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Abstract. In this paper, the pointwise approximation to functions f € L ., (a,b) by the convo-
lution type singular integral operators given in the following form:

b
LA(f;m):/f(t)KA(tfx)dt, ze(ab), e ACRY

where (a,b) stands for arbitrary closed, semi closed or open bounded interval in R or R itself,
Ly {a,b) denotes the space of all measurable but non-integrable functions f for which ‘5‘ is
integrable on {a, b) and w : R — RT is a corresponding weight function, at a u-generalized Lebesgue
point and the rate of convergence at this point are studied.
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1. Introduction

In paper [16], Taberski analyzed the pointwise convergence of integrable functions and
the approximation properties of derivatives of integrable functions in L; (—m, 7) by a two
parameter family of convolution type singular integral operators of the form:

s
T (fix) = [FO KA (t—a)dt, v € (mm), e ACRY, (1)
where K (t) is the kernel fulfilling appropriate assumptions and A € A and A is a
given set of non-negative numbers with accumulation point A\g. Later on, the weighted
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pointwise convergence and rate of convergence of a family of m-singular integral operators
in f € L, (R) were investigated by Mamedov [14].

Then, Gadjiev [9] and Rydzewska [15] studied the pointwise convergence theorems
and the order of pointwise convergence theorems for operators type (1) at a generalized
Lebesgue point and p—generalized Lebesgue point of f € Ly (—7,7) based on Taberski’s
analysis, respectively.

Further, in [10] and [12] Karsli extended the results of Taberski [16], Gadjiev [9] and
Rydzewska’s [15] studies by considering the more general integral operators of the form:

b
T,\(f;x):/f(t)K)\(tx)dt,xE(a,b},)\GACRg (2)

for functions in L; (a,b), where (a,b) is an arbitrary interval in R such as [a,b], (a,b),
[a,b) or (a,b].

In [11, 13], Karsli analyzed the pointwise convergence theorems and the rate of point-
wise convergence theorems for a family of nonlinear singular integral operators at a
pu—generalized Lebesgue point and at a generalized Lebesgue point of f € Ly (a,b), re-
spectively.

Bardaro and Cocchieri [2] evaluated the degree of pointwise convergence of Fejer-Type
singular integrals at the generalized Lebesgue points of the functions f € L (R). In an
another study, Bardaro [3] studied similar convergence results about moment type oper-
ators. Besides, the pointwise convergence of family of nonlinear Mellin type convolution
operators at Lebesgue points was also analyzed by Bardaro and Mantellini [4].

Bardaro, Karsli and Vinti [5] obtained some approximation results related to the point-
wise convergence and the rate of pointwise convergence for non-convolution type linear op-
erators at a Lebesgue point based on Bardaro and Mantellini’s study [4]. After that, they
got similar results for its nonlinear counterpart in [6] while in an another study [7], the
pointwise convergence and the rate of pointwise convergence results for a family of Mellin
type nonlinear m-singular integral operators at m-Lebesgue points of f were investigated.

Almali [1] studied the problem of pointwise convergence of non-convolution type inte-
gral operators at Lebesgue points of some classes of measurable functions.

In this paper, we also investigated the pointwise convergence and the rate of conver-
gence of the operators similar to the study of Karsli [12]. However, the difference between
this study and Karsli [12] is that while Karsli [12] considers the pointwise convergence of
the integral operators to the functions f € L; (a, b), our study covers the case f ¢ L; (a,b).

The main contribution of this paper is obtaining the pointwise convergence of the
convolution type singular integral operators of the form:

b
LA(f;g;):/f(t)KA(t—x)dt,xe<a,b>,AeAth (3)

where the symbol (a,b) stands for an arbitrary closed, semi closed or open bounded in-
terval in R or R itself, to the function f € Lj,, (a,b) where Lj,, (a,b) is the space of
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all measurable and non-integrable functions f for which ’% is integrable on (a,b) and

w : R — RT is a corresponding weight function, at a common p-generalized Lebesgue
point of % and w.

The paper is organized as follows: In Section 2, we introduce the fundamental def-
initions. In Section 3, we prove the existence of the operators type (3). In Section 4,
we present two theorems concerning the pointwise convergence of Ly (f;z,y) to f (xo,%0)
whenever (xg,y0) is a common p—generalized Lebesgue point of % and w. In section 5,
we give two theorems concerning the rate of pointwise convergence.

