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Abstract. The aim of this paper consists in establishing the automatic continuity of Hasse-
Schmidt derivations on Banach-Jordan Pairs and Banach-Jordan Algebras satisfying some algebraic
conditions. Namely, higher derivations on semiprimitive Banach-Jordan Pairs and semiprimitive
Banach-Jordan Algebras are continuous.
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1. Introduction

Higher derivations were introduced first by Hasse and Schmidt [12], that’s why alge-
braist sometimes call them Hasse-Schmidt derivations. For further algebraic properties
about these operators, the reader is referred to [5,7,11,17,27,28] where they are studied
in other context. Higher derivations are used in [30] to study generic solving of higher
differential equations. Loy proved in [22] that if A is an (F')-algebra which is a subalge-
bra of a Banach algebra B of power series, then every higher derivation {d,,} : A — B
(n=0,1,2,...) is automatically continuous. Jewell showed in [15] that any higher deriva-
tion from a Banach algebra into a semisimple Banach algebra is continuous provided
ker(dp) C ker(dy), for all n > 1. S. Hejazian and T.L. Shatery show in [13] that every
higher derivation {d,} from a JB*—algebra A into a JB*—algebra B is continuous pro-
vided that dy is a *-homomorphism. They also prove that every higher derivation from
a commutative C*—algebra or from a C*—algebra which has minimal idempotents and
is the closure of its socle is continuous. M. Mirzavaziri gives in [24] a characterization of
higher derivations on algebras.

In this paper, we deal with higher derivations on Banach-Jordan pairs. We intend to
settle the automatic continuity of these operators provided that some algebraic conditions
are satisfied. Our approach to this result consists in intensive use of local algebras theory
frequently used by authors in Jordan structures. Let us note that Jordan pairs are a natural
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extension of Jordan algebras and arise as well in a natural way in the geometry of bounded
symmetric domains. Loos proved in [21] a strong dependence between homogeneous circled
domains, in finite complex vector spaces, and Jordan pairs.

2. Preliminaries

In this paper we shall deal with Jordan pairs and Jordan algebras over a commutative
ring of scalars R of characteristic not two. The reader is referred to [18] for further details.
However, we shall record in this section some notations and results.

A Jordan pair over a commutative ring R of characteristic not two is a pair of R-
modules P = (P*,P~) endowed with a couple (QT,Q~) of quadratic operators Q° :
P? — Homg(P~7,P%) such that the following identities hold for all (z,y) € P7 X
P77 (0 =4%)

Vewe = ng(;gc)’ ViQzya) = V(Z:,Q;"a:),

where V(C;’y)z = Q‘(’%Z)y ={z,y,z}s, Q‘(’Lz) =Q7,.— Q7 — Q7 and {z,y,z}, = 2Q%y.
An example of Jordan pairs over a field K is given by taking P = A(M, R, p)”, where
M = (M, M™) is a pair of R-vector spaces such that M7 is a left R-module and M~ is a
right R-module over an associative K-algebra R and ¢ : M x M~ — R is an R-bilinear
form in the sense that ¢(az,yb) = ap(x,y)b. The product of P = A(M, R, ¢)” is defined
by:
Quy = ¢(x,y)x and Quz = yo(z,y) V(z,y) € M+ x M~

A Jordan pair P = (PT, P7) is said to be normed (Banach) provided the vector spaces
Pt and P~ are endowed with norms (complete), both denoted by ||.||, making continuous
the triple products {x,y, 2z}, of P, merely denoted {x,y, z}.

A typical example of Banach-Jordan pairs is given by taking

Pt = BL(X,)Y), P~ =BL(Y,X),

the pair of linear bounded operators between real or complex Banach spaces X and Y
with the multiplication Q,v = uvu. Such pair is frequently denoted by B(X,)).

