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Abstract. We study self-dual codes over an infinite family of rings, denoted R;, which has been re-
cently introduced to the literature. We prove that for each self-dual code over Ry, k > 2, there exist a
corresponding binary self-dual code, a real unimodular lattice, a complex unimodular lattice, a quater-
nionic lattice and an infinite family of self-dual codes. We prove the existence of Type II codes of all
lengths over Ry, for k > 3, and we obtain some extremal binary self-dual codes including the extended
binary Golay code as the Gray images of self-dual codes over R, for some suitable k. The binary
self-dual codes obtained from R, all have automorphism groups whose orders are a multiple of 2~.
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1. Introduction

Self-dual codes are an important class of codes and an extensive literature exists on self-
dual codes over finite fields. Self-dual codes over rings have received attention especially with
respect to their connection to unimodular lattices and invariant theory; see [4], [9] and [5]
for a description and extensive bibliographies. They can also be used to construct designs
by using the Assmus-Mattson theorem. In [6], self-dual codes were studied over the ring
F, + uF, and they were connected to complex unimodular lattices. In [2], the ring F, + uF,
was generalized to X,,, and self-dual codes over this ring were used to construct quaternionic
unimodular lattices and associated Jacobi forms. We shall generalize these rings to an infinite
family of rings denoted by R; and use these rings to construct binary self-dual codes and real,
complex and quaternionic unimodular lattices. Codes over the ring R were first studied in
[7].

In the literature there are constructions for extremal binary self-dual codes with automor-
phism groups of order 2, p (an odd prime), p? and pq. As was shown in [7], codes over Ry
are all invariant under a group of automorphisms of size 2%, This means that self-dual codes
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constructed from R, will all have automorphism groups whose orders are a multiple of 2. So,
we believe that studying self-dual codes over R, fills a gap in the literature of binary self-dual
codes. We have illustrated several examples at the end of the paper.

The rest of the paper is organized as follows: In Section 2, we will present some definitions
and notations about the rings R, and about codes over R;. In Section 3, we will discuss the
projection maps and lifts between R, and Ry, for k # k’, in connection with self-dual codes.

Section 4 will consist of the description of the binary images of self-dual codes over R;.
In particular, the existence of Type II codes of all lengths over Ry, for k > 3, and of all even
lengths over R, will be established. An upper bound on the minimum Lee distance of self-dual
codes will also be given.

In Section 5, we will give a characterization of self-dual codes over R, of length 1 and 2.
In particular, a full characterization of one-generator self-dual codes of length 1 and 2 will be
given.

Section 6 will highlight the connection between self-dual codes over R, and real, com-
plex, and quaternionic unimodular lattices. We will finish the paper with some examples of
extremal binary self-dual codes including the extended binary Golay code obtained from the
codes over R for some suitable k.

2. Definitions and Notations

For finite k > 1, we define a family of rings by
Ry =Foluy, uy, ..., ugl]/(uf = 0,uu; = ujuy). ey
We let R, be the ring

ROO=]F2|:u1:u2:"']/<ui2zozuiuj :ujui>1 (2)

and Ry =TF,.

For all k, finite or infinite, Ry is a commutative ring. Note that the ring R, is an infinite
ring while R is a finite ring for finite values of k.

To describe the elements of R, we let, for AC {1,2,...,k}

Uy = l_[ui 3)
ieA

with uy = 1. Elements of Ry, then can be represented as

Z Colly, €y ET,. 4)
AC{l,...k}
It is easily observed that the ring Ry, is local whose maximal ideal is given by (u;, us, ..., ux)

and |R,| = 22, R, is not a principal ideal ring nor is it a chain ring. But, it is a Frobenius
ring. It is shown in [11] that codes over Frobenius rings satisfy MacWilliams theorems. See
[11] for other foundational results on codes over Frobenius rings.



S. Dougherty, B.Y1ldiz, S.Karadeniz / Eur. J. Pure Appl. Math, 6 (2013), 89-106 91

In [7], it is shown that an element of R, is a unit if and only if the coefficient of ug is 1
and that each unit is also its own inverse. See [7] for proofs of these and other foundational
results for finite k. The proofs are similar for R,,. Throughout, unless otherwise specified, k
can be any natural number greater than O or can be co.

We say that a linear code of length n over Ry is an R-submodule of R}.. Notice that a code
over R, is an infinite module.

We define the inner product on R} in the usual way, that is [v,w]; = > v;w;. The dual
C't is defined as C+ = {v e Ry | [v,w], = 0 for all w € C}. By [11], we know that for
finite k a linear code C over R, of length n satisfies |C||C1| = |[R;|". We say that a code is
self-orthogonal if C € C* and self-dual if C = C*.

