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Abstract. In this paper, we introduce and study a new two-step iterative scheme to approximate com-
mon fixed points for a finite family of generalized asymptotically quasi-nonexpansive mappings. We
establish several strong and weak convergence results of the proposed algorithm in Banach spaces.
These results generalize and refine many known results in the current literature.
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1. Introduction

In recent years, one-step and two-step iterative schemes( including Mann iteration and
Ishikawa iteration processes as the most important cases) have been studied extensively by
many authors to approximate fixed points of various classes of mappings (see for example
[1, 4, 5, 8, 10]).

Approximating common fixed points of a finite family of nonlinear mappings plays an
important role in solving systems of equations and inequalities that often arise in applied
mathematics. For a finite family of mappings {T; : i = 1,2,...,m}, it is desirable to devise
a iteration scheme which extends the modified Mann iteration and the modified Ishikawa
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iteration from one mapping to a finite family of mappings. Thereby, to achieve this goal, we
introduce a new two-step iterative scheme for a finite family of mappings as follows:
Let C be a nonempty convex subset of a real Banach space X and {T;:i=1,2,...,m} be
a family of self-mappings of C. For a given x; € C, compute the sequences {x,} and {y,} by
the iterative schemes
m
Yn = Z ainTinxn + bnxn
lml
Xn+1 = Z (ainTin.yn + ﬁinTinxn) + YnXn, 1N = 1, (1)
i=1
where {a;,}, {b,}, {a;.}, {Bin}, and {y,} are appropriate sequences in [0, 1] for all
ie€{l,2,...,m} such that b, + Z;n:l Ain =Yn+ 27;1 (atjn + Bin) =1 foreach n > 1.

If T, =T, ="---=T,, then the iteration process (1) reduces to
Yn = anTnxn+(1_an)xn
Xny1 = anTnyn+/5nTnxn+Ynxn’ nz= 1, (2)

where {a,}, {a,}, {B,}, and {y,} are appropriate sequences in [0, 1] such that a,+f,+y, =1
for eachn > 1.
Clearly, the iteration process (2) includes the modified Ishikawa iteration

Yn = anTnxn+(1_an)xn; (3)
Xpp1 = Ty, +(1—a)x, n=>1,

where {a,} and {a,} are appropriate sequences in [0, 1], and the modified Mann iteration
Xpp1=a,T"x,+(1 —a,)x,, n=>1, 4)

where {a,} is appropriate sequencesin [0, 1]. Therefore, (1) generalizes the modified Ishikawa
iteration and the modified Mann iteration from one mapping to the finite family of mappings
{T;:j=1,2,...,m}.

The aim of this paper is to obtain some strong and weak convergence results for the itera-
tive process (1) of a finite family of generalized asymptotically quasi-nonexpansive mappings
in Banach spaces.

Now, we recall the well-known concepts and results. For convenience, we use the nota-
tions lim, = lim,,_,,, liminf,, = liminf,_,,, and limsup,, = limsup,,_,,. Let C be a nonempty
subset of a real Banach space X and T be a self-mapping of C. The fixed point set of T is
denoted by F(T) = {x € C : Tx = x}. The mapping T is called

(i) asymptotically nonexpansive if there exists a sequence {r,} in [0,00) with lim,r, = 0
such that ||T"x — T"y|| £ (1 +r,)||x — y|| for all x,y € C and each n > 1;

(ii) asymptotically quasi-nonexpansive if F(T) # 0 and there exists a sequence {r,} in [0, c0)
with lim,, r, = 0 such that || T"x —p|| £ (1+r,)||x —p|| forall x € C, p € F(T) and each
n=1;
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(iii) generalized asymptotically quasi-nonexpansive [7] if F(T) # 0 and there exist two se-
quences {r,} and {s,} in [0, c0) with lim, r, = lim, s,, = 0 such that
|T"x —pll £ (1 +r)|x —pll+s, forall x € C, p € F(T) and each n > 1;

(iv) uniformly L-Lipschitz if there exists constant I > 0 such that ||T"x — T"y|| < L||x — y||
forall x,y € C and each n > 1.

It is clear that a generalized asymptotically quasi-nonexpansive mapping is to unify various
classes of mappings associated with the class of asymptotically quasi-nonexpansive mapping,
asymptotically nonexpansive mappings and nonexpansive mappings. However, the converse
of each of above statement may be not true. The example, shows that a generalized asymp-
totically quasi-nonexpansive mapping is not an asymptotically quasi-nonexpansive mapping,
can be found in [7].