A (linear) Jordan algebra is a vector space J endowed with a binary product (a,b) —
ab satisfying the identities: ab = ba, and a?(ba) = (a®b)a. If a complete norm is defined
on J and makes continuous its product ab, J is said to be a Banach-Jordan algebra.
Jordan pairs are known by their intimate relationship with Jordan algebras. Indeed, Any
associative, alternative or Jordan algebra A gives rise to a Jordan pair (A, A) with a
quadratic multiplication zyx or Uy, with U denoting the usual U-operator of a Jordan
algebra defined by U,y = 2z(xy) — 22y.

In the opposite direction, given a Jordan pair V = (V*, V™) and an element u € V7,

the vector space V7 gives rise to a Jordan algebra by defining the U-operator U, = UC(LU) =
QaQy, and the square a% = Q,u. This Jordan algebra, denoted by Vo g called the
u-homotope of V at u. If V is a linear Jordan pair, we just need to define the linear
product in Vo ag follows: a.b = % {a,u,b}.
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Local algebras of a Jordan pair. Let V be a Jordan pair and 0 # u € V7. By [18, 4.19]
the set ker(u) whose elements are those z € V7 such that Q,z = Q,Q,u = 0, turns out
to be an ideal of V() and the quotient V) /ker(u) is a Jordan algebra called the local
algebra of V' at u which we denote by V,,. As pointed out in [9, 1.2.4(éi)] the condition
Q. Qzu = 0 is superfluous if V is linear or nondegenerate: ), = 0 implies x = 0.

If V is a normed Jordan pair, Then V) is a normed Jordan algebra for the norm

|z| = ||z||, ||u||_,. Moreover, by [23, §II. Lemma 3.1], the local algebra V,, is also normed
for the quotient norm ||z + ker(u)|| = inf( : |z + z| which is complete if so are the norms
zeker(u

of V.

Socle and capacity. For a nondegenerate Jordan pair V', its socle, denoted by Soc(V),
is the ideal Soc(V) =(Soc(VT), Soc(V ™)), where Soc(V?) denotes the sum of all minimal
inner ideals of V*.

(2.1) Let V be a nondegenerate Jordan pair and u € V7. Then u € Soc(V?) if and
only if V,, has finite capacity [25, 0.7(b)].

A nondegenerate Jordan pair V' has a finite capacity if it contains an orthogonal system
{e1, ..., en} of division idempotents (Va(e;) is a division Jordan pair) such that N}, Vo(e;) =
0, equivalently the lengths of its chains of principal inner ideals are bounded

Primitive Jordan pairs and Jacobson radical. A Jordan pair V = (V, V™) is said to
be primitive at b € V7 if there exists a proper inner ideal K of V¢ such that:

i) K is a c-modular inner ideal of the homotope Vo®) for some ¢ € V7,

ii) K complements the (o)-parts of nonzero ideals: I? + K = V7 for any nonzero ideal
I=(I"I")of V. .

Anquela and Cortés proved in [1] and [2] the following results:

(2.2) V is primitive at b € V77 if and only if V} is a primitive Jordan algebra and V is
strongly prime.

(2.3) If V is primitive at some 0 # by € V7 then so is V at every element 0 # b € V*.
Further results on primitive Jordan pairs can be found in [1], [2] and [3].

Following [18], the Jacobson radical of a Jordan pair V is defined as the the ideal
Rad(V) = (Rad(V™*), Rad(V ™)), where Rad(V?) is the set of properly quasi-invertible
elements of V7, that is, those elements which are quasi-invertible in every homotope
Vo, A Jordan pair is said to be semiprimitive is Rad(V') = 0.

As in the case of associative algebras, an ideal P of a Jordan system (algebra or pair)
V is called primitive if the factor system (algebra or pair) V/P is primitive. Moreover, it
follows from [14, A.4.8], or either [31].

(2.4) The Jacobson radical of a Jordan pair is the intersection of all its primitive ideals.

3. Technical results

Recall that we can measure the continuity of a linear operator acting between two
normed spaces by considering its so called separating subspace. Indeed, if T is a linear
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operator defined between two real or complex normed vector spaces X and Y, then its
separating subspace S(7T) is defined by:

S(T)={yeY: Hzp}n C X such that limz, =0 and Iim 7T (z,) = y}.