We define the Gray map inductively, extending it naturally from the Gray map on R from
[6] as follows.

n 3 — 7 n
For ¢ € R}, we can write ¢ = ¢; + u; ¢, with ¢;,¢, €R]_,

¢r(e) = (Pr_1(c2), Pr_1(c1) + ¢_1(c2)),

with ¢ being the identity map on F,.
The Lee weight of a codeword is the Hamming weight of the image of the codeword under
¢x. The Lee distance is defined similarly. It’s clear that the Gray map ¢, is a linear weight

then we can define

preserving map from R} to ]F%k” as was shown in [7].

If all the codewords of a self-dual code have doubly-even Lee weight then the code is said
to be Type II, otherwise it is said to be Type I.

It is immediate that ¢, is one-to-one and that w; (u,) = 2%/ for each A C {1,2,...,k}, see
[7] for details.

The complete weight enumerator of a code C over R}, is defined as:

cwee(X) = Z ﬁ X, (5)

ceC i=1

The Hamming weight of a vector ¢ is denoted by wt(e¢) and is the number of non-zero
coordinates of the element. The minimum weight is the minimum of all non-zero weights
in the code. We denote the minimum Hamming distance by dy(C) and the minimum Lee
distance by d;(C). The Hamming weight enumerator is defined as:

WC(X, y) — Z xn—wt(c)ywt(c). 6)
ceC
The Lee weight enumerator is defined to be
Lo(z) =Y 50O, 7)

ceC

where Le(c) is the Lee weight of the codeword ¢. The MacWilliams relations for both of these
weight enumerators are given in [7].
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3. Projections and Lifts

For j > k > 0, define T1; ;. : R; — Ry by IT; ;(;) = 0 if i > k and the identity elsewhere.
That is IT; . is the projection of R; to Ry. Note that if j < k, then IT;  is taken to be the identity
map on R;. We allow j to be co as well and denote this map by IT, .

If C =11, ,(C’) for some C’ and j > k, then C’ is said to be a lift of C.

Theorem 1. Let C be a self-dual code over R; then I1; ;(C) is a self-orthogonal code over Ry.

Proof. Let v=(vy,...,v,) and w = (wq,...,w,) be vectors in C. We have that
Hj,k(Z viw;) = Z(Hj,k(vi)nj,k(wi))-

If Y viw; = 0in R; then IT; ; (0) = 0 so (T1; (v), I} x(w)) = 0. Therefore the code is self-
orthogonal.

The image need not necessarily be self-dual. For example, consider the code (u,) in R,.
This code is self-dual but its image under II, ; is the zero code which is not self-dual.

Theorem 2. Let v;,V,,...,V, generate a self-dual code over R; (of length 1), then vy,v,,...,V,
generate a self-dual code over R; for all j > k.

Proof. Let C; be the code generated by v;,vs,..., v, over R;. We proceed by induction. We
know Cj, is a self-dual code by assumption.
Assume C; is a self-dual code. We have that C;; = C; ® uj;C;, where C; Nu;;,C; = 0.

Then we have that |C; 4| = |C}||C;| = V 22/4/22 = 4/22"! Then for vectors v,w, Vv, w’ € C
we have, since C; is self-dual by assumption,

V4 up Vw4 up Wiy = [v,wl +uj [v,w]; +ujq [V, w]; + uJZ.+1 [v/,w']; =0.
Hence Cj, is self-dual since it is self-orthogonal and has the proper cardinality. Therefore by
mathematical induction C; is a self-dual code for all finite j.

Next we shall prove that C, is self-dual.

If v,w € Cy, then there exists j with v,w € C; and hence [v,w]; = 0 which implies
[v,w],, =0. Ifwe COLo then w € C].L for some j which gives that w € C; and hence in C.
Therefore C,, is self-dual.

Corollary 1. If C is a self-dual code over Ry then there exists a self-dual code C’ over R;, for
j >k, with Hj’k(C’) =C.

Notice that the lifts of a self-dual code are also self-dual as we have defined it, but not all
projections are self-dual.

For any ideal I of R; we have that Ann(I) = I+.

The following lemma appears in [7].

Lemma 1. The code (u;) of length 1 is a self-dual code in Ry, for all k > i.
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Proof. This was proved for finite k in [7]. It is true for infinite k by Theorem 2.

If C and D are self-dual codes over Ry, then define C x D as {(v,w) | ve C,w e D}. Itis
easy to see that this code is self-orthogonal and of the proper cardinality. Therefore the code
is self-dual.

Theorem 3. Self-dual codes over Ry, exist for all lengths and for all k > 1.

Proof. The ideal I, = (u;) is a self-dual code of length 1 for all i, by Lemma 1. By taking
direct products, we conclude that self-dual codes exists for all lengths, for all k > 1.

4. Binary Images

The following is defined in [7]. View R, as a vector space over F, with basis
fus:AC{1,2,...,k}}, and define the Gray map of each u, and then extend it linearly to all of
Ry. Fix an ordering on the subsets of {1,2,...,k}, that will be defined recursively as follows:

1,2,...,k} =1{1,2,...,k — 1} U {k}.

We can now define the coordinate-wise Gray map. We denote this map by 1, : R, — ]ng and
define it as follows:

Yi(ua) = (cglpcq ... kps

{1 ifBCA
CB:

where

0 otherwise.

