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Hardy Spaces on the Polydisk
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Abstract. In this paper we will study the boundary values properties of the functions in the Hardy
spaces; generalize the E and M. Riesz theorem to higher dimensions; discuss the existence of boundary
values of the functions in H?(D") on non-distinguished boundary D" \ T" and the intersection of the
spaces HP(D").
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1. Introduction

This paper basically consists of two parts. In the first part, consisting of Sections 2, 3 and 4,
we study the properties of the functions on the classical Hardy spaces of n-harmonic functions
and the Hardy spaces of holomorphic functions on the polydisk. In Section 2 we will show
that the functions in the classical Hardy spaces can be restored by the Poisson integral of its
radial limit. In Section 3 we will restate and prove the celebrated E and M. Riesz theorem to
higher dimensions. In Section 4 we will study the boundary values of the functions in HP (D)
on the non-distinguished boundary, D" \ T".

The second part of this paper consists of Section 5. In this section we study the Poletsky—
Stessin Hardy spaces H (D?) on bidisk. We mainly establish two things - there are nontrivial
Poletsky-Stessin Hardy spaces and the intersection of the Poletsky—Stessin Hardy spaces over
all exhaustion functions is H°°(D?), the space of bounded holomorphic functions on D?.

2. Hardy Spaces and Poisson Integral Formula

An n-harmonic function u on D" is a function which is harmonic in each variable separately.
Denote by h”(D") the space of all n-harmonic functions satisfying

0<r<1

sup J |u,(O)IP dm({) < o0 (1)
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where u,.({) = u(r{) and dm is the normalized Lebesgue measure on T". The p -th root of (1)
defines a norm on h?(D") when p > 1. With this norm h”(D") is Banach.
We will use the following notations:

2 =(21,...,%,)
a: z(glr"a gn)
P(z,8) =P(21,81) ... P(2, )

where P(z, {) is the Poisson kernel and

C]+ZJ)_ 1_|ZJ|2 ]_1 n
(=2 ) =% B

Theorem 1. Let u € h?(D"), p > 1. Then there exists a function f € LP(T") such that

P(ZJ,CJ):Re(

u(z) = f P(z,0)f (§)dm(Z).
']I‘Tl

Proof. Take r; / 1. Then (1) implies that there is a weakly convergent subsequence of Uy,
We will write the subsequence Uy, just to avoid the sub-subscript. Hence for g € LI(T™)

g Hjlirglof g(Qu,,(8)dm(Z)
Tn

is a linear functional on LI(T"). By Riesz theorem there exists an f € LP(T") such that

lim f gy () dm(E) = f
j=oo fon

T

g(Q)f (&) dm(2).

Now take g({) = P(z,{). Then

u(z) =j1_iglo u,(2) =j1_iglof P(z, C)urj(é’)dm=f P(z,0)f () dm(Z).
" "

The second equality above follows from [7, Theorem 2.1.2]. O

What makes the above proof work is the duality of LP spaces. Since L°° is the dual of
L', the same result holds with the same proof for p = co. Of course we have to change the
statement accordingly. But unfortunately L' is not dual of anything, we don’t have the same
result for p = 1. Instead, since the space of finite signed measures on T" is dual of the space
of continuous functions C(T™") we have the following result from [7, Theorem 2.1.3, (e)].

Theorem 2. If the hypothesis of Theorem 1 holds for p = 1 then there exists a finite signed
measure u on T™ with

u(z) = f P(z,8) du(%).
Tn



K. Shrestha / Eur. J. Pure Appl. Math, 9 (2016), 292-304 294

So the function u € h?(D"), p > 1, is the Poisson integral of some function f € LP(T").
Is there any other connection between u and f? We know, when n = 1, f is the boundary
value function of u and when n > 1 the following theorem [7, Theorem 2.3.1] answers this
question.

Theorem 3. If f € L}(T"), if o is a measure on T" which is singular with respect to dm, and if
u=P[f +do], then u*({) = f({) for almost every { € T".

Recall that u*({) = lim,_,; u(r{) is the radial limit. Thus any n-harmonic function satisfy-
ing the growth condition (1) for p > 1 can be restored by the Poisson integral of its boundary
value function.