A family of self-mappings {T; :i = 1,2,...,m} of C is said to satisfy Condition (A”) [3] if
there exists a nondecreasing function f : [0,00) — [0,00) with f(0) =0 and f(r) > 0 for all
r € (0,00) such that f(d(x,F)) < ||x,, — T;x,|| for some 1 <i < m and for all x € C where
d(x,F)=inf{||lx—y||:yeF = ﬂ:n:1 F(T;)}. We recall that a Banach space X is said to satisfy
Opial’s condition [6] if x,, converging to x weakly and x # y imply that

lim sup Hxn - x” < limsup Hxn - y” .
n n

In the sequel, the following lemmas are needed to prove our main results.

Lemma 1 ([9, Lemma 1]). Let {a,}, {b,} and {5, } be sequences of nonnegative real numbers
satisfying the inequality
apy1 <(1+6,)a,+b,, Vn=>1.

IfY, . 6, <ooand » " b, < oo, then lim, a, exists.

Lemma 2 ([2, Lemma 1.2] ). Let k > 2 and {y,(ll)}, e, {yr(lk)} be sequences in a uniformly con-
vex Banach space X with limsup,, || y,(li) || <aforeachi=1,2,...,k and for some a > 0. Suppose

{alD}, ..., {a} be sequences in [0,1] such that Zle al) =1 and lim, || Zle ally@| =q.

If liminf, ag) > 0 and liminf, ag) >0 for some i,j € {1,2,...,k}, then lim, ||y,(li) — y,(lj)ll =0.

2. Convergence in Banach spaces

The aim of this section is to establish the strong convergence of the iterative process (1)
to converge to a common fixed point of a finite family of generalized asymptotically quasi-
nonexpansive mappings in a Banach space. To proceed in this direction, the following lemma
is needed.

Lemma 3. Let X be a real Banach space, C be a nonempty closed convex subset of X and

{T;:i=1,2,...,m} be a family of generalized asymptotically quasi-nonexpansive self-mappings
. o0 i

of C with the sequences {rr(ll)},...,{rr(lm)} and {sgl)},...,{sglm)} such that anl rr(ll) < oo and

220:1 sg) < oo foreachi=1,2,...,m. Let {x,} be the sequence defined by (1). If
F = ﬂm:1 F(T;) # 0, then we have the following conclusions.
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() lim,, ||x, — p|| exists for all p € F.
(i) lim, d(x,, F) exists.

(iii) If liminf, a;, > 0 for some i € {1,2,...,m}, then lim, ||y, — p|l = lim, ||x,, — p|| for all
pEF.

Proof. Let p € F, r, = maxj<j<;, I'iy, and s, = Max;<;<;, S;n. For each n > 1, we note that

m
”yn_p” = ZainTinxn+bnxn_p
n11:1
< D ay||T7x, — p|| + ballx, — p
i=1
m

< Ain ((1 + rin)”xn _p” +5in)) + bn(]- + rn)”xn _p”

—_

i=
< (1+rn)”xn_p”+sn' (5)

It follows from (5) that

m
e =Pl < Y (@l Ty = pll+ Binll T = pII) + allxa — pll

i=1
m

< Z(ain[(1+rin)”yn_p”+5in]+ﬁin[(1+rin)”xn_p”+5in:|)
i=1
+Yn(1+rn)2”xn_p”
m

< D (@il + I+ r)llxy — pll 45,0 +5,]
i=1
+Bin[ (1 + 1, )l1x, = pll +5,1) + 75 (1 +1,)llx, = pll

< (T4 1)l = pll + (24 1)sn. (6)

Since {r,} and {s,,} are independent of p, by taking infimum over all p € F in both sides of
(6), we obtain
(41, F) < (14 1)d (3, F) + (24 1)s5. 7)

Using Lemma 1, the conclusions (i) and (ii) of lemma follow from (6) and (7), respectively.
(iii) Since lim,, ||x, — p|| exists, it follows from (5) that limsup,, ||y, — p|| < lim,, ||x, — p||.
Also, by (6)

Itapr =Pl < Y (@il +rlyn = pll+ 5]+ Bin[(1 + )l — pll +5,1)
i=1

+Yn(1 + T'n)2||Xn - P”
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m m
< 1+, (Zamnyn —pll+ (1 —Zam) I, —pn)
i=1 i=1

+(2+r1,)s,.

for all n > 1. Since liminf, Z:"Zl a;, > 0, we have

i1 = pll = (1 + rllx, = | (2+71,)s
= = ———— + I, —pll < llyw —pll + R
(1 + rn) Zi:l Qin (1 + rn) Zi:1 Qin

for sufficiently large numbers n. By taking liminf,, in both sides, we obtain

lim [|x, = pl < liminf||y, — pl.
This completes the proof.

Theorem 1. Let X, C, Tq,..., T, and {x,} be as in Lemma 3 with the restriction that
F= ﬂ:n:1 F(T;) be nonempty and closed. Then {x,} converges strongly to a common fixed point
of the family of mappings if and only if liminf, d(x,,F) = 0.