We then extend v, linearly to all of R; and define the Lee weight of an element in R; to be
the Hamming weight of its image. We get a linear distance preserving map from R} to ]F%k”.

It follows immediately that
wi(uy) = 2Kl 8

The map 1), was shown to be equivalent to ¢ in [7]. The following lemma also appears
in [7].

Lemma 2. Let C be a linear code over R;. of length n. Then

Yr(CH) = (Yr(C)*
where (1 (C))* denotes the ordinary dual of 1,(C) as a binary code.

Theorem 4. Let C be a self-dual code over R;. of length n, then v (C) is a binary self-dual code
of length 2kn. If C is a Type II code then v(C) is Type II and if C is Type I then 1) (C) is Type I.

Proof. If C = C* then by Lemma 2, ¥,(C) = ¢ (C) = y,(C)*.

Since v is distance preserving, the following corollary immediately follows from the
bounds given in [10]. Note that for k > 2, the length of the binary image of a code over Ry
will always be divisible by 4, hence the case n = 22 (mod 24) is not possible for the image of
an R, code. Hence we need not consider that special case for binary codes.
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Corollary 2. Let d;(n,I) and d;(n,II) denote the minimum distance of a Type I and Type II code
over R;. of length n, respectively. Then for k > 2 we have

2k=2p
dL(n,I),dL(n,II)S4\‘ 5 J+4.

Another corollary follows from the fact that a self-dual binary code must contain the all
1-vector, and as the pre-image under ;. of the all 1-vector corresponds to the all uju, ... u-
vector in R, we get the following corollary.

Corollary 3. Any self-dual code over R; must contain the all uju, ... u-vector.

Example 1. We have seen that (u;) is a self-dual code of length 1 in Ry, for all k with i < k.
Let C, = (u;) be the code over Ry. Then v(Cy) is a self-dual code of length 2K with minimum
Hamming distance 2.

It is well known that if a binary Type II code of length n exists, then n must be a multiple of
8. We first show that Type II codes over R, of any length exist for all k > 3. Note that, by taking
direct sums, it is enough to show that Type II codes of length 1 exist over R for any k > 3. Let
k > 3, take the code C over Ry, of length 1 generated by {uy : 1 € A,A# {1}} U {uyus...ux}.
Note that C can be viewed as an [F,-vector space with basis

{uquy, uqus, ..., uqly . . Uk, Ugls .. . U}

Since every basis element is orthogonal to every other basis element, C is self-orthogonal. To
prove self-duality of C we just have to look at the size. The number of subsets of {1,2,...,k}
that contain 1 properly is 2~1 — 1. Adding the vector u,us ... uy, we see that

IC| = 22" = /22 0 C is self-dual. Note that every element of C is an F,-linear combination
of the u, where |A| > 2, so the Lee weight of every codeword is divisible by 4 and the minimum
Lee weight of C is 4. Thus we have proved the following theorem.

Theorem 5. Type II codes over Ry of all lengths exist for any k > 3.

The case when k = 1 was resolved in [6]. So we only need to look at the case when k = 2.
Note that if C is any linear code over R, of length n, then 1,(C) is a binary linear code of
length 4n. By the observation about the lengths of binary Type II codes, we know that we
should only look for Type II codes of even lengths over R,. Again, by taking direct sums if
necessary, we only need to look for a Type II code of length 2 over R,. Indeed, let C be the
linear code over R, of length 2, generated by the vector (1,1 4+ uju,). It turns out that C is
a self-dual code with Lee weight enumerator 1+ 14z + 28, so it is Type II. In fact the binary
image of C is an [8,4,4] code which is the extended Hamming code. Thus we have proved
that following result.

Theorem 6. Type II codes exist over R, for all even lengths.
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Consider the complete weight enumerator of a self-dual code C. It is held invariant by the
action of the MacWilliams relations. That is the complete weight enumerator is held invariant
by the matrix M,, where

The matrix T; is defined as follows.
Let ). Ac{1.2,..k} Cata € Ri. Then (cy) can be thought of as a binary vector of length 2K, Let
wt(cy) be the Hamming weight of this vector.
Then
0 DL caua) = (=1, ©)

AC{1,2,...k}

Let T be a square 22 by 22" matrix indexed by the elements of R and define
Top = Xa(D) = x1(ab). (10)

The complete weight enumerator is also held invariant by the action of multiplication by a
unit. It is shown in [7] that these actions are all generated by multiplication by the unit 1+ u;
for 1 <s < k. Let A, be the permutation matrix that gives the permutation o — (1 + u,)a.

Then the group of invariants of a Type I code over Ry is

Gy = (M}, Aq,...,A). 1
Let By be the diagonal matrix indexed by the elements of R; with
(B =i+,

where i2 = —1.
Then the weight enumerator of a Type II code is also held invariant by B;. Then the group
of invariants of a Type II code over R, is

GII:<Mk’Bk’A1""’AS)' (12)

The invariants for the Hamming weight enumerator is the same for any ring of order 22",
2k
That is, it is held invariant by the matrix ﬁ ( i (2 _I D) ) The Hamming weight enu-
merator does not change for Type II codes. It follows that weight enumerator is a polynomial
inx+ (22k — 1)y and y(x — y). See [8] for details.