For p = 1 we just saw in Theorem 2 that u(z) = P[du](z). By the Lebesgue decomposition

theorem
du=fdm+do

where o is singular with respect to m and f € L'(T"). Hence we have u*({) = f({) but u
can not be restored by the Poisson integral of its boundary value function unless, of course,
P[do]=0.

Also in [7] it has been proved that if f € LP(T"), 1 < p < oo, and u = P[f] then u,
converges to f in the LP-norm as r — 1, i.e. lim,_,; |lu, — f||;» = 0. But when p = 1 we have
the weak-* convergence.

Theorem 4. Let f(z) = P[du](z) with u a finite signed measure on T". Then f.dm — du
weak-x as r — 1.

Proof. Let ¢ € C(T"). Then

.
f L/’(C)fr(év)dm(C)—J tP(C)dM(C)‘Z (P(C)(J P(rC,n)du(n))dm(C)—f ¢(n)du(n)
Tn Tn Jn Tn Tn

r
(- P(rg,m)=P(rn,0)) = ] (J P(rn, C)SO(G)dm(C)) dM(ﬂ)—f @(n)du(n)
Tn Tn Tn

.
= U P(rm, Z)w(i)dm(C)—tp(n)) du(n)
Jrn \Jn

—0

because the inner integral goes to zero uniformly on 7. Hence f. dm — du weak-* as
r—1. O

We define H?(D"), 0 < p < o0, to be the class of all holomorphic functions f € D" for
which

sup f £ dm < oo

0<r<1

and H°°(D") is the space of all bounded holomorphic functions in D".



K. Shrestha / Eur. J. Pure Appl. Math, 9 (2016), 292-304 295

Since |f |P is n-subharmonic, sup in the definition can be replaced by lim as r — 1.

It is known that if f € HP(D"), 0 < p < 00, then f has a non-tangential limit at almost
all points of T" [11, Ch. XVII, Theorem 4.8]. We denote this limit by f* as in [7] and call
it a boundary value function. Moreover, we have the following results from Rudin (see [7,
Theorem 3.4.2 and 3.4.3]).

Theorem 5. If f € HP(D"), 0 < p < oo, then f* € LP(T") and
() lim,_y [, |f, [P dm = [, [f*]P dm
(i) lim,_; [, If, = F¥IPdm=0.

When p > 1 the function in H?(D") can be represented by the Poisson integral of its
boundary value function.

Theorem 6. If f € H'(D"), then

f(z) =f P(z,0)f*(¢)dm.
jI‘n

(The case n =1 can be found in [6, Theorem 17.11].)
Proof. Since z € D", P(z,{) is bounded on T™ and by (ii) of the theorem above

f P(z,0)f:(¢)dm() —J P(z,0)f*(§)dm(%)
Tn ’]T)"l

SJ P(z, OIf(8) = fH(Dldm(Z)
"

—0.
Now by [7, Theorem 2.1.2]
f(2) =lim £,(2)

=;1_>n%f P(z,0)f-(¢)dm(?)
'[[‘n

=J fH(&)dm(2).
']I‘Tl

3. The E and M. Riesz Theorem

Now we want to generalize the E and M. Riesz theorem.

Theorem 7. Let u be a complex Borel measure on T". If

J e (k0 du(6)=0
'ﬂ‘n

for k =(kyq,...,k,) € Z" with at least one kj, j = 1,2,...,n positive, where
(k@) =k 0, +...+k, 0, then u is absolutely continuous with respect to dm.
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(When n =1 see [6, Theorem 17.13].)
Proof. Define f(z) = P[du](z). Then, with the notations

2 =(21,...,%,) with z; = rjeief,j =1,...,n
rlkl :rllkll...rrllknl
(k-8)=k,0;+...+k,0,

(k-t)=kit; +...+kyt,

and using the series representation for the Poisson kernel, we get

f(=) =f P(z,e)du(t)
Tn

=J (Z rlklei(k-e)e—i(k-t)> du(t)

T \ kezn

= Z ( f e—i(k'f)du(t)) Kl piCk-6)
’]I‘n

kezn

296

where ¢, = an e {0 du(t) and 2z, = rlklei®9) Notice that all other integrals in the above

sum vanish by the hypothesis. Thus f(z) is holomorphic.