Proof. The necessity is obvious and then we prove only the sufficiency. Let p € F. From
Lemma 3(i), we know that lim,, ||x,, — p|| exists and hence {||x, — pl|} is bounded. We put
M = sup,> [|lx, — pl|. It follows from (6) that

X1 = pll < (1 +6,)llx, — pll + dp, (8)

where 5, = (1+r,)?2—1and d, = (2+ r,)s, so that Zio:l 6, < oo and 22021 d, < oo. Thus,
for positive integers k and n, we have

lxpix =PIl = lIxpgr—1 — Pl + MOpig—1 + dnyr—1
< ||xn+k—2 - p” + M(5n+k—2 + 5n+k—1) + dn+k—2 + dn+k—1
n+k—1 n+k—1
<

< lxe—pll+M Y. 5+ Y. d. )
i=n i=n

It follows from Lemma 3(ii) that lim, d(x,, F) exists. Thus lim, d(x,,F) = 0. Now, we show
that {x,} is a Cauchy sequence. By lim, d(x,,F) =0, >~ 5, <ooand » -, d, < 0o, we
get that for any € > 0, there exists a positive integer n, such that

€ >0 € 0 €
d(XnO,F)< 6, l_Zn(Sl < 3_M and I_anl < 5
=ng =ny

Therefore, there exists p, € F such that [|x,, — poll < €/6. It follows from (9) that

Xng+k = Xngll = l1Xng1x = Poll + [1xn, = poll
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no+k—1 no+k—1
< 2 —poll+M YT G+ Y d,
1=ng 1=ng

< 2 ¢ +M € +€—
() +m (5m) +5=

for all k > 1. Thus {x,} is a Cauchy sequence and hence x,, — g for some g € C. Moreover,
d(q,F) <||x, —qll +d(x,,F) = 0asn— oo.

Since F is closed, then g € F. This completes the proof.

3. Convergence in Uniformly Convex Banach Spaces

In this section, some weak and strong convergence results are established for iterative
scheme (1) in uniformly convex Banach spaces without using the condition
liminf, d(x,,F) = 0 appearing in the preceding section. For this we have to consider Condi-
tion (A”) and Opial property.

The following lemma has the important ingredients for proving our main results.

Lemma 4. Let X be a uniformly convex Banach space, C be a nonempty closed convex subset of
X and {T; : i =1,2,...,m} be a family of uniformly L-Lipschitz and generalized asymptotically
quasi-nonexpansive self-mappings of C with the sequences {rr(ll)}, cee, {rr(lm)} and {sg)}, cee, {sg’")}
such that Zflozl rr(li) < oo and Zflozl sg) < oo foreachi=1,2,...,m. Let {x,} be the sequence
defined by (1). Then we have the following conclusions.

(1) If 0 <liminf, a;, <limsup,(1—1y,) <1, then lim, [Ty, — x,|| = 0.
(i) If 0 <liminf, 3;, <limsup,(1—1y,) <1, then lim, ||T/"x, — x,[| = 0.

(ii) If liminf, a;, > O for some j = 1,2,...,m and 0 < liminf, a;, < limsup,(1—b,) <1,
then lim,, || T]'x,, — x,|| = 0.

(iv) Iflim, ||T'x, — x,|| =0 for all i = 1,2,...,m, then lim, || T;x, — x,|| = 0 for all
i=1,2,...,m

Proof. (i) Let p € F. By Lemma 3(i), lim,, ||x,, — p|| exists. Let lim, ||x,, — p|| = a for some
a > 0. Then,
limsup ”Tinxn _P” =< hmsup((l + rin)”xn _P” +Sin) <a (10)
n n

foralli=1,2,...,m. Also, by taking lim sup,, in both sides of (5), we obtain that

limsup||y, — pl| <limsup|/x, —pl[=a
n n

and so
limsup || T"y, — pll < limsup((1 + ri)lly, — pll +5in) < a (11
n n
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foralli=1,2,...,m. Moreover, we note that

m

a= lirrln”xn-i-l _p” = hrl;n zl: (ainTinyn + ﬁinTinxn) + YnXn —P
1=

m

=1im|| > (@in(T!"yn = p) + Bin(T/'xy = P)) + vn(xy — D)

n .
i=1

This together with (10), (11) and Lemma 2 implies that the conclusions (i) and (ii) of lemma
are satisfied.

