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Abstract. We find formulae for the number of representations of a positive integer by some quadratic
forms which are sums of squares and the form xf +x1Xy + xg.
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1. Introduction

Let N, Ny, Z and C denote the set of natural numbers, non-negative integers, integers and
complex numbers so that Ny = NU {0}. For k, n € N we define

ox(n) = > d* (1)
o

where d runs through the positive integers dividing n. We write o(n) for o1(n) = >, d. If

deN
d|n

n ¢ N, we set 0i(n) =0. For a,,...,as € N and n € N, we define

8.
(Xl,...,XS)EZ .
M(ay,ay,a3,a4,as5,a6;1) :=card { n=a;x>+ayx; +azxs + a4x§ . @
+a5(x§ + Xx5x¢ + xé) + a6(x§ + x7xg + xg)

With our notation, the representation number formulae for

M(1,1,1,1,2,2;n), M(3,3,3,3,2,2;n), M(1,1,1,1,1,1;n), M(3,3,3,3,1,1;n),
M(1,1,3,3,1,1;n), M(1,1,3,3,2,2;n), M(1,1,3,3,4,4;n), M(1,1,3,3,1,2;n),
M(1,1,3,3,1,4;n), M(1,1,3,3,2,4;n), M(1,1,1,1,1,2;n), M(3,3,3,3,1,2;n),
M(1,1,1,1,1,4n), M(3,3,3,3,1,4;n), M(1,1,1,1,2,4;n), M(3,3,3,3,2,4;n)
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are given in [5] respectively by the equations from (2.10) to (2.25). In that study the authors
firstly uses the (p — k) parametrization of theta functions given by Alaca, Alaca and Williams
to establish some new theta function identities and then uses them to determine formulae for
the number of representations of positive integers by certain quadratic forms.

The aim of this paper is to determine explicit formulae for

M(1,1,2,2,2,2;n), M(2,2,2,2,1,1;n), M(3,3,6,6,4,4;n), M(1,1,1,1,6,6;n),
M(B) 37 6} 67 2) 2; n)) M(17 1)27 27 171;n)7 M(l) 172) 274)4; n)) M(37 3) 67 6) 171;n)7 .
M(1,1,3,3,6,6;n), M(1,2,2,4,2,2;n), M(1,2,2,4,4,4;n)

We use some known representation number formulae for quaternary quadratic forms and
convolutions sums of divisors. The method firstly have been used by Alaca, Alaca and Williams.
The quadratic forms considered here have not been considered before. As in [5] the formulae
are given in terms of o3(n) and the numbers c; 4(n), c; g(n), ¢1.12(n), c34(n), c1,18(1), c39(n),
c1’24(n), Cs,s(n)-

The representation numbers for the quaternary quadratic forms

fi :=xf + x% + xg + xﬁ, 3)
fo 1=X3 4 x5 + 2x3 + 2x5, )]
f3 :=x3 4 x5 + 3x3 + 3x5, (5)
fa i =xF +2x5 + 2x5 + 4x7, (6)
fs :=xf +x1x5 + x% + x% + x3x4 + xi, 2

have been determined before. For [ € Ny, if we set

r;(l) =card {(xl, . ..,x4) ez*:1 =fi(x1,x2,x3,x4)}

then clearly r;(0) = 1 for each i € {1,2,3,4,5}. It is known (see for example [4] for the first
four and [7] for the last one) that for [ € N,

() =80()-320(3), ®
ro(1) =4G(Z)—4a(é) +80(£)—320(é), 9)
r3(1) =4o0(l) — 80(%) — 120(%) + 160(2) + 240(%) — 48(7(11—2), (10)
r4(D) =2a(l)—2o(é)+80(é)—320(1i6), an
rs(1) =120(1) — 360(%). (12)

For r,s,n € N with r < s the convolution sum W, ;(n) is defined by

Wio(n):= > o(lo(m).

