € [ty, T).
2. The functions a,b € C([a(ty), T),Ry).
3. The function ¢ € C([a(ty) —h, ty], Ry ), where h = const > 0.
4

. The function u € PC([a(ty) —h, T), R, ) satisfies the following inequalities

a(t)
u(t) <y+ Z [a’iup(ti)+f [a(s)(u(s))m—b(s)(E ?u% ]u(g))p} ds for t € [ty, T),
to<t;<t a(ty) €[s—h,s
(7)
u(t) S ¢(t)f0r te [a(tO) - h: to], (8)

where the constants p > 0, B; > 0fori € Z(ty,T)and y < max  ¢(s)=M.
s€la(to)—h,to]

Then for t € [ty, T) the following inequalities are fulfilled:
() forp=1

u(t)SM( 1 (1+/51~)) exp(Q(t)), ©)

to<t;<t
where

a(t)
QD) = f [a(s) n b(s)] ds: (10)
a(to)
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(i)) for p€(0,1)

u(t)s( I1 (1+/a’l-MP‘1))[Ml‘P+(1—p)Q(t)] , (11)

to<t;<t

(iii) forp>1

wor=m( [T aeppner ) )sf1-G-n|m( [] (1+P/5iMp_1)Hp_1Q(t)}ﬁ,

to<t;<t to<t;<t
(12)
where
MiP
Q(t) < > (13)
p
1
-1
[] Q+psmr) < (L) o (14
to<t;<t p—-1
Proof. Define a function z : [a(ty) —h, T) — [M, 00) by the equalities
M +Zto<ti<tﬁiup(ti) [ )
a(t) p te|ty, T
(0=1  + [ [0 +56) (supee (@) Jas 1S
M t € [a(ty) —h, to]

From the definition of the function z(t) and the choice of the constant M it follows the validity
of the inequalities

u(t) <z(t), t €lalty)—h,T) (15)
sup u(&) < sup 2(&)=2(s), s € [a(ty), T). (16)
Eels—h,s] Ee[s—h,s]

Then from (7), (15), (16) and the definition of the function z(t) we get

a(t)
A<M+ D) ﬁizp(ti)+f [a(s)+b(s)] (2())"ds, t € [to, T). 17)

to<t;<t (to)
Consider the following three cases:

Case (i): Let p = 1. Then inequality (17) reduces to the following inequality

a(t)
A<M+ Y ﬁiz(ti)+f [a(s)+b(s)]z(s)ds, telte,T).  (18)

to<t;<t a(tg)

From inequality (18) according to Lemma 1 it follows

a(t)
z(t)SM( I] (1+ﬁi))eXp(f [a(s)+b(s)]),te[t0,T). (19)

to<t;<t a(ty)

Inequalities (19) and (15) imply the validity of the required inequality (9).
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Case (ii): Let p € (0,1). From inequality (17) according to Lemma 2 we obtain for t € [t(, T)

1

z(t)s( I1 (1+/5iMP‘1))[Ml‘P+(1—p)Q(t)}g, (20)

to<t;<t

where the function Q(t) is defined by equality (10).
Substitute the bound (20) for the function z(t) into the right hand-side of (15) and get
the required inequality (11).

Case (iii): Let p > 1. As in the case (ii) from inequality (17) according to Lemma 2 we obtain for
te [tO’ T)

2(t) < M( [T @ +p[5iMP—1)) x

to<t;<t

x{1—(p—1)[M( ]_[ (1+p[a’iMp‘1))T (t)}%,

to<t;<t

(21

where the function Q(t) is defined by equality (10) and inequalities (13) and (14) hold.

Substitute the bound (21) for the function z(t) into the right hand-side of (15) and get
the required inequality (12).

Similarly to the proof of Theorem 1 we can obtain the following result:
Theorem 2. Let the following conditions be fulfilled:

1. The functions a; € C Y([to, T),R,) are nondecreasing and the inequalities a;(t) <t hold
forte(ty, T), j=1,2,...,m.

2. The functions aj, b; € C([A, T),R,) for j =1,2,...,m, where A= 12112 a;(to)-
=j=n

3. The function ¢ € C([A—h, ty], R, ), where h=const > 0.

4. The function u € PC([A—h, T),RR,) satisfies the following inequalities

a;(t)
u(e) <y+ Y Bt )+ZJ a(s)(u(s))p—l—bj(s)( sup u(&))p}ds,tE[to,T),

to<t; <t J(to) gels—hys]
(22)
u(t) < ¢(t), te [A_ h’ tO]; (23)

where the constants p > 0, 3; > 0 for i € Z(ty, T) and y < [rnag( o(s) =
— 0

Then for t € [ty, T) the following inequalities are fulﬁlled
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@ forp=1

u(t) SM( [1 (1+/az~)) exp (Q(0)), 24)

to<t;<t
where

m a;(t)
a(t) =ZJ [aj(s)+ bj(s)]ds; (25)

j=1 i(to)