The Lee weight enumerator for a code over R is indistinguishable from the Hamming
weight enumerator for binary self-dual codes. Therefore, the Lee weight of a Type II code
is a polynomial in the weight enumerator of the extended length 8 Hamming code and the
extended binary Golay code of length 24. The Lee weight enumerator of a Type I code is a

polynomial in 1+ z? and the weight enumerator of the extended length 8 Hamming code.
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5. Self-Dual Codes of Length 1 and 2

5.1. Length 1 Self-Dual Codes over R,

We first note that if a length 1 code C, generated by a + u,b, with a,b € R_; is self-
orthogonal, then we must have that a is a non-unit in R;_;, because if a were a unit, then we
would have (a +u;b)? =a?=1#0.

We will prove that if a is a non-unit and b is a unit, then (a + u; b) is a self-dual code. For
this we will first introduce the following map:

W, iR > RY

defined by
‘I!k(a+ukb)=(b,a—|- b) (13)

It is easy to verify that W; is a linear bijection from R} to Ri’il and furthermore it is distance
preserving. The following lemma will help us resolve the previous question.

Lemma 3. If C is a length 1 code over Ry generated by a + u;b with a,b € Ri_;, then ¥, (C) is
a length 2 code over Ry_, generated by (b,a + b) and (a, a).

Proof. We note that (x +u;y)(a +u;b) = ax + (xb + ay)uy for all x,y € R;,_; and hence
U ((x+uy)a+ub))=(xb+ay,xb+ay+ax)=x(b,a+ b)+ y(a,a).

Since x and y are arbitrary elements in R;_;, we see that ¥;(C) must be generated by
(b,a+ b) and (a,a).

Theorem 7. Let C be the length 1 code over R, generated by a + u; b where a is a non-unit and
b is a unit in Ry_;. Then C is self-dual.

Proof We first note that (a +ub)(a + ugb) = a® + ux(ab + ab) = 0 since a is a non-unit.
Therefore, C is a self-orthogonal code. By multiplying by b, which is a unit, we might assume
that C is generated by a’ + u; where @’ is a non-unit in R_;. Since C is self-orthogonal we
only need to prove that it has the right cardinality. But now looking at ¥, (C), we see that by
Lemma 3, it is generated by (1,1 + a’) and (a’,a’). Since a’(1,1+ a’) = (a’,a’), we see that
¥, (C) is actually generated over Rx_; by (1,1 + a’), and so it has size 22" But since v, is

. . . . k=1 .
bijective, we see that C is a length 1 code over R of size 2°  and so it must be self-dual.

Note that by changing the indices of the u; if necessary, we can generalize the previous
theorem as follows:

Corollary 4. Let C be a length 1 code over Ry generated by a + u;b for some i with 1 <i <k,
where a is a non-unit and b is a unit in Ry, such that a and b are not au;, nor is bu; equal to 0,
that is, u; is not a part of either expression. Then C is a self-dual code.

This gives us a large class of length 1 self-dual codes. Namely; if the generator is a non-unit
of the form u; + ¢ for some i, then the code it generates turns out to be self-dual.
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Theorem 8. Every self-dual code generated by a single element is generated by an element of the
form given in Theorem 7.

Proof. We shall prove that if a one-generator code is not of the form described above,
i.e., if every set in the support of the generator contains at least two elements, then it cannot
generate a self-dual code over R;. To prove this, we let a be a non-unit in R, with k > 2
and every component in a is of the form u, with |A| > 2. We will prove that C = (a) cannot
be self-dual. Of course, C is self-orthogonal, giving that C € C*. To prove that C is not
self-dual, we will exhibit an element in C* that is not in C. We let ug be an element with
minimal B # 0 such that a - ug = 0. For example, if a = uju,, we can choose up to be u;
or u,y. If a = uyuy + uguy, then we can choose ug to be ujuz or ujuy or uyusz or uyuy. Note
that ugp = u;...u, if and only if a is of the form u; + u, + ... + uy, so in our case we know
that |B| < k. After rearranging the indices if necessary, we might assume, without loss of
generality, that up = uqu, ... u,, with s <k.

Now, by definition, uz € C*. Therefore, it is enough to show that ug & C.

Assume that r - @ = uju,...u;. If a contains just one component, then we would have
s =1 and we know in that case u; & C. Because ug = u; ...u,;, we must have

a=uqaq +usas +...+uga,

where a;,a,,...,a, are non-zero non-units. Additionally, a; does not contain any of the
Up,Ug,...,U;_; fori=2,3...,s.