It is easily seen that the separating subspace of T is a closed subspace of Y. Moreover,
by the closed graph Theorem, if both X and Y are Banach spaces, then T is continuous
if and only if S(T") = 0.

Let V and W be two Jordan pairs. By a higher derivation of rank k (k may be
infinite), we mean a family of linear mappings {p, = (¢;, ¢, )}ﬁ:1 from V into W such
that

oo {x,y, 2} = Z {gpfﬂ:,gojfgy, go%z} , (,2€ V9, ye V™79, n=0,1,2,..,k),
i+j+h=n

where ¢f = Idyo (0 = =£).
Let D = (D4, D_) be a derivation from V into W, that is a pair of linear operators
D, : V7 — V7 gatisfying

D, {x,y,z} = {Dsx,y,z} + {x,D_sy, 2} + {z,y, Dyz}, forall(z,z€ Vo, ye V.

Any derivation D = (D4, D_) from V into W gives rise to a standard example of higher
derivations {¢n = (5, 5 ) },>0 from V into W by setting

1 1
+ - _
oy = n!fo_, and @, = n!Dﬁ'

Remark 1. i) It follows from the last definitions that o1 = (97,1 ) is a derivation.
ii) In order to simplify notations, the index o = + in expressions like Dii(a:), (,O?:(I'),
will be sometimes suppressed if there is no confusion.

Lemma 1. Let V' be a normed Jordan pair and let k > 2 be a fixed positive integer.
If on = (¢}, @)} is a higher derivation on V' such that ¢f is continuous for every
i €{0,1,...k—1} (0 = +,—), then the separating subspace S(pi) = (S(¢i),S(¢r)) of
i s a closed ideal of V.

Proof. Since the characteristic of the ground field is zero, it suffices to prove that S(¢;,)
is an outer ideal of V. That is

Qv--5() C S(pg) and {S(pg), V77, V7} C S(¢f)-

Let s be an element of S(¢f) and a be an arbitrary element of V~7. Then there exist a
sequence {xp}, C V7 such that limx, = 0 and lim¢f(z,) = s. Consider the sequence
{Qqux}. By continuity of the operator Q,, we get lim Qqz, = Q,limz, = 0. Moreover,
using the continuity of the triple product of V' and that of ¢7 such that 0 < j < k—1, we see
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that the terms {Lp;’a, gpj_“a:n, gaga} converge to zero when n tends to oo and consequently

we have

—_

lim 7 Qux, = =lime} {a,zn,a}

= Slim Y {cp?a,@}”:cn,soia}
it+j+h=k

— N =N

= 3 {a, lim ¢, 7z, a}
1

= 3 {a,s,a}

= Qa87

which establishes Qy--S(¢7) C S(¢7). On the other hand, for arbitrary pair (u,v) of
elements in V=7 x V7, the sequence {z,,u,v} converges to 0. Using again the continuity
of the triple product of V' as well as that of ¢f such that 0 <i<k—-1landi+j+h=F,
we see that, for arbitrary pair (u,v) of elements in V=7 x V| the terms {cp;-’xn, eFu, (,DZU}
converge to zero when n tends to oco. Consequently, we do have

limf ({2, w,v}) = lim Y {ef(@a), 057 (w), 9f (v)}
it+j+h=k

= > {limef(za). ¢ 7 (), of (0)}
i+jth=Fk
= {lim 7 (zn),u, v}
= {S’ u7 ’U}?
which establishes {S(¢7), V™7, V7} C S(¢]) as required. Finally, S(py) is an ideal of

V' which is closed since the separating subspace of any linear operator is closed as it is
pointed out.

Remark 2. Let {D, = (D;/, D))} be a higher derivation on a normed Jordan pair V =
(V*, V™) and let b be a nonzero element in V~7. Let us note that {D3} is not a higher
derivation on the Jordan algebra Vo) even if D¢ wvanishes at b for all positive integers n.
However, the behavior of DY towards Vo®) conserves nice properties as it is clarified in
the following.