(l,m)eNg
rl+sm=n
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The sum W, ;(n) has been evaluated for certain values, see [6, 7, 10] for W; ;(n), [7] for
Wl,Z(n) and W1’4(n), [7-9, 11] for Wl,S(n): [3] for Wl,e(fl) and W2,3(Tl), [12] for Wl,S(n): [1]

for Wj 15(n) and W3 4(n), and [2] for W 54(n) and W5 g(n).
Theorem 1. Let n € N then,

(i)
M(1,1,2,2,2,2m) =2 03(0) = T 05(5) = L0535+ Tos(5)+ o)
448 108 1 28 6
— 3(2) < O3(15)+ T s + S ()
C16(g) 34( )
(iD)
21
M(2,2,2,2,1,1; n)—€0'3(n)+ 03( ) 3( ) 3( )— 03( )
8 32 1 28 12
- o)+ T“og(%w% )+ ere)
+6c1,8(n) — §C3,8(n),
(iii)
M(3,3,6,6,4,4m) =—03(n) — = 3( )= T0a(5)+ 2033+ 2055
64 1344
—?03( - 03(—) T03(2—4)+EC1,6(£)
+156C16( )— C34(Tl)
(iv)
M(1,1,1,1,6,6;n) = %03(n)+ 03( ) 03( ) 03( )
1216 1 28
——os(35)+ %og(%)— §C1,6(n) . ;cl,(,(g)
12 16
+ ?401 18(n) — 5%,9(%),
W
M(3,3,6,6,2, %) =205(n) — 203(5) — 2053+ 2055+ T o)
6
—;403( )— —%(%Hliﬁ%(%)—%%(n)
—iC16(—)+44C112( ),

5727 5
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(§)

MOL1L2.20,150) =2 o3 — 2 03(5) — 2003(5) + 2oy + 22055
8 108 1 28 6
—ﬂ 03(5)— (1) + 7 (%)—501,6(71)
+6¢18(n) + §C3,4(n) - gcs,s(n),
vii)
M(1,1,2,2,4,451) =03(0) - —05(5) = Ze05(3)+ Loy + Tooy()
448 108 n 1728 n
( 2y — (E)+TU3(2—4)—501,6(5)
48 33
_?C16( )+ 0C112(n)
viii)
M(3,3,6,6,1,1;n)=§og(n) N (O R NGO SN G
1344 2
- 3(2) (—) 3(2—4)+§c1,6(n)
6
—18¢ 8(;1)_ 15—101 12(n) + %Cl 24(n),
(ix)
4 8
M(1,1,3,3,6,6; n)——O'g(n)—— 3( ) 3( ) 3( )+ 0'3( )
108 1 08 2
+—05(2)— N (T’;)—gcl,s(n)
8 1 28 2
—gcls(—) C16( 5+ 1728 (3n6)—7§01,6(%)
16 62 8
3‘319( )+ 5C118(n)+1562,9(§):
(x)
M(1,2,2,4,2,2:0) = 03(0) — 203(3) — =035 )+25703(E)+§03(g)
448 108 1728 3
_Tas(l—nf’)—?UB(%)"‘T ( )+ Clé(n)

+6c18( )+ 634( ) Css( )
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(xD)

M(122444n)—7003(n)—— 3( )— 3( 5+ 03( )+ 3( %y
- o)~ 1‘5)8 )+ 1728 sl 4”8)—§c1,6(5)
12 33 12
+ 5 C16( )+20C1,12(n)—?03,4(z),

2. Proof of Theorem 1

In this section we give the proof of Theorem 1. (i). The remaining parts can be proved by
a similar way.