Since a; contains some of ug, q,...,U, in order for ra to be uju,...u, r must contain u.
Therefore we can write r = rju;. Now, au; = uju,a; + st as + ... us_quga,_;. We know that
Us_1usas_q # 0, because if it were, up\;—1; would annihilate a, contradicting the minimality
of B. Again since uga;_; contains elements from ug,4,...,u;, we must have that r; contains
u,_;. Continuing this way, we see that r = u;u, ...u,. But in that case it is impossible to have
ra=ujuy...uU.

Thus, we have classified all one-generator length 1 self-dual codes over R, for k > 2.
Not all length one self-dual codes are principal ideals. For example, the code

(uquy, uqus, usus) over Ry is self-dual but not principal.
We generalize this to the following theorem.

Theorem 9. Let k be odd, with D{,D,,...,D, the subsets of {1,2,...,k} of size [%] where

k
s= ( |.§.| ) Then C = (up,,up,,-..,up,) is a self-dual code of length 1.

Proof. For any D;, D; we have |D; UD;| = |D;| + |D;| — |D; N Dj|. Since [%] + [%] > k and
the maximum of |D; U D;| is k we have |D; N D;| > 0. This implies that up,up, = 0 for all i, j.
Hence C is self-orthogonal.

Assume that Y. ug € C*. This implies that (3] ug)up, = 0 for all i. If is easy to see that this

implies that ugup, = 0 for all i. Thus BN D; # @ for all i. This implies that each B must have
cardinality at least k — [%] +1= [g] when k is odd. Thus B is a subset of {1,2,...,k} with
cardinality at least [%]. Hence ug € (up,,up,,...,Up,), that is ug € C. Therefore C = ct.
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Note that for k even one would need sets of size g + 1 to be self-orthogonal. But

k—(% +1)= %— 1. Hence the code is not self-dual since there exist sets of size %— 1 that are not

disjoint from all sets of size §+1. For example, if k = 4, the code (ujuyus, ujtsly, UjUsly, UsUsly)
would generate a self-orthogonal code but u;u, € C* and not in C.

5.2. Length 2 Self-Dual Codes over R,

We first note that, for any a € Ry, with k > 1, a’ =1 if a is a unit and a? = 0 otherwise.
This tells us that every codeword in a length 2 self-dual code over R, must be of the form
(a;,a,) where the a; are units or of the form (bq, b,) where the b; are non-units. We first start
with the following proposition.

Proposition 1. Let C be a linear code over Ry, of length 2 generated by (1,1 + uju,...u;) with
k > 2. Then C is a Type II code with minimum distance 4.

Proof. We have that ((1,14+uquy...ux),(1,1+ujuy ... ux)), = 0 in Ry giving that C is self-
orthogonal. Because there is a 1 in the first coordinate, every Ry-multiple of (1,1 + u;...ug)
is distinct, and so we have |C| = |Ry| = 22 Since |R%| = 22" = |C| - |C*| we see that
ICt =|C| = 22, We know that C is self-orthogonal which implies that C is self-dual.

To prove that the weight of every element is divisible by 4, we first observe that

Ujly...u; if a is a unit

a-(uluz...uk)={

0 if a is a non-unit.
This means we have

(a,a+uquy...u;) if aisaunit

a- (I, 14uquy...up) =
( 172 2 {(a,a) if a is a non-unit.

If a is a non-unit, then w;(a(1,1+u;...u;)) =wy(a,a) = 2w;(a). Therefore the Lee weight
is a multiple of 4 since, by [7], we know that the Lee weight of every non-zero non-unit is
even.

If a is a unit, then

wi(a(1,1+uy...u ) =wi(a,a+ujuy...u) =wi(a) +wila+u;...u.) =2k

by [7]. When k > 2 this is divisible by 4.

We have found a class of Type II codes over R;. of length 2 for all k > 2. The binary images
of these codes are Type II codes with parameters [2k+1, 2k 47, which are extremal when k = 2
and k = 3.

The following proposition can be proven in exactly the same way as the previous proposi-
tion.
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Proposition 2. Let C be the length 2 code over Ry, for k > 4, generated by
c=(1,14+ujuy+us...uy). Then C is a Type II self-dual code over R, with minimum Lee distance
8. Hence the binary image is an extremal Type II code when k = 4.

The following is an easy observation that can be proven in the same manner.

Proposition 3. Let C be a linear code over R, of length 2 generated by (a, b) where a and b are
units in Ry. Then C is a self dual code.

Conversely, any self-dual code of length 2 over R; that contains a vector of the form
(a;,a,), where the a; are units, must be generated by that vector and hence be a one-generator
code.

Of course, a vector of the form (b;, b,) where the b; are non-units, cannot generate a
self-dual code by itself, because multiplying it by u; ...u; would yield the zero vector, hence
the size of such a code can be at most 22°~1. Thus we need a second generator in such a case.

6. Lattices

There is a vast literature connecting codes and lattices. See [3] for details and an extensive
literature.

Let F be either R, C or H and let & be Z,Z[i], or Z[i,j, k], respectively.