Lemma 2. Let V = (VT,V ™) be a normed Jordan pair and let b be a nonzero element in
V=2, If{D,, = (D;}, D;;)}n>0 is a higher derivation on V such that DY is continuous for
every i € {0,1,....k — 1} where k is a fized positive integer greater than 2. Then for every
T in the multiplication algebra M(VU(b)) of the Jordan algebra VO the linear operator
[D{,T] is continuous.

Proof. Consider the set

B = {T e M(V°®)y . D7 T] is continuous} :
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It is clear that B is a subspace of M(V‘T(b)). Moreover, a simple computation shows that
the formula
TDg,S)+ [D§,T) S = [Df, TS|

holds for all T, S in M(V?®)). This proves that B is a subalgebra of M(V?®). On the
other hand, for all a € Vo®) | the left multiplication L, lies in B. Indeed, since L, = %V(a,b),
for all z € V7 we have

T Lylx = DjLsx— LoDx
k k k
1
= §(Dg {a,b,x}—{a,b,Dgx})
1

= 5( > {Dfa,D;?b, Dfz} —{a,b, Dfz})
i+j+h=k

1 —0
= 5( > {Dfa.Dj"b Diz}).
i+j+h=k
h<k—1

This shows that

1
D Lol =5 2 VisranzenDi+ 2 Vioran;y)
e/l =k

which shows that the operator [Df, L] is continuous since so are Vipea,p-op and Dy for
|

all h € {1,...,k — 1}. Finally, since M(V"(b)) is generated by all left multiplications L,
we see that M(V7®)) = B.

The first automatic continuity result concerns higher derivations on nondegenerate
Banach-Jordan pairs with nonzero socle.

Theorem 1. Let V = (V*,V™) be a nondegenerate Banach-Jordan pair with nonzero
socle. If D, = (D;f, D, )}n>0 is a higher deriwation on V', then DY is continuous for
every positive integer k.

Proof. By the closed graph Theorem, it suffices to prove that S(Dj) = 0. We proceed
by induction on k. For k£ = 0, the identity operator Df = Idy. is obviously continuous.
Assume that D; is continuous for ¢ = 1,2, ...,k — 1 and prove that so is Dj. In virtue of
Lemma 1, it is known that S(Dy) is an ideal of V. We claim that Soc(V") N S(D}) =
0. Assume that this is not the case. We follow the pattern given in [10, Theorem 3.6]
to look for a contradiction. By [10, Lemma 3.5], there exists a nonzero element r in
S(D;) N Soc(VT) such that r is reduced: Q,.V~ = C.r. By von Neumann regularity of
Soc(V), there exists a nonzero element v in V'~ such that r = Q,v. Replace v by u = Q,r
to see that, using JPs3 in [18],

(1) Qru = QrQyr = QrQvQrv = QQM}U =Qv=r.
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By idealness of S(Dy), u lies in S(D, ) and u is nonzero because otherwise r = 0, which
is a contradiction. Hence, there exists a sequence {z,} in V'~ such that limz, = 0 and
lim D"z, = wu. Since r is reduced, we have Q,V~ = C.r and consequently, for every
non negative integer n, there exists a complex number ), such Q,z, = A\,r. Now the
boundedness of the operator ), shows that lim Q,z,, = @Q,limz, = 0. This makes the
sequence {\,} converging to zero in the complex field C. It follows that

(2) lim D} (Qr2,) = lim D;f (A7) = lim A, D;f (r) = 0.

On the other hand, by making use of the triple product of V' and that of Dj_, such that

1 < j < k-1, we see that all terms like {D;rr, Dy zn, D]J{r} converge to zero when n tends
to co. That is

lim{D;"r, Dj_:rn,D?L'r} = {D;r,lim D]-_:nn,D;i'r} = {D;/r, D} limy, Dir} =o0.