(i) for p €(0,1)

u(t)s( I1 (1+/5i1\7fp‘1))[Ml‘f’+(1—p)é(t)] (26)

to<t;<t

(iii) forp>1

-1 %1
wo<i( [ s xfi--v[i( [ aspir)] o}
to<t;<t to<t;<t @7
where

. M-
Q(t) < , (28)

P

o p &

[ Q+ppatr )<(p—_1) . (29)

to<ti<t

4. Practical Stability

Now we will use the solved above inequalities to investigate some stability properties of
the solutions of impulsive differential equation with “supremum?” (1), (2). Note that stability
properties of solutions of various types of differential equations are very intensively studied
because of its applications to many models of real world problems [14, 18, 19]. The main
object of the paper is practical stability. We will extend the concept of boundedness as well as
practical stability to the considered nonlinear system of impulsive differential equation with
“supremum” (1), (2), based on the definitions for ordinary differential equations given in
[14].

Definition 1. We will say that the solution x(t;ty, ¢) of the initial value problem (1), (2), (3)
is bounded if for any number a > 0 there exists f = f(a, ty) > 0 such that inequality |p|y < a
implies |x(t;tg, )| < B, t > ty, where ¢ € C([t(ty) —h, ty],R).

Definition 2. We will say that the solutions of the initial value problem (1), (2), (3) are uni-
formly bounded if for any number a > 0 there exists 8 = 8(a) > 0 such that inequality ||, < a
implies |x(t; ty, p)| < B, t > to for all ty € R, where ¢ € C([T(ty) —h, to],R).



S. Hristova, K. Stefanova / Eur. J. Pure Appl. Math, 5 (2012), 30-44 37

Let the constants A, A : 0 < A < A be given.

Definition 3. We will say that the system of impulsive differential equation with “supremum”

(D, @ is

- practically stable with respect to (A, A) if the inequality |¢p |y < A implies |x(t; to, )| < A,
t > tq for some ty € R, where ¢ € C([t(ty) —h,ty],R);

- uniformly practically stable with respect to (A,A) if the inequality |¢|, < A implies
|x(t;tg, P <A, t > tg forall tg € Ry, where ¢ € C([T(ty) —h, to],R).

Now will obtain some stability properties of the solutions of the impulsive differential
equation with “supremum” (1), (2). We will consider the case when the right part of the
equations satisfy the conditions H2 and H3 for different values of the power p.

Theorem 3. Let the following conditions be fulfilled:
1. The conditions H1-H4 are satisfied for p = 1.

2. For any ty € R, there exist tlim W(tg, t) = n(ty) and tlim ®(ty,t) = ny(ty) where the
—00 —00
functions ¥(ty,t) and ®(tg,t) are defined by the equalities

U(to,t) = l_[ (1+8), (30)
<I>(t0,t)=J [A(s)+B(s)]ds, 31)

and the functions n1,m, € C(R,,R,).
Then:

(i) any solution of the impulsive differential equation with “supremum” (1), (2) is bounded;

(i) if the functions 1, (t) and n,(t) are bounded, i.e. there exist constants U, U, > 0 such that
Ne(t) < ug, (k=1,2) for t € Ry, then all solutions of the impulsive differential equation
with “supremum” (1), (2) are uniformly bounded;

(iii) if for the given constants 0 < A < A there exists a point ty € R, such that
Any(tg)e™ o) < A, (32)

then the trivial solution of the impulsive differential equation with “supremum” (1), (2) is
practically stable with respect to (A, A);

(iv) if the functions n,(t) and m,(t) are bounded, i.e. there exist constants U, U, > 0 such
that (t) < uy, (k=1,2) for t e R, and

Augetz <A, (33)

then the impulsive differential equation with “supremum” (1), (2) is uniformly practically
stable with respect to (A, A).
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Proof. According to conditions H1-H4 from integral equation (4) we get

x(OI<lplo+ Y. |L(x(t))]+ f [A(s)|x(s)|P+B(s)

to<t;<t

p
sup x(g)‘ i| ds
gelo(s),7(s)]

<lplo+ D, Bilx(tlP + f As)|x(s)PPds (34)

to<t;<t

7(t)
+ f B(r ')z ()Y sup  |x(&)°dn, t € [to,T)
7(tg) geln—hn]

[x(O < |plo, t € [7(te) = h, to], (35)

where x(t) = x(t; tg, P).