A lattice in F" is a free ¢-module. The standard inner product attached to the ambient
space is defined as

V=Y v, s

where the involution is the identity for the real numbers and the standard involution for the
complex numbers and the quaternions.

We define L* = {u € F" | u-v € @ for all v e L}. For the quaternions we only need to
define one orthogonal here since u-v € @ if and only if v-u € @. If the lattice L satisfies L € L*
it is said to be integral and if the lattice L satisfies L = L* then it is said to be unimodular.

The norm of a vector v is N(v) = v v. If the norm of every vector in a unimodular lattice
is an even integer then we say the lattice is even.

We describe a family of reduction maps.

Define
hy : 0" —RY, (15)

to be the linear map where hy(i+ 1) = uy, hy(+ 1) = uy, and hy(k+ 1) = uy +uy +uqu,.
Define
he: 0" >R, (16)

to be the linear map where h(i+ 1) =u;.
Define
hg : 0" >Ry, (17)

where Ry =T, and hi(n) =n (mod 2).
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Each of these maps is a ring homomorphism and it can be seen that h~(C) is a free
0-module. The lattices induced from a code C are defined as follows:

Ag(C):= %hﬂgl(C) ={veo"|v (mod20)eC}. (18)
Ac(C):= %hg(c,‘) ={veo"|v (mod20)eC}. (19)
Ag(C):= %hﬂgl(c) ={veo™|v (mod20)eC}. (20)

Lemma 4. If C is a self-dual code over R, then Ay(C) is a quaternionic unimodular lattice. If
C is a self-dual code over R, then A(C) is a complex unimodular lattice. If C is a self-dual code
over Ry =T, then Agx(C) is a real unimodular lattice.

Proof. The first result can be found in [2]. Notice that in the notation of [2], a corresponds
to uy, B corresponds to u, and y corresponds to u; +u,+u u,. The second result can be found
in [6] where the rings is written as F, + ulF, and u corresponds to u;. The third result can be
found in [1] and numerous other papers, see [3].

Let k > 2.
For a € Ry write @ = ag + aqui_1 + asuy + asuy_qu, with a; € Ri_,. Then define

k—2
@y 1Ry —=R5 by ®3(a) = dr_z(ag) + pr_a(@uy + dr_a(@)us + dr_s(as)uyu,.
For a € R write a = ay + aqu; with a; € Ri_;. Then define

k—
&, :R, —R2 by &;(a) = ¢_1(ag) + dr_r(ay)u;.

Theorem 10. Let k > 2. If C is a self-dual code over R; of length n then ®,(C) is a self-dual
code over R, of length 25=2n. If C is a self-dual code over Ry, of length n then ,(C) is a self-dual
code over R, of length 2K1n.

Proof. The proof follows from Theorem 4.

Theorem 11. Let C be a self-dual code over Ry of length n, k > 2 with i,j < k. Then Ay(®,(C))
is a quaternionic unimodular lattice of length 2K=2n, Ax(®1(C)) is a complex unimodular lattice
of length 25~1n, and Ax(¢,(C)) is a real unimodular lattice of length 2*n.

Proof. Follows by applying Lemma 4 and Theorem 10.

7. Extremal Binary Self-Dual Codes Obtained from Codes over R,
Note that, in Section 5, we introduced the map

W iRy —>RY_,
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given by ¥y (a +ub) = (b,a + b). It is easy to verify that W, is a linear bijection from R} to
Ri’il and furthermore it is distance preserving. Now let ¢; +u;d;, ¢, +u;d, be two vectors in
R} such that

<c¢; +uydy, ey +updy, > =0.

This means
< Cy,Cy >k—1= O, < cl,dz >k_1 + < Co, d]_ >k_1= 0. (21)

It follows that

<Uplep +updy), Viey +wpdy) > 1= < (dy,¢; +dy),(dy, e +dy) >4
=<d;,dy > +<c+dy,c+dy >
=<d;,dy >+ <cp,¢ >+ <cp,dy >4
+ <ey,dy > +<dy,dy >4
=0

by (21). This leads to the following lemma:

Lemma 5. If C is a self-dual code over Ry, of length n, then W, (C) is a self-dual code over Ry_,
of length 2n.

Proof. Note that the above observation tells us that & preserves self-orthogonality. But,
since ¥y, is an injective map, the sizes of the codes are preserved as well, which implies that
if C is a self-dual code of length n over R;, then ¥, (C) is a self-dual code of length 2n over
Ri_4.

Combining this with Theorem 4, we obtain the following result:

Theorem 12. Suppose C is a self-dual code over Ry of length n, and that its binary image 1;(C)
is a binary self-dual code with parameters [2€n,2"1n, d]. Then there exists a self-dual code D
over Ry_; of length 2n such that 1;_,(D) is a binary self-dual code with the same parameters
and moreover is equivalent to Y (C).

Consequently, when we are trying to get some known binary codes as the images of linear
codes over Ry, it suffices to find the largest k for which we can do that. Because if it is linear
over Ry, then it will be linear over R; for all i < k.