2. Preliminaries

Definition 1. A point x¢ € (a,b) is called p—generalized Lebesgue point of the function
f € Ll <a7b>7 Zf

h
. 1
Jim { £ (o +) = Flzo) dt =0,

where the function p : R — R is increasing and absolutely continuous on [0,b — a] and
w(0) =0 [15, 12].

Example 1. Consider the function f € Li(R) defined by

{ et ifte(0,1]

1) = 0, if t € R\(0, 1].

One can compute that xo = 0 is not a Lebesgue point of f. On the other hand, by taking
w(t) =Vt we see that xo = 0 is a p—generalized Lebesque point of f.

Now, we define a new class for the weighted approximation.

Definition 2. (Class A,) Let A C RJ be an index set and \g is an accumulation point
of it. Further, let Ky : R — R be an integrable function for each A € A and
o(t) = sup [wg(;;‘n)} , Vt € (a,b).
z€(a,b)
It is said that K(t) belongs to class Ay, if it satisfies the following conditions:

S

b. lim [sup |K)(t)|| =0, V&> 0.
A—=Xo _‘t|>§

c. lim | [ |Ky(t)|dt| =0, VE>0.
A—)A() _|t|>§

d. For a given §g > 0, |K,(t)| is non-decreasing function with respect to t on (—dy,0] and
non-increasing function with respect to t on [0, dp) .
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e. At some x € R, K)(x) tends to infinity as X tends to \o.

. lim
f )\*)/\0

JEK\(t)dt — 1‘ =0.
R
Throughout this paper K belongs to class A,

3. Existence of the Operators

Main results in this work are based on the following theorem.

Theorem 1. Suppose that f € Ly, (a,b). Then the operator Ly (f;x) defines a continu-
ous transformation acting on Ly 4, (a,b) .

Proof. Let (a,b) be an arbitrary closed, semi closed or open bounded interval in R. By
the linearity of the operator Ly(f;x), it is sufficient to show that the expression:

ILACS 521y ()
1Ny ()

IAll1 0 = sup
F#0

remains finite. Here, the norm of f € Ly ,, (a,b) is given by the following equality (see, for

example [14]):
b
5t = ||

Let us define a new function g by

_ [ rw), if  telab)
g(t)‘_{ 0, if teR\(ab).

dx.

f=
w

)
()

Now, using Fubini’s Theorem [8] we can write

w(x)

b b
1
NG - /i t/ﬂﬂKﬂﬁ—@ﬁ<h

[e.9]

! /g(t—kx)mK,\(t)dt do

[e.9]

b
[
71 /w(t+w)mKA(t)dt d

— 00

g(t+x)
M’ |K/\(t)’ dt| dx
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b

o[

< M HfHLLw(a,by

+:B)

dz| dt
)

Now, the proof of the indicated case is completed. The assertion can be proved with
the above method for the case (a,b) = R. Thus the proof is completed.

4. Convergence at Characteristic Points

In this section, two theorems concerning pointwise convergence of the operators of
type (3) will be presented. In the following theorem we suppose that (a,b) is an arbitrary
closed, semi closed or open bounded interval in R.

Theorem 2. Suppose that w(t) and |K)\(t — x)| are almost everywhere differentiable func-
tions on R with respect to variable t such that the following inequality:

%w(t)% |Kx\(t — )| >0, for any fized x € (a,b) (4)

holds. If o € (a,b) is a common p—generalized Lebesque point of functions f €
L1, (a,b) and w € Ly (a,b), then

lim  Lx(f;z) = f(xo)

(w,)\)—>(x0,)\0)
on any planar set Z on which the function

zo+0
[ 18 = )l wlt) [l — e e+ 21 (O w () o — ) 0< 8 < o,

zo—0
where &g is a fixved positive real number, is bounded as (x,\) tends to (g, \o).

Proof. Let xg+6 < b, 9 — 6 > a and |xg — x| < g for a given § > 0. The proof will be
stated for the case 0 < xp — x < %. The proof of the reverse case is similar.