For0<r <1,
J £ (D) dm(Z) =J dm(%)
T ™

J P(rg,n)du(n)
Tn

sf (J P(rC,n)dlul(n))dm(C)
=f (J P(rC,n)dm(C))dlul(n)
’]I‘Tl ’]I‘Tl

=[lull-

Thus f € H'(D") and hence f(z) = P[f*](z), where f* € L}(T"). Now the uniqueness of the

Poisson integral representation shows that
du=f*dm

and the proof is completed.
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4. Boundary Values

Do the boundary values of functions in H?(ID") exist on the non-distinguished boundary?
Now we want to look into this question.

Let {j;,...,Jx} and {i;,...,1;} be disjoint sets of indices such that their union is {1,...,n}
where j; < j, <...<jrand i; < iy <...<1{;. Define the sections of D" as follows

are fixed}

D} 5 = {(z1,...,2,) €D" 1 55,...,3j,

and define fz ,,,,, = fpn . We will write fz k(zll, ..,%; ) instead of fz 5, (215-++525)-
zjl""’zlk ,,,,,,,,,,

We will see below that for f € HP(D"), 1 < p < oo, the non-tangential 11m1t of fzjl""’zjk

exists at almost all points of the distinguished boundary of the section D  ~ which is T!
I

and the function fzj1 can be restored by the Poisson integral of this 111n1t

..... Zj

Theorem 8. Let f € HP(D"), 1<p<oo. Then f, . € HP (D).

......

Proof. Without loss of generality we suppose that {jl, .. gk ={1,...,k}. Let’s use the
following notations for the Poisson kernels

B P(z',gj) ji=1,...,k
Pi(¢) = {p(rgj,gj) j=k+1,...,n

where |&;| = 1. Then, for 0 <r < 1, by Theorem 6

.....

p
dml

.....

JPl(Cl)---Pn(Cn)f*(Cl,---,Cn)dmn
’]I‘Tl

T!

-
= (J P1(C1)---Pn(Cn)|f*(C1,...,§n)|pdmn)dmz
JTZ Tn
[
:J Pi(&1). - P(CIIf*(Cn, -, CIP
Tn

x (J Pk+1(§k+1)--~Pn(§n)dml)dmn
T 2k
<
(T—=1lz1D) - (= lzx]) J g

The last quantity above is independent of r and is finite by Theorem 5. Thus the theorem is
proved. O

|f*(§1: LR} gn)|pdmn'

The following corollary is immediate.
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,,,,,

Iz

1 0e%)

. exists almost everywhere on T' and belongs to LP(T%).

The following theorems are the direct consequences of Theorems 5 and 6.

Theorem 9. If 1 < p < oo and f € HP(D"), then

-----
seeey sy

.....

.....
(zj1 ..... ka)
|Zj1|:‘..:|2§jk|

then f € HP(D").

Proof. For simplicity we take {ji,...,jx} = {1,...,k}. And, of course, this theorem makes
sense only when k > 0. Now for 0 < r <1,

r
f f (e, rd)lPdmy, = (f If(rC1,~-,T‘Cn)lpdmn—k)dmk
Tn JTk Tn—k

-
< ( sup f |f("§1,--~,ka,tCk+1,~-,tCn)|pdmn—k)dmk
JTk Tn—k

0<t<1

dmk
T
<MP.

Thus f € HP(D"). O

5. Poletsky-Stessin Hardy Spaces on the Bidisk
Let u be a negative continuous plurisubharmonic function on the bidisk

D? = {(21,25) € C* : |21] < 1,]25| < 1}
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such that u(zy,2,) — 0 as (21,2,) — ({1,{,) € dD?. Following Demailly [2], for r < 0 we
define

Su(r)= {(21,22) eD? :u(zy,2,) = r}
B,(r) ={(21,29) € D? : u(zq,2,) <1}

For convenience we will write z = (2;,%5). Associated with this u we define the positive
measure U, . called Monge-Ampere measures by

My ,r = (ddcur)z - )C]D)Z\Bu(r)(ddcu)2

where u, = max{u,r}. These measures are supported by the level sets S, (r). Demailly has
proved the following [2, Theorem 1.7].