It follows that, taking into account (1),

. .
lim D} (Qrzn) = §hka ({r,xn,r})
1. _
= §hm Z {Djr,Dj Tn, Difr}
i+j+h=k

1
- 5{7“, lim D, xy,,7}

1
= 3 {r,u,r}
= Qru

= ’]"7

which contradicts (2) since r is nonzero. Now, by idealness of S(Dy) and Soc(V'), we see
that for all s € Soc(V ™)

Q.(S(D;)) C Soc(V™)N S(D;) =0,
This shows that S(D;") C ker(Qs) for every s in Soc(V ™), that is S(D;) C p ﬁ(v : ker(Qs).
sedSoc -
But in virtue of [18, Theorem 4.13], we see
p ﬁ(v )ker(Qs) C rad(Soc(V1)) and rad(Soc(V*1)) = Soc(VT) Nrad(VT).
sedSoc(V —
But, the McCrimmon radical rad(V') is reduced to zero by nondegeneracy of V. This

proves that S (Dlj) = 0 and, by the closed graph Theorem, Dlj is continuous. By the
symmetry of the argument we see that D, is analogously continuous.

As a fundamental example of Jordan pairs having nonzero socle, B(X,)) the Jordan
pair of bounded linear operators between two Banach spaces X and Y. So we have the
following.
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Corollary 1. Any higher derivation D,, = (D;}, D,,) on the Banach-Jordan pair B(X,Y)
consists of continuous operators.

Proof. 1t is known that the Banach-Jordan pair B(X,)) of bounded linear operators
between two Banach spaces X and ) is nondegenerate and has

Soc(B(X,Y)) = (FL(X,Y), FLY, X),

the Banach-Jordan pair consisting in bounded linear operators of finite rank. Now the
continuity of {D,, = (D;/, D;;)} follows immediately from Theorem 1.

4. Main result

Before going on the proof the main Theorem in this paper, we recall the following
technical results which seem to be useful in the sequel.

Lemma 3. [29]. Let X be a Banach space, {T;}, a sequence of continuous linear operators
defined on X and let {R;}; be a sequence of linear continuous operators whose domain is
X but which may map into other Banach spaces. Let T be a possibly discontinuous map
from X to itself. If the operator R,TTy.. Ty, is continuous for m greater than n then
R, TT,...T,, is continuous when n is sufficiently large.

Proposition 1. [10]. Let J be a Banach-Jordan algebra and I be a primitive ideal of J.
If D is a linear operator defined on J such that [D,T] is continuous for all T in M (J),
then the primitive Jordan algebra (S (D) + 1) /1 has finite capacity.

Lemma 4. Let V a nondegenerate Jordan pair and let Py, ..., P, be nonzero ideals of V.
If H is an ideal of V such that HN Py N...N P, =0 then. H=0.

Proof. We proceed by induction. For n = 1, by idealness of H and P;, we have, for
all w e P{, Q,H 7 C H° N P{ = 0. Then, by [ 18, Proposition 4.19] together with | 18,
Theorem 4.13]
H—7 C Nyepr Ker(u) C rad(Py) = rad(V7) N Py,

and hence H? = 0 by nondegeneracy of V: rad(V) = 0 . Suppose the statement is true
for some natural integer n and let P, ..., P, P41 be nonzero ideals of V satisfying the
condition stated in the lemma. Then the ideals P; and K = PoN...N P,11 N H also satisfy
the same condition. Therefore, by we have just proved in the case n = 1, K = 0 and hence
H = 0 by induction.

Given a Banach space X, we denote by CI(E) the closure of a subset E of X.

We can now state our main result in this paper.