Set I = |Lx(f;z)— f(z)|. Using Theorem 2 in [12] we may write the integral I as
follows:

f(t) Ky (t —x)dt — f(zo)

Jre
-2

w(t) w(xp) w (o)

b
]w(t)m(tx)dH f (o) /w(t)K)\(tx)dtw(xo)
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b
f() — f(xo)
w(t) w 330)

T A B AR IO RTe
{/ [T ) -2

zo—0 zo+0

IN

b
w(t)K)\(tx)dt—l—'%/w(t)]ﬁ(tx)dtw(a:o)

w () | Ky (t — )| dt

Jr|f($0)

w (7o)

b
/w(t)KA(tx)dtw(:co)

a

=L+ L+ I3+ 14+ Is.

It is sufficient to show that I; — 0 (i = 1,5) as (x,\) — (z0, \g) provided (z,\) € Z.
Let us consider the integral I5. By Theorem 2 in [12], we get

b

lim w () Ky (t—x)dt =w(xp) .
O R =2t = w @)
Therefore, we have
lim I5 = 0.
(.’E,)\)A)(.’L‘Q,)\o)
Now, we consider the integrals I; and I;. From hypothesis (4) and condition (d) of class
A, we have

. r ft $0)
ho= /‘t w (xo)

TN f (o)
Ky (+ — S
< o wl) s (Ko [ L0 - T

w(t) | Ky (t — )| dt

dt

Hence we obtain

< wla - 0) sup Ky (€ /\ 19 - Lo g
l€1>5
(o)
< w(xg—96) sup |K {f a+‘ b—a)p.
( 0 )‘£|>7’ )\( )‘ H HLl,w< ,b) w(l’o) ( )

Using similar strategy, we have the following inequality for the integral I

[ (20) (b—a)}.

w (7o)

14 < w20+ 8) sup |Kn () {\fHLW,w n \
|€\>*
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Combining these integrals, we get the following inequality:

[ (%o0)
w (20)

I+ I < {w (@0 — 8) +w (20 + )} sup K (€) {HfHLl,wm,b) n \
|§\>*

(b— a)} .
In view of condition (b) of class Ay, I1 + 14 — 0 as A — A.
Now, we consider the integral I». By the definition of y—generalized Lebesgue point,
for every € > 0 there exists a corresponding number § > 0 such that the expression:

f@) (xo
/ ‘(t L (xO dt < ey () (5)
holds for all 0 < h < § < .
Define the function F' (t) by
_ [ o)
0= [ [L - L] ©
t
From (6), we have
f() [ (o)
dF (t) = — |—= — dt 7
0=-|5@ - v "
From (5) and (6), for all ¢ satisfying 0 < o —t < < &g we have
F(t) <ep(zo—t). (8)
By virtue of (6) and (7) we have
[ f (o)

Iy =

w(t)  w(xo)

CC()—

- /\Km—:cm() —F ().

Using integration by parts and applying (8), we have the following inequality:

z0

[I2| < ep(8) [Kx (xo — 6 —a)|w(xo —6) + ¢ / p(wo — 1) [d[Kx (t —z)|w (t)] .

zo—9
It is easy to see that

[I2| < ep(6) |Kx (zo — 0 — @) w (w0 — )
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To—T t
v [ no-as-nld| V IEi@lw s
To—z—5 ro—x—9
If we use hypothesis (4) and integration by parts, then we have the following expression:
To—T "
L] < —e / 1 () w (u+ ) | {0 — 2 — )}, dt.
5 x9g—T—0

To—T—

Using condition (d) of class A, we obtain

Bl e [ 1K= 0)]w (o) [{um - 0]t + 215 O)]w @) (a0~ 2).
x0—08
Using preceding method, we can estimate the integral I3 as
xo+0
|Ig\§€/ K (t— )| w (t) [{p(t — z0)}y| dt.
o

Combining |I>| and |I3|, we obtain

xo+0
(2| + 13| < € / [K (t =) w (8) [{n (Jt = zol)}y| dt + 2¢ [K (0)] w (2) p (Jzo — )
zo—9
Note that the above inequality is obtained for the case 0 < z — xg < %. Therefore, if the

points (z,\) € Z are sufficiently near to (xg, \o) , we have |Iz| + |I3] tends to zero. Thus,
the proof is completed.