7.1. Examples

We are now ready to give some known binary self-dual codes as the images of self-dual
codes over Ry.

Corollary 4.4 in [7] states that if a binary code is the image of a code over R; then the
automorphism group of the code contains k distinct automorphisms which are involutions
corresponding to multiplication in the ring by 1+u; fori = 1...k. Hence, the codes described
below have a rich automorphism structure containing at least the group generated by these
involutions. In general, it is important to find the largest k such that a binary code is the
image of a code over Ry, since this says the most about its automorphism group.
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7.2. [8,4,4] Binary Self-Dual Code

Because of the length of the code, the largest k for which the code can be the image of a
code over Ry is 3. If we take C; to be the linear code of length 1 over R5 generated by uju,,
uju3 and uyus, then C; is a self-dual code with weight enumerator 1 + 14z* + 28. The binary
image is an extremal Type II code with parameters [8,4,4]. By the above argument, we know
that we can find the same code to be linear over R, as well. In that case the generator can be
taken as the vector (1,1 + uju,).

7.3. [16,8,4] Binary Self-Dual Code

For length 16, the largest k for which the code can be the image of a code over Ry is 4.
We take the code C, to be the length 1 code over R4 generated by uju,, ujus, Uiy, Ususly.
The code C, turns out to be a self-dual code with Lee weight enumerator

Le,(z) = 1+282% +1982% + 2822 + 51°.

The code v 4(C,) is a binary Type II code with parameters [16,8,4] and is extremal. We know
that we can get the same code from R, and R as well. In particular, Y5(< (1,1 + ujuyusz) >)
and Y,(< (1,1 +uquy, 1 +uy, 1 +uy +uquy),(0,0,1 + uy, 1 +uy + uquy) >) have the same
parameters and weight enumerators.

7.4. The Extended Golay Code

Let C5 be the linear code over R3 of length 3 generated by the following vectors
(ug, uy +uz +uguy, uy +ugiy), (uy + Uy, uy + gy, uy +uz +uguy), (us, uy +uyus, uy +uy).

Then v3(C3) is a binary Type II self-dual code with parameters [24,12,8] and C; has Lee
weight enumerator

L¢,(2) = 1+ 7592% + 257622 + 75910 + 24,

which is the weight enumerator of the extended binary Golay code.
We can of course get the same code from R, as well. In fact, if D is the linear code over
R, of length 6 generated by

(1,0,0,1 4+ uquy, uy,uq +uy),(0,1,0,uy, 1 +uy +uquy, uy +uquy)

and
(0, O, 1,u1 + Uy, Uq + Uuqly, 14+ Usy + uluz),

then 4, (D) has the same parameters and the weight enumerator.
This code together with the map Ay produces the Leech lattice.
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7.5. Binary Self-Dual Code with Parameters [32,16, 8]

Let C,4 be the linear code over R5 of length 1 generated by
{ujuju |1 <i<j<k<5}
Then C, is a self-dual Type II code by Theorem 9, and has Lee weight enumerator
L¢,(z) =1+ 6202° 4+ 138882'% 4 365182 '® + 13882%° + 6202** + 22,

So we see that ¢5(C,4) is an extremal binary Type II code of parameters [32, 16, 8].

Of course by the argument given at the beginning of the section we know that we can
get the same code from R,,R3 and R, as well. For example, if E is the linear code over R, of
length 2 generated by the vector (1,1 + ujuy + usuy), then ¢y4(E) has the same parameters
and the weight enumerator as the above one.

This code is an example of a code constructed using Theorem 9. It is easy to see that any

code constructed with this theorem over R, will be a [2k,2k_1,2[§]] binary self-dual code.
The next in the family would be a [128,64,16] code.

7.6. Binary Self-Dual Code with Parameters [40, 20, 8]

Let Cs be the linear code over R, generated by the matrix [I5|A] where

1+uquy u; uq uy +uy Uy
up 1+uqu, up +uy Uy Uy
A= up Uy +uy +uquy 1+uquy Uqls Uy +uy +uquy
u; +uy up +uquy 0 1+uqu,y Uy
Uy + UqUy Uy Uy +uy +uquy Uy 1+uqu,

Then C5 is a self-dual code over R, of length 10 with weight enumerator
1+ 12528 + 166421% + 1072022 + .. .. The binary image v)5(Cs) is a en extremal singly-even
self-dual code with parameters [40,20,8] and has an automorphism group of order 27.

