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2-Sets Generated by a Subset of a Group
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Abstract. A subset D of a group G is a Z-set if every element of G, not in D, has its inverse in D. Let
A be a non-empty subset of G. A smallest Z-set of G that contains A is called a Z-set generated by A,
denoted by (A). Note that (A) may not be unique. This paper characterized sets A with unique (A) and
sets whose number of generated Z-sets is equal to the index minimum.
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1. Introduction

Let G be a group. A subset D of G is called a Z-set if for every x € G\D, x™' € D. A
smallest Z-set in G is called a minimum Z-set. The number of minimum Z-sets of G is called
the index minimum of G. Please refer to [3] for the concepts that are not defined in this paper.

In [1], we proved that if x? = e, then x is an element of any Z-set. Thus, if
S= {s €G:s?= e}, then S C D for all &-set D.

It is mention in [2] that the relation ~ defined on G\S given by x ~ y if and only if x = y
or x ! = y is an equivalence relation, and the equivalence class containing x is {x, x~'}. Thus,
G\S = {ay,a; ' }U{ay,a; ' }U---U{a,, a '} If a; # a; for i # j, then we call the given partition
a canonical partition of G\S, and c is called the %-number of G. Clearly, c = |G\S| /2.

Remark 1. Let G be a finite group and D be a Z-set of G. Then D =S U {x{, X5, ..., X.}, where
x; € {ai,ai_l}for i=1,2,...,cand G\S = {al,al_l} U {az,az_l} U---u {ac,ac_l} is a canonical
partition, if and only if D is a minimum Z-set.

To see this, assume that D = SU{xq, x5, ..., X .}, where x; € {q;, al._l} fori=1,2,...,cand
G\S ={ay, al_l} U{a,, az_l} u---Uia,, ac_l} is a canonical partition, and D is not a minimum
Z-set. Let D’ be a minimum Z-set. Then |D’| < |D|. Let x € D\D’. Since the elements of
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S must be in D', x = x; for some i € {1,2,...,c}. Since D’ is a Z-set, xl._1 eD.

X, xi_1 € D. This is a contradiction.

Conversely, assume that D is a minimum Z-set and D # S U {x1, X5, ..., X}, where
x; € {ai,al._l} fori=1,2,...,cand G\S = {al,al_l} U {az,agl} U---u {ac,ac_l} is a canonical
partition. Since the elements of S must be in D and D # S U {x1, xo, ..., X.}, where
x; € {ai,ai_l} fori=1,2,...,cand G\S = {al,al_l} U {az,agl} U---u {ac,ac_l} is a canonical
partition, there exist x € G\S such that {x,x™'} € D (since one of x and x~! must be in D).
If {x,x '} € D, then D\{x} is a Z-set smaller than D. This is a contradiction.

The following results are found in [2]. They will be used in the succeeding sections.

Hence,

Theorem 1. Let G be a finite group. If ¢ is the €-number of G, then i (G) = 2°.

Theorem 2. Let G be a finite group and T be the family of all of its P-sets. If c is the € -number
of G, then |T| = 3°.

Theorem 2 says that if A C G, then i (A) < 3°.

2. -Sets Generated by a Subset

All groups considered here are finite groups. Let G be a group and A be a non-empty subset
of G. A smallest Z-set of G that contains A is called a Z-set generated by A, denoted by (A).

For example, consider the additive group Z¢ = {0,1,2,3,4,5}. Note that S; = {0,3},
and {{1,5},{2,4}} is a canonical partition of Zg. Thus, the %-number of Z¢ is 2. Hence by
Theorem 2, |T| = 32 = 9. The elements of T would be

D, ={0,3,1,5,2,4}
D, ={0,3,1,2,5}
D3 ={0,3,1,4,5}
D,={0,3,1,2,4}
D5 ={0,3,2,4,5}
D¢ =1{0,3,1,2}

D, ={0,3,1,4}

Dg =1{0,3,2,5}

Dy =1{0,3,4,5}.

Observe that A= {1,4} is a subset of Dy, D3, D4, and D, and the smallest set among these
is D,. Thus, (1,4) = D, ={0,3,1,4}.

Note that (A) may not be unique. To see this, let B = {0,3}. Then Dy and Dy are the
smallest Z-sets of G containing {0,3}. Hence, (0,3) = Dg or Dy. We denote by i(A) the
number of distinct Z-sets of G generated by A.

Remark 2. For any nonempty subset A of a finite group G, (A) always exist since G is itself a
9D-set. Hence, i (A) > 0.
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Remark 3. Let G be a group and D be a minimum Z-set of G. If x € D\S, then x~! ¢ D.

To see this, suppose that x € D\S and x~! € D. Then D\{x} is a Z-set smaller than D.
This is a contradiction.

Theorem 3. Let G be a finite group, S = {s €G:s?= e} and AC G. Then A C S if and only if
A C D for all minimum %-set D of G.

Proof. Let G be a finite group, S = {s €G:s?= e} andAC G. In[2],S C D for all Z-set D
of G. So,if AC S, then A C D for all Z-set D of G. In particular, A C D for all minimum Z-set
D of G.