In the next theorem we suppose that (a,b) = R

Theorem 3. Suppose that w(t) and |Kx(t — x)| are almost everywhere differentiable func-
tions on R with respect to variable t such that the following inequality:

d d
@w(t)% |K\(t — )| >0, for any fized x € R. (4)
holds. If zo € R is a common pu—generalized Lebesque point of functions f € Ly, (R)
and w € L1 (R), then
lim  Ly(f;2) = f(zo)

(I,)\)%(xo,)\o)
on any planar set Z on which the function
zo+0
/|Kx(t—$|w ) [{ra(lwo — H)}] dt +2 K (0)]w () g (fro — 2), 0< 5 < o,
zo—0

where g is a fized positive real number, is bounded as (x,\) tends to (xg, o).
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Proof. Making similar calculations as in Theorem 2 we have

LA(fi2) — fl)l < sup |[Kx ()] {w (@0 —6) +w (o + )} 1l .y

(33
oo =0+ wieo+ 0} LE i 6)1as
(353
zo+9
e [ 1B = ) (@) [l — e) ;] dt + 2 K 0)] w0 ) s (0 o)
zo—0
+‘£(("fc‘;)) /w(t)K,\(t—:c)dt—w(a:o) .

Using conditions (b) and (c) of class A,, and Theorem 3 in [12] we obtain |Ly(f;x) — f(zo)| —
0 as (x,\) — (0, \g) - Hence the proof is completed.

Example 2. The following Gauss-Weierstrass type kernel and weight functions satisfy

the hypothesis of Theorem 3, respectively. Let A = (0,00), Ao = 0 and Ky : R — RT for
each A € A is given by

and w : R — RT is given by

(0 1, ift=0
w(t) = 1 .
7m(l+ltl)’ otherwise.

For detailed analysis of the above functions, authors refer to [1].

5. Rate of Convergence

In this section, two theorems concerning rate of pointwise convergence will be given.

Theorem 4. Suppose that the hypothesis of Theorem 2 is satisfied.

Let
zo+0

A8 = [ 1Kale=)w(O)[{ulla — D] de-+ 218 0w ) e (0 — )
zo—0

where 0 < § < &g, and the following conditions are satisfied:

i. Az, \,0) =0 as (z,\) = (zo, Xo) for some § > 0.
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ii. For every £ >0
[KA(§)] = o(A(z, A, 0))

as (x,\) = (z0, \o)-

iii.

b
/w (t) Ky (t —z)dt —w (xg)| = o(A(x, A, 0))

as (x,A) = (z0, \o).

Then at each common pu—generalized Lebesgue point of functions f € Ly, (a,b) and
w € Ly (a,b) we have as (x,\) — (o, Xo)

’L/\ (fvx) —f (1'0)| = O(A(x> )‘75))

Proof. Under the hypothesis of Theorem 2, we may write

Ia (i)~ @] < fwlao—06) +wzo +6)
<500 K3 (O1 {111, 00+ |

s
l§1>5

g
5
<

zo+0
+e / [\ (t = @) w () [{u|wo — t) | dt + 22 [Kx (0)|w () 1 (|zo — )

)

+'f(9«“0)

w (o)

b
/w(t)K,\(t—x)dt—w(:vo) .

a

From (i)-(iii) we have the desired result i.e.:

|L/\ (fvx) —f (1‘0)| = O(A(l‘, )‘75))

Theorem 5. Suppose that the hypothesis of Theorem 3 is satisfied.

Let
To+0

A A d) = [ 18 (0= 0)|w 0 [l — ey de + 21 O] (2) (0~ o]
zo—0

where 0 < § < dg, and the following conditions are satisfied:

i. A(z,y,\,0) =0 as (x,\) = (20, Xo) for some 6 > 0.
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ii. For every £ >0
[KA(§)] = o(A(z, A, 0))

as (x,\) = (xo, No).

iii. For every £ > 0

lim /|KA(t)|dt = o(A(z, ), 5))

A= Ao
[t]>¢
as (z,A) = (20, Ao)-
/w (1) Ky (= o) dt — w (w0)| = o(A(z, \, 5))

as (x,\) = (xo, No).