Next, we shall prove (iii). Since liminf, a in >0, it follows from Lemma 3(iii) that

lim,, ||y,, — pll = a. Therefore,

Mz

aZIiTIInHyn—p” :liTIITI a;y T/ X + bpx, — p

1=

—_

m
=tim || > (T, = p) + b — )
1

This together with (10) and Lemma 2 implies that lim,, ||T;"x, — x,|| = 0.
(v) Using (1), we have

m
”yn - xn” < Zain”Tinxn - xn” -0,
i=1

Ty = xnll < T Y0 = T xall + 1T 00 — a0l

1

< L”yn _xn” + ”Tinxn - xn” — 0.
Then,

m
”xn+1 - xn” =< Z (ain”Tin.yn - xn” + ﬁin”Tinxn - xn”)) — 0. (12)
i=1
Foreachi=1,2,---,m, we have

1 1 1 1
ITixn = xall < NTic, = Tl T = T o [+ 1T o — Xl

Fllxp1 = Xl

1
Lllxty = T/l 4 LlIxn = xpia 1T X1 = x|

A

Hlx41 — x4l
which together with (12) implies that
lirrln”Tlxn - xn” = hrl;n”Tan - xn” == lirrln“men - xn” =0.

This completes the proof of lemma.
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Lemma 5. Let X, C and Ty, T,,...,T,, be as in Lemma 4 and {x,} be the sequence defined by
(1) such that the parameters satisfy one of the following control conditions:

(C1) 0 <liminf, a;, <limsup,(1—y,) <1lforalli=1,2,...,mand limsup,(1 —b,)L <1;
(C2) 0<liminf, B;, <limsup,(1—v,)<1forali=1,2,...,m;

(C3) liminf, a;, > 0 for some j € {1,2,...,m} and 0 < liminf, a;, < limsup,(1 — b,) <1 for
ali=1,2,...,m.

Then lim, | T'x, — x,|| =0 for alli = 1,2,...,m, and so by Lemma 4(iv), lim,, || T;x, — x,[| =0
foralli=1,2,...,m.

Proof. (C1) It follows from Lemma 4(i) that lim, [Ty, — x,|| =0 foralli =1,2,...,m.
Using (1) we have

m
1y = xall < D @inll T, = x4l
i=1
m
<> @uIT o = Tyl + 1T 0 = x4)
i=1

m
< > (Ll = Xl + 1Ty = X401
i=1

m
= (1= b)LllYn = Xall + D @il Ty, — Xl
i=1

Thus, lim,(1 — (1 - b,)L)||ly, — x,I| = 0. Since limsup,(1 — b,)L < 1, then
lim [|y,, — x,]l = 0. (13)
Next, we observe that
T 5, = xall ST %0 = T Yall + 1T Y0 — xall
S Lllyn = xall + 1Ty, — xall-

This together with (13) implies that lim,, ||T;"x,—x,|| = 0 foralli = 1,2,...,m. This completes
the proof of (C1). (C2) and (C3) follow from (ii) and (iii) of Lemma 4, respectively.

Now, we state and prove the weak and strong convergence theorems of (1).
Theorem 2. Let X, C, Tq,...,T,, and {x,} be as in Lemma 5. Then we have the followings.

() If{T;:i=1,2,...,m} satisfies Condition (A”), then {x,} converges strongly to a common
fixed point of the family.

(ii) If X satisfies Opial’s condition and I — T; is demiclosed at O for all i = 1,2,...,m, then
{x,} converges weakly to a common fixed point of the family.
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Proof. (i) It follows from Lemma 5 that lim, ||x,, — T;x,|| = 0 for all i = 1,2,...,m.
Therefore, by using Condition (A”), there exists a nondecreasing function f : [0,00) — [0, 00)
with f(0) =0 and f(r) > 0 for all r € (0, o) such that

lim f (d(x,, F)) < lim|[lx, — Tyx,[[ =0

for some i = 1,2,...,m. That is lim, d(x,,F) = 0. By Theorem 1, we conclude that {x,}
converges strongly to a point p € F.

(ii) Let p € F. It follows from Lemma 3 that lim, ||x, — p|| exists and hence {x,} is
bounded. Since X is uniformly convex, there exists a subsequence {x, } of {x,} converging
weakly to some u € C. By Lemma 4, lim,, ||x, — T;x,||=0foralli =1,2,...,m. Since I — T; is
demiclosed for alli = 1,2,...,m, we obtain u € F. Suppose that subsequences {x, } and {x, }
of {x,} converge weakly to u and v, respectively. As proved above u,v € F. Again by Lemma
3, lim,, ||x, — ul| and lim,, ||x,, — v|| exist. Assume that u # v. Then by the Opial property

lim||x, —ul| = lim|x, —u| <lim||x,, —v||=Ilim|x, —v||
n k k k k n
= limllx,, — vl <lim [lx,, -l =lim lx, —u|

This contradiction proves that {x,} converges weakly to a common fixed point of the family
{T;:i=1,2,...,m} and the proof is completed.

Remark 1. If T, = T, = -+ = T,, in Theorem 2 we obtain weak and strong convergence of the
modified Mann iteration (4) and the modified Ishikawa iteration.
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