Conversely, assume that A C D for all minimum Z2-set D of G and A € S. Let x € A\S and
D be a minimum Z-set containing A. Since A € D and x € A\S, x € D\S. Hence by Remark 3,
x~! ¢ D. Note that D; = D\{x} U {x™'} is a minimum Z-set that do not contain A. This is a
contradiction. O

Corollary 1. Let G be a finite group, S = {s €G:s2= e}. IfACS, then i (A) = 2°.
Proof. This follows from Theorem 3 and Theorem 1. O

The next result characterizes sets A with unique generated Z-set.

Theorem 4. Let G be a finite group and A € G. Then, i (A) = 1ifand only ifAC D and A 2 (D\S)
for some Z-set D of G.

Proof. Let G be a finite group and A C G. Suppose that i (A) =1, and, AZ D or A (D\S)
for all Z-set D of G. If AZ D for all Z-set D of G, then i (A) = 0. This is a contradiction (by
Remark 2). So we assume that A € D. Let D; be a smallest Z-set containing A. If A (D\S)
for all Z-set D of G, then AU S is not a Z-set, that AU S is properly contained in D;. Let
x € D;\(AUS). Then D;\{x} U {x7'} is a Z-set containing A with |D1| < |D|. This is a
contradiction.

Conversely, assume that A C D, A D (D\S) for some %-set D of G, and i(A) > 1. fAC D
and A 2 (D\S) for some Z-set D of G, then D = AU S is a smallest Z-set containing A.
Since i (A) > 1, let D; be another smallest Z-set containing A. Since A 2 (D\S), D; 2 (D\S).
If D # Dy and D; 2 (D\S), D is a proper subset of D; (since D; must contain S). Hence
|D| # \Dl | This is a contradiction. O

Theorem 5. Let G be a finite group, S = {5 €G:s?= e}, and A € G. If x; # xj_1 for all
X, x; € A\S, then Ais a subset of a minimum Z-set. Hence, i (A) < 2°.

Proof. Let G be a finite group, S = {s €G:s’= e}, and A C G. From Remark 1, if D is a

minimum %-set, then D = S U {al,az, ...,ac} where q; € {xi,xi_l} fori =1,2,...,c where
{{xi, xl._l} i=1,2,..., c} is a partition of G\S in the sense of Remark 1. Thus, if x; # xj_1 for
all x;,x; € A\S, Then A is a subset of a minimum Z-set. O

We recall the disjoint union of sets. Let X and Y be sets. The disjoint union of X and Y,
denoted by X U, is found by combining the elements of X and Y, treating all elements to be
distinct. Thus, |X U Y| =|X|+]|Y].
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Theorem 6. Let G be a finite group, S = {s €G:s%= e}, Q= {x €A\S: x7! EA}, and ACG.
Then i (A) = 2", where n=|A|—|ANS|— %

Proof. Let G be a finite group, S = {s €G:s’= e}, Q={xeA\S:x1eAandACG.
Consider P = A\ (S UQ). Note that if x € P, then x~' € G\A. Thus,

A=(ANS) UQUP

: _ _ 11 - (1)
=(ANnS) U {xl,xll,xz,le,...,xk,xkl} U {xk+1,xk+2,...,xn}.
It can be shown that if D is a smallest Z-set containing A, then D is of the form
D=SUQUPU {xn+1,xn+2,...,xc}
. 1 4 4 . (2)
=Su {xl,xl X9, Xy sy Xy X ,xk+1,xk+2,...,xn} U {xn+1,xn+2,...,xc}.

By this, the number of ways to choose a smallest Z-set containing Ais 2-2:-----2 = 2",
where n = + (n—k). Since |A| = |AN S| + Q| + (n—k), n = |A| —|AnS|— . 0

3. -Sets Generated by a Subgroup

The following are consequences of Theorem 6.

Corollary 2. Let G be a finite group, S = {s €eG:s*= e}, and H < G. Then i (A) = 2", where
n=|H\S|/2.

Proof. Let G be a finite group, S = {s €G:s?= e}, and H<G.IfH <G, thenx,x 'eH
forall x € H. Let Q = {x € A\S : x_! € A}. Then Q = H\S, that is, |Q| = |H\S|. Thus, by
Theorem 6, i (H) = 2°"(HIZIHNSI=5) _ ge=(Iisi=5%) _ ge—(15%) m

Corollary 3. Let G be a finite group, S = {s €G:s%= e}, and H < G. If S CH, then
[Fl-s|
i(H)= 2C‘( 2 ).

Proof. Let G be a finite group, S = {s €G:s’= e}, and H < G. If S C H, then

IH|-ls|
|H\S| = |H| —|S|. Thus, by Corollary 2, i (H) = 26_( K )

O

Corollary 4. Let G be a finite group, S = {s €G:s= e}, and H < G. If H = Z,, where p is an
odd number; then i (H) = 25_(|H|T_1).

Proof. Let G be a finite group, S = {s €G:s= e}, and H < G. If H = Z, where p is an
odd number, then S = {e}. Thus, by Corollary 3, i (H) = 2C_(WT_1) O
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