Then at each common p—generalized Lebesque point of functions f € Li,(R) and
w € L1(R) we have as (x,\) — (20, \o)

|Lx (f;2) — f (z0)| = o(A(z, A, 9)).
Proof. Under the hypothesis of Theorem 3, we write

[Lx (f;2) = f(wo)| < sup [Kx (§)[{w (x0 = 6) +w (zo + )} fllL, @)

l€1>$
= 0) +wleo+ 0} TN [ 01
l€1>3
zo+9
+ 6/ [K(t = 2)|w(t) [{u(]zo — t])}i] dt + 2¢ | Ky (0)|w () p (|0 — )
zo—0
+‘£((Z‘;)) /w(t)KA(t—x)dt—w(xg)

and from (i)-(iv) we have the desired result i.e.:

|Lx (f52) = [ (x0)| = o(A(z, A, 9)).

Acknowledgements

The authors thank the referees for their valuable comments and suggestions.



REFERENCES 346

1]

[10]

[11]

[12]

[13]

[14]

[15]

References

S E Almali. Convergence and the Order of Convergence of Family of Nonconvolution Type In-
tegral Operators at Characteristic points. Ph. D. Thesis, Ankara University, Graduate School
of Applied Science, Ankara, 2002.

C Bardaro and C G Cocchieri. On the Degree of Approximation for a Class of Singular
Integrals. Rend. Mat., 7(4):481-490, 1984.

C Bardaro. On Approximation Properties for Some Classes of Linear Operators of Convolution
Type. Atti Sem. Mat. Fis. Univ. Modena, 33(2):329-356, 1984.

C Bardaro and I Mantellini. Pointwise Convergence Theorems for Nonlinear Mellin Convolu-
tion Operators. Int. J. Pure Appl. Math., 27(4):431-447, 2006.

C Bardaro, H Karsli and G Vinti. On Pointwise Convergence of Linear Integral Operators
with Homogeneous Kernel. Integral Transforms and Special Functions, 19(6):429-439, 2008.

C Bardaro, G Vinti and H Karsli. Nonlinear Integral Operators with Homogeneous Kernels:
Pointwise Approximation Theorems. Appl. Anal., 90(3-4):463-474, 2011.

C. Bardaro, H. Karsli and G. Vinti, On pointwise convergence of Mellin type nonlinear m-
singular integral operators, Comm. Appl. Nonlinear Anal. 20, 2(2013), 25-39.

P L Butzer and R J Nessel. Fourier Analysis and Approzimation: Vol. I. Academic Press,
New York, London, 1971.

A D Gadjiev. The Order of Convergence of Singular Integrals which Depend on Two Param-
eters. In Special Problems of Functional Analysis and their Appl. to the Theory of Diff. Eq.
and the Theory of Func., Izdat. Akad. Nauk AzerbaidaZan. SSR., pages 40-44, 1968.

H Karsli and E Ibikli. Approximation Properties of Convolution Type Singular Integral Op-
erators Depending on Two Parameters and of Their Derivatives in L1(a,b). In Proc. 16 th
Int. Conf. Jangjeon Math. Soc., 16:66-76, 2005.

H Karsli. Convergence and Rate of Convergence by Nonlinear Singular Integral Operators
Depending on Two Parameters. Appl. Anal., 85(6-7):781-791, 2006.

H Karsli and E Ibikli. On Convergence of Convolution Type Singular Integral Operators
Depending on Two Parameters. Fasc. Math., 38:25-39, 2007.

H Karsli. On the Approximation Properties of a Class of Convolution Type Nonlinear Singular
Integral Operators. Georgian Math. J., 15:77-86, 2008.

R G Mamedov. On the Order of Convergence of m-Singular Integrals at Generalized Lebesgue
Points and in the Space Lp(-00, 00). Izv. Akad. Nauk SSSR Ser. Mat., 27(2):287-304, 1963.

B Rydzewska. Approximation des Fonctions par des Intégrales Singulieres Ordinaires. Fasc.
Math., 7:71-81, 1973.



REFERENCES 347

[16] R Taberski. Singular Integrals Depending on Two Parameters. Prace Mat., 7:173-179, 1962.