Theorem 12 (Lelong-Jensen Formula). For all r < 0 every plurisubharmonic function ¢ on D?
is W, -integrable and

u«u,r(w):f w(ddcu)2+J (r—u)(ddp) A(dd“u).
B,(r) B,(r)

Denote by &(D?) the set of all continuous negative plurisubharmonic functions u on D?
and equal to zero on dD? whose Monge—Ampere mass is finite, i.e.

J (dd‘u)? < oo
D2

and denote by & (D?) the set of those u € &(D?) for which fDZ dd‘u=1.
Following [3] we define, what we call, the Poletsky—Stessin Hardy space H:(D?), p > 0,
as the space of all holomorphic functions on D? for which

limsupy,, (If7) < 00

r—0—

These new spaces are contained in the classical spaces, that is, H:(D?) ¢ HP(D?). Since
iy, -(|f [P) is an increasing function of r the limsup in the definition can be replaced by lim.
Forp>1

IF 1, = tim pm,,(F19)

is a norm and with this norm HY (D?) is Banach [3, Theorem 4.1]. The Poletsky—Stessin Hardy
spaces on the unit disk have been studied in detail in [1, 5, 8-10].

In [4] Poletsky has proved that the intersection of all Poletsky—Stessin Hardy spaces H% (D),
p > 1, where D is a strongly pseudoconvex domain with C? boundary, is H°°(D), the space
of bounded holomorphic functions. Hence it immediately follows that the intersection of all
HP (D) is H*° (D). We will prove this result for the polydisk. It is enough to consider the bidisk.
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Let { = ({1,{,) € T? and a = (a;,a,), 0 < aj,a, < /2. Following [11] we define the
approach region T,({) as
To(8) = To, (§1) X T, (85)

where Taj(é' ;) is the Stolz angle at {; € T with vertex angle 2a;. Here we will consider only
the congruent symmetric approach regions meaning that the Stolz angles are symmetric with
respect to the radius to {; and the vertex angles are equal, i.e. a; = a,. Following [4] we
define the Green ball of radius 0 < r < 1 and center at w to be the set

Gw,r)={zeD?: g(z,w) <logr}

where g(z,w) is the Green function for D? with pole at w. The Green function for D? is
explicitly given by

2o —W
<r}x{zze]D>: 22—2 <r}.

Lemma 1. Let { = ({1,{,) € T? and 0 < r < 1. For any 0 < t < 1 there exists 0 < a < /2
such that G(tg,r) C To(§) where t = ({1, t85) and T (§) = To(L1) x Ta(L2).

Proof. Observe that
{zj eD: < r}

is the image of the disk {|w;| < r} c C under the conformal map

21— Wq 29— Wy

J

glz,w)= logmax{

1 —W_121 1—W_222

Hence it follows that

21— W
G(w,r)={zle]D): Tt A S

1 —W_lzl —W_222

_

which is a disk contained in D with center at

t(1—r?)
=2
1—r2t2
and radius equal to
r(1—t2)
1—r2¢2°
The tangents to this disk that pass through {; make an angle of
) (r(l + t))
a = arcsin
1+4tr?
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with the radius to ;. Hence

{ZjE]D):

for j=1,2 and G(t{,r) € T,(¢). Since for fixed 0 <r <1

< r} c Ta(a:j)

r(l1+t)
—>
1+tr2

is an increasing function of t € [0, 1] we have

1+t 2
0<r( )s o<1
1+tr2 = 14712

From this it follows that

. 2r i
0 < a < arcsin < —.
1+ 2

rz
O
Remark 1. For fixed 0 <r <1,
r(1—t?)
t— —
1—r2t2

is a decreasing function of t € [0, 1] that decreases to zero as t — 1. Therefore we can make the
size of the Green ball G(t,r) as small as we want simply by choosing t close enough to 1.

The plurisubharmonic envelope E¢ of a continuous function ¢ on a domain  C C" is the
maximal plurisubharmonic function on 2 less than or equal to ¢. For a sequence of functions
{uj} c &(D?), we denote by E {u;} the envelope of inf{u;}. The following Lemma [4, Theorem
3.3] gives the estimate on the Monge-Ampere mass of the envelope.

Lemma 2. If Q is a strongly hyperconvex domain and continuous plurisubharmonic functions

{u;} c £(Q), then
f(dch{uj})” st (ddCu;)".
Q Q

Theorem 13. Let f be a holomorphic function on D?. Suppose that f has non-tangential limits
at points {{;} C T? and lim;_, o [f*({;)| = 00. Then for any p > 1 there exists u € &, (D?) such
that f ¢ HE(D?).