Proof. [()] The form f := x%+x§+2x§+2xi+2x§+2x5x6+2x§+2x§+2x7x8 +2x§ clearly
can be obtained from the sum of the quaternary quadratic forms f, := x% + x% + 2x§ + 2x§
and f5 := x1 + X1X9 + x2 + x3 + X3X4 + x . It is obvious that

M(1,1,2,2,2,25n)= > ro(l)rs(m)

I,meN,
[+2m=n
n
=r(0)rs(5) + (s + Y. ra(rs(m).
2 [,meN
[+2m=n

Thus by using the equations (9) and (12) we have
n n n n
M(1,1,2,2,2,2;n)—(40(n) — 40(5) + 80(2) — 320‘(5) +120(n)— 360(5))

= Z (4o()— 40(%) + 80'(‘%) — 320(%))(12o(m) — 360(%))

I,meN
[+2m=n
I
=48 > o(Do(m)—144 . o(l)c(%)—48 > o(z)o(m)
[,meN [,meN I,meN
[+2m=n [+2m=n l-i:2m=n
l m l [ m
+144 37 0(Do()+96 D o(lo(m—288 > o(;)o(3)
I,meN I,meN I, meN
[+2m=n [+2m=n +2m=n
[ [ m
—384 > o(5)o(m)+1156 >, o(o(5).
I,meN I,meN
[+2m=n [+2m=n

So,

M(1,1,2,2,2,2; n) =40 (n) — 40(2) + 80(%) _ 320(%) +120(n)
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n n
- 360'(5) + 48W1’2(Tl) —_ 144W1’6(n) - 48W1,1(§)

+ 144w1,3(§) + 96W1,2(g) - 288W2,3(g)

- 384WL4(%) + 1156W3’4(g) (13)
where
Wy () =2 05(m) = S m) + —o(n), (14)
Wia(0) =03+ 3053~ 2o - 2o )+ S0 + -0 (5), (15)
Wi (1) == 03(0) + 205(5) - 12na(n)—§na( )+ -0
+2i40( ), (16)
1 1 n 1 n n n .n 1
Wi 4(n) = 803(n)+1 03(5)4'50(2)—1—60(“)—20(2)4'2—40(Tl)
1
+2_40.(4) a7
1 1 3 3
W1,6(n)=m03(n)+3 (73( )+ 03( )+ (73( )+(24—£)0(n)
+ (= 0(E) = T as)
1 1 3 3 n n
W, 5(n) = 2003(11)+3 03( )+ 3( )+ 03( )+( _E)G(E)
+(£—§)0( )— C16(n) (19)
where -~ -~
>laesmat =q] JA—gM*—*21 -1 —q"?, (20)
n=1 n=1
and
Wi 4(n) = 4;Oog(n)+1é o5(5)+ 2003( )+ 3505+ 033
+—03(—) (2_4_E) o(= )+(———)0( )
— ﬁc%(n), 21
where

oo

Z C3)4(n)qn :10q2 l_[(l _qn)3(1 _ q2n)2(1 _ an)—l(l _q4n)—1(1 _q6n)2(1 _q12n)3
n=1 n=1
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+q] Ja—aM2(0-¢*)P - 21— ") 21— ¢")P (1 —q2") 2

n=1
(22)
In any formulan € N and q € C. Substituting (14)-(22) in (13) gives
14
M(112222n)=?03(n)— 03( ) 3( )+ 503( )+ 03( )
448 108 n 1728 6
—_03( )— (E)+T ( )+ Clé(n)
12
toa 6( ) C3 4( ), 23)
which is the asserted formula. O

Denoting the right hand side of (23) by F(n), we give a list of values of M(1,1,1,1,2,2;n)
and F(n) in Table 1 to illustrate the equations.

Table 1: The first ten values of M(1,1,1,1,2,2;n) and F(n)

n | M(1,1,2,2,2,2;n) | o3(n) | c16(n) | c16(3) | c34(5) | F(n)
1 4 1 1 0 0 4

2 20 9 —2 1 1 20
3 64 28 —3 0 0 64
4 156 73 4 —2 12 156
5 360 126 6 0 0 360
6 620 252 6 —3 —33 620
7 944 344 —16 0 0 944
8 1452 585 —8 4 —24 1452
9 1828 757 9 0 0 1828
10 2520 1134 —12 6 126 2520
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