7.7. Binary Self-Dual Code with Parameters [44,22,8]

Let Cg be the linear code over R, of length 11 generated by the matrix [ I(;’ : Ai| where

A is the 6 X 6 matrix given by

1+ug +ujuy ujuy 1+ug+ujuy 1+ugy+ujuy 1+uy 1+uy
1+uy 1+uy +ug+ujuy 1+uy 1+uy +ug+ujuy 1+uy uy
A_ 1+up +up +ujuy 1+u up uj +ujuy Uy 1+uy
- up 1+uy +ujuy 1+ujuy 0 uy +uy 1+up +ujuy
0 1 up 1+u up 1+uy
0 up +ujuy ujuy 0 Uy us

Then Cg is a self-dual code over R, of length 11 with weight enumerator
1+ 10428 +5122' +.... The binary image v),(Cg) is an extremal singly-even self-dual code
with parameters [44,22,8] with |Aut(C)| = 2 -32.52,
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7.8. Binary Self-Dual Code with Parameters [56,28,12]

The existence of Type I extremal self-dual code of length 56 is not known in the literature,
however extremal Type II code of length 56 is known and there is only one possible weight
enumerator for such codes, that starts with 1+8190z'2+. ... We are going to give two separate
constructions for this code, one from R, and one from R; with different automorphism groups:

From R,: Let C; be the linear code over R, of length 14, generated by the matrix [I,;|A] where
the rows of A are given by

{T4+u, 1 4+uy, 1ug,up, L4+ug, 1+ uy +uy), (T +ugug, ug +ug, 1 4+uy +uy +uqu,y,
1+uy +uquy,ug +uy +uquy, uy +ugly, Uy +ugty), (0,1 +uy +uy +ujuy, 14uy,
14+uy +ug,up +uqty, 1 +uy +uqug, 1+ up), (1 +ujus, 1+ uy +uqy, uy +uqis,
1+uy +ug+ujug,ug, 1 +ug +uy +uquy, 1 +uqusy), (Ug +uqly, Uy + Ugls, Uy, Uy + Uy + UqUy,
1+u; +ug+ujus, 1 +uy +uy +uquy, 1+usy),(0,1,uy +uy +ujusg, uy +uqts, 1 +uy +uy, 1,uq),

(ul, 1+ Uy, Uy + Uqlqy, Uy, 1+ Usy +u1u2,u2, 1+ uq + uZ)}

Then ¢,(C5) is an extremal binary Type II self-dual code of parameters [56,28,12] with an
automorphism group of order 4.

From R3: Let C; be the linear code over R; of length 7 generated by the matrix [ Ig’ : A} ,

where A is a 4 X 4 matrix over R; whose rows are

{1+ us +ujus +ujusus, 1 +uq + uy + s + uqugus, 1+ ty + us + uguy + ugus + Uy
+ uqUsls, Uy + Us + UqUals), (Ug + Ugly + UjUs, 1+ Uy + U + UjUy + Uslis, 1 4+ Us +uquy + Usyls
, 14Uy +uy +uquy + ugus + ugus +uqugus), (14 ug + us + uqusus, us + tsis,
14 ujuy + uqgus + usis + UqUgls, 1+ uq + Uy + Us +uquy + usts), (Ug +us + uquy +ujus

+ uqUsls, Uy + Us + UqgUs + UgUyUs, O, Uy + Us + U Uy + Uqus)}.

t,bg(C;) is an extremal binary self-dual code of parameters [56,28,12] with an automorphism
group of order 8.

7.9. Binary Self-Dual Code with Parameters [64,32,12]

Let Cg be the linear code over R; of length 8 generated by the matrix [I4|A] where A is a
4 x 4 matrix over R; whose rows are

{1+ uy +ujuy +ujus +ugugus, 1+ uq +uy + uquy + uqus + ugus + ugusus, 1+ ug
+ uqUyus, Uz +Ugus), (U + gy +Usls, 1 + Uy +UqUy, 1 +uy +us +ugus, 1 +up +us
+uqus + uqugus), (1 +ug +us +ujus + ugus + ugugts, uq + Uy + ugis, 1 +uy +us +uquy
+ uyus, 1), (1 + uy + ug + ugs + UqUgls, 1+ uq + Usls, Uy + UjlUs + Ugls + UgUyUs,
14 u; +uy + uyus + uquyus)}.
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Then Cg turns out to be a Type I code with Lee weight distribution 1+1888z'24+20736z*+...
We see that 15(Cg) is an extremal binary Type II code with parameters [64,32,12] and an
automorphism group of order 8.

8. conclusion

Binary self-dual codes are a rich source of research in coding theory. There are numerous
methods of constructing good self-dual codes, in particular extremal binary self-dual codes,
which are self-dual codes that attain the upper bounds. Recently, the family of rings that are
called R; have been introduced in coding theory and have proved to be useful in constructing
binary codes with good parameters.

In this work, we worked our the general properties of self-dual codes over R; and used
these codes to obtain binary self-dual codes. We gave alternate constructions for some of the
well known good self-dual binary codes such as the extended Hamming code and the extended
binary Golay code. Binary codes that are images of codes over R; have automorphism groups
of size that are multiple of 2X. That is why working over R, helps construct binary self-dual
codes of high automorphism groups.

The rich algebraic structure of R; can prove to be useful in obtaining better codes in
the future. The connection of codes over R; with some other structures such as lattices and
designs can further be explored. We obtained a number of extremal binary self-dual codes of
certain lengths from Ry. This can be done for more lengths and to a further extent.
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