The proof that Poletsky gave to this theorem in [4] in the case when D is a strongly pseu-
doconvex domain with C? boundary also works when the domain is a polydisk. We will mimic
his proof in our context.

Proof. Let us take a sequence {a;} of positive numbers such that

oo o0
D aj<ooand Y a?|f ()P = oo.
: o=

j=1
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For 0 < t; < 1 we write G; = G(tjgj,e_l). By Lemma 1 there exists 0 < a; < 7/2 such that
Gj C Taj(C 7). Now we inductively construct a sequence {t;},0 < t; < 1, satisfying certain
conditions. Choose any 0 < t; < 1. Suppose that t4,..., t,_; have already been chosen. Now
chose 0 < t; < 1 so that the following conditions are satisfied:

@ [f1>1f*(Cx)I/2 on Gy
(i) Gy NG;=¢

(i) g(z, txx) > —a;/25"! on G;

(iv) a;g(z,t;¢;)>—a/2'*" on Gy

for 1 < j < k—1. The conditions (i) and (ii) can be achieved simply by taking t; close enough
to 1. Since Gj, j < k, and G, are disjoint, g(z, t;{;) — 0 uniformly on G; as t; — 1. Hence
(iii) can be achieved for t; close enough to 1. Since g(z,t;{;) = 0 when z € 2D?, we can
choose t; so close to 1 that

k—1

G, C ﬂ {z eD?: a;g(z, t;¢;) > —ak/2j+1}.
j=1

Thus (iv) can be achieved.
Define

uj(z) = a;max{g(z,t;{;),—2}.

Note that if F is an open set in D* containing G(t;{;,e ) then

JF(ddCuj)2 = a]?.

. . o0
Let u = E{u;}. Since the series v = ijl uj

is a continuous plurisubharmonic function on D? equal to 0 on dD?. By Lemma 2,

)2 c 2 __ 2
sz(dd w2 <> (ddu)? =" a? < oo.

j=1JD? j=1

converges uniformly on D2, v € &(D?). Sou>v

Hence u € &(D?).
Now we evaluate ka(ddCu)z. Observe that u;, > u > v on D?. By the conditions on the
choices of t;, on 9 Gy we get

(o]

k—1
aj ag 3
PP . P i Sy
2j+1 2j+1 2
j=1 j=k+1

Hence u + 3a;/2 = 0 on dGj and the set F; = {6(u + %ak) < u;} compactly belongs to Gy.
Moreovet, if z € 0 G(t;{y, e ) then

6(u(z) + %ak) < 6(uk(z) + %ak) = —3a; < —2a; = ur(2).
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Thus G(t{y, e ) C Fi. By the comparison principle
36f (ddu)? = J (dd°6(u(z) + §ak))2 > J (dd°u)? = a,%.
(e e 2 Fy

Hence by Lelong—Jensen formula

IFI2, ZJ Iflp(ddcu)ZZZf [fIP(ddu)* = 361.2p2|f*(5k)|pa,%: 0.
! D2 k=1 G k=0
Hence f ¢ HP(D?). O

The following corollary shows the existence of nontrivial Poletsky—Stessin Hardy spaces on
the bidisk.

Corollary 2. For every p > 1 there exists a function u € & (D?) such that HS (D?) ¢ HP(D?).

Proof Take f € HP(D?) that is unbounded. Then the non-tangential limit f* on T2 must
be unbounded because otherwise

f(Z)=J P(z,0)f*({)dm
’]1‘2

would imply that f(z) is bounded. So there exists a set of points {{;} € T? such that
lim;_, . [f*(¢;)| = 00. Hence the corollary follows from Theorem 13. O

Now we prove the most important theorem of this section.

Theorem 14. Let p > 1. Then

() HE(D*)=H>(D?).
ue&, (D2?)

Proof. Let f € (e gl(Dz)Hg (D?). Then the non-tangential limit f* on T2 is bounded

because otherwise by Theorem 13 there would exist a u € & (D?) such that f ¢ H/(D?). Thus,
since f* is bounded,

f(2)=f P(z,0)f*({)dm
T2

implies that f € H*(D?). O
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