Theorem 2. Let {D,, = (D;,D;)} be a higher derivation on a Banach-Jordan pair
V = (VY V7). If V is semiprimitive, then DY is continuous for every non negative
integer k.
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Proof. We proceed by induction. For if n = 0, D§ = Idy- is trivially continuous.
Suppose that D1, ..., Dy are continuous and show that this is also the case for Dy, that
is S(Dy+1) = 0. Suppose that Dy is discontinuous. Then, there exists a primitive ideal
P such that S(Dj41) is not contained in P. As a first step we show that all primitive
ideals contain S(Djy1) except finitely primitive ideals Py, ..., P, for which the quotient
pairs V/P; have finite capacity. In other words de set

I'={P = (P",P") primitive ideal of V' : S(Dj41) ¢ P}

is finite and, for any P € T", the quotient pair V/P has finite capacity.

Take P = (P*,P7)in T and b € V™~ such that b ¢ P~. Since P? is closed in V7 (see
(14, A.5.2]), V/P is a Banach-Jordan pair and hence by (2.2) (V/P); is a primitive Banach-
Jordan algebra where b = b+ P~ is the image of b under the canonical projection V= —
V= /P~. The algebra (V/P); is known to be isomorphic to V+®) /T where I = Qb_l(P_)
is so a primitive ideal of the Banach-Jordan algebra V+(®) . Moreover, by Lemma 2 the
linear operator Dy, 1 and the ideal I satisfy the conditions required in Proposition 1 with
respect to the Banach-Jordan algebra V+(®). Therefore, (S(Dj1)+1)/I has nonzero finite
capacity. This implies that (V/P); has itself nonzero finite capacity [26, Theorem 18].
Thus by (2.1), Soc(V/P) = V/P and hence, by completeness, V/P has nonzero finite
capacity.

Suppose that the set I is infinite, then we can take an infinite sequence { P, } of distinct
primitive ideals in I". By we have just proved, V/ P, is simple with finite capacity and hence
has finite spectrum (see [19, Theorem 1] and [20, Theorem 3.8]). By a similar process
used in [6, Lemma 2.8], we show the existence of an element b in V'~ and a sequence {a,}
in VT such that b ¢ U, P, mn(ay) is invertible in (V/Py,); for n < m and my(an) = 0
for m < n where 7, : V' — VT /P is the natural projection. Indeed, take b; in V'~
such that b; ¢ P, . By induction we can construct the sequences {b,} in V™~ and {\,} in
the complex field such that Ay = 1. Having defined b1, ...,b,_1 and Ay, ..., \,_1, we take b,

-1 n
in éﬂlPi_ with [[b,]| =1, 1 < Ay < 57 and > A;b; ¢ P, . This last condition is satisfied
1=

n—1 L
since N P; is not contained in P,. Since the series > \;b;, converges in V'~ , we write

i=1 i=1
b= Z)\ :bi. We see that b = Z)\ :b; is nonzero in V~ /P, and hence b ¢ U, P, . Now take
=1

uy in VT such that uy ¢ P+ We proceed by choosing {u,} in V* and , for any natural
number k, the scalars {)‘E}n:k such that )\’,z = 1. Having selected them up ton — 1, we

~1
take u, and A\¥ such that u, € nﬂ P, mp(uy) is the unit of the Banach-Jordan algebra

and Fn(Z)\ u;) is invertible. If we take a, = Z)\”uz, then

=n
we will have m,,(a,) is invertible in (V/P )5 for m > n and mp,(a,) = 0 for m < n as

required.
Now consider an arbitrary z in V't and positive integers m, n. We compute in (V/ P.);

_ k 1
(V/Pn)p, 0 < X0 < s
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to have
1
T Dt UDUY U8 (@) = mDies {al, {b, Ul U0 (), b} ,al}
1
= im > {Dial,Dj{b,Ug?...Ugfg(x),b},Dhal}
it jth=k+1
1
= 1™ Y {Dial,Dj{b,Ug?...Ugfgx,b},Dhal}
i+j+'}ifk+1
S
1
+7n {al, Diir {b, Ul u®g, b} ,al}
1
= 9@+ 5mQu( Y. {DibDUL..ULw, Dyb})
i+j+h=k+1
1
— go(x)+§7rnQa1( Z {Dib,DjUég),..