From inequalities (34), (35) according to Theorem 2 for m = 2, a;(t) = t, ay(t) = 7(t),
u(t) = |x(0)l, M = [¢lo, ar(t) = A(t), ay(t) =0, by(t) =0, by(t) = Bz~ (m))(v~'(n)) for
te[7(ty), T), p=1and t € [ty, T) we obtain

o<l [T 0+8))ex U [a6)+ B as)

to<ti<t 0 (36)
= |¢plo¥(to, t)e®to:t),

Since the functions ¥(t,t) and ®(ty,t) are nondecreasing in their second arguments, from
inequality (36) and condition 2 of Theorem 3 it follows

(0] < 19l (£)e™ . 37)
The inequality (37) proves the claim of Theorem 3.
Remark 1. If the conditions 1 and 2 of Theorem 3 are satisfied, then the trivial solution of the
impulsive differential equation with “supremum” (1), (2) is stable in the sense of Lyapunov.
Theorem 4. Let the following conditions be fulfilled:
1. The conditions H1-H4 are satisfied for p € (0, 1).
2. For any ty, € R, there exist tlin;o W(tg, t) = n(ty) and tlinolo ®(ty,t) = ny(ty) where the

functions ¥(ty,t) and ®(tq,t) are defined by (30) and (31), correspondingly, and the
functions n1,m, € C(R,,R,).

Then for the given constants 0 < A < A such that A € (0,1) and

(1) there exists a point ty € R, such that

1

M1(to) [Al_p +(1 —P)le(to)] B A,

then the impulsive differential equation with “supremum” (1), (2) is practically stable with
respect to (A, A);
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(i) if the functions m,(t) and n,(t) are bounded, i.e. there exist constants W, s > 0 such
that n;(t) <y, (k=1,2) for t €eR,, and

1
m[ﬂﬂw%l—MMﬂkp<A

then the impulsive differential equation with “supremum” (1), (2) is uniformly practically
stable with respect to (A, A).

Proof. From inequalities (34), (35) according to Theorem 2 for m =2, a;(t) = t,
a(t) = 7(6), u(t) = |x(0)], M = [¢lo, a1 (t) =A(t), a(t) =0, b1 (1) =0,
by(t) =B(tH(t))(x71(t)) for t € [t(ty),T), p€(0,1)and t € [ty, T) we obtain

|x(t)|s( [1 (1+/51»|¢>|{;‘1))x{|¢>|§‘l’+(1—p)f [A(s)+B(s)]ds}§. (38)

to<t;<t

Let |¢|o < A. Then from 1 + [J’ild)lg_l <1+ B;A*~1 <1+ B;, the monotonic property of
functions ¥(tq, t) and ®(ty, t), condition 2 of Theorem 4 and inequality (38) we get

1

(O] < (e, O AP + (1= p)(ty, 0] 7 (39)

From inequality (39) according to condition 2 of the theorem it follows

(O] < 1y (60) [A17P + (1= pImalee) | (40)

The inequality (40) proves the claim of Theorem 4.

5. Applications

Now we will apply some of the obtained sufficient conditions for special types of impulsive
differential equations with “supremum?” (1), (2).

Theorem 5. Let the following conditions be fulfilled:
1. The conditions H1 and H4 are satisfied.

2. The function f € C(Ry xR X R,R), f(t,0,0) =0 and
(x| < e [Ixl+1yl] for x,y €R.

3. The functions I; : R — R, I;(0) = 0 and

|| < |x| for x e R,i € Z(ty, T).

4i2 —1
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Then:
(i) all solutions of the system of impulsive differential equation (1), (2) are uniformly bounded;

(ii) if additionally, the given positive constants A and A are such that Ame? < 2A, then the
impulsive differential equation with “supremum” (1), (2) is uniformly practically stable
with respect to (A, A).

Proof. According to the notations in Theorem 3 we have

t
®(tg,t) = J [e‘s + e_s] ds=2(e o —e™")
to

and

1 o0 1
W(to,0)= [ ] (1+4i2_1) sl_[(1+4i2_1).

to<t;<t i=1

1
4n2-1

o0
Using the convergence of Wallis product [ | (1 + ) = %, it follows W(ty,t) < % for any
n=1

t,to €R,. Also tan;o ®(tg,t) = 2e~ " < 2. Therefore the conditions of Theorem 3 are satisfied
for uy = 7 and py = 2.

According to claim (ii) of Theorem 3 all solutions of the system (1), (2) are uniformly
bounded, i.e. for any number a > 0 the inequality |¢|, < a implies |x(t;ty, P)| < ezag for
all tg €R,.

If, additionally, the inequality Are? < 2A holds, then according to claim (iv) of Theorem 3
the impulsive differential equation with “supremum” (1), (2) is uniformly practically stable
with respect to (4, A).

Example 1. Consider the initial value problem for the scalar impulsive differential equation

x'=etx for t #n,
x(n+0)—x(n—0)= 4n21_1x(n —0) forneZ(ty,o00), 41)
x(tog) = xo

where x € R and ty € R,.
The solution of the initial value problem (41) is

k 2
41 —tg_,—t
x(t, to,xo)= (l_[ .—_1))(066 0-e fortE(k,k‘I’l],

where j is a natural number such that j —1 <ty <jandk=j,j=1,j4+2,.... It is easy to see
the solution is uniformly bounded and stable.
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Now we will perturb the equation (41) by the maximum function of the unknown function,
i.e. consider the following impulsive differential equation with “supremum”

x'=et (x + SUDse[r—h,¢] x(s)) fort >ty t #n,
x(n+0)—x(n—0)= 4n21_1x(n —0) forneZ(ty,00), (42)
x(t) = (t) fort € [to —h, to],

where x € R and h > 0 is a given constant.

The initial value problem (42) is not possible to be solved in analytical form, but according
to Theorem 5 its solutions are uniformly bounded. i.e. the perturbation as well as impulsive
conditions could save the property boundedness.

Also, if the positive constants A and A satisfy Ame? < 2A, then the solution of the impulsive
differential equation with “supremum?” (42) is uniformly practically stable with respect to (A, A).

Theorem 6. Let the following conditions be fulfilled:
1. The conditions 1 and 2 of Theorem 5 are satisfied.

2. The functions I; : R — R, I,(0) = 0 and
1 :
|L;(0)| < Elxlfor x €R, i € Z(ty, T).

Then:
(i) all solutions of the system of impulsive differential equation (1), (2) are uniformly bounded;

(ii) if additionally, the given positive constants A and A are such that Ae> < A, then the
impulsive differential equation with “supremum” (1), (2) is uniformly practically stable
with respect to (A, A).

Proof. The proof of the claim follows by the fact that

00 1 o 1
l_[(1+—.)562i=1?=e
1 2!

1=

and Theorem 3.

Theorem 7. Let the following conditions be fulfilled:
1. The conditions H1 and H4 are satisfied.
2. The function f € C(Ry x R X R,R), f(¢t,0,0) =0 and
(e, < e [l + 1y P ] for x,y € R,

where the constant p € (0, 1).
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3. The functions I; : R — R, I;(0) = 0 and

I1;(x)| < |x|P for x €R, i € Z(t,, T).

4i2 —1

1
Then if the given constants A € (0,1) and A > 0 are such that 7 [A1P+2(1-p)]7* <A,
then the impulsive differential equation with “supremum” (1), (2) is uniformly practically stable
with respect to (A, A).

Proof. As in the proof of Theorem 5 we prove the conditions of Theorem 4 are satisfied

1
and therefore if A € (0,1) and % [Al_p +2(1—p)] ™ < A, then according to claim (ii) of The-
orem 4 the impulsive differential equation with “supremum” (1), (2) is uniformly practically
stable with respect to (A, A).

Example 2. Consider the initial value problem for the scalar impulsive differential equation with
“supremum”

x' =et (ﬁ+ /SUPseri—p 1 x(5) fort>ty, t#n,

x(n+0)—x(n—0)= 4n21_1 x(n—0) forneZ(ty,o0), (43)

x(t) = o(t) for t € [to —h, to],

where x € R, h > 0 is a given constant and ¢ € C([tq—h, ty],R,).

The conditions of Theorem 5 are satisfied for p = % Then if the positive constants

A € (0,1) and A satisfy %[\/7 + 1]2 < A, then the solution of the impulsive differential
equation with “supremum?” (43) is uniformly practically stable with respect to (A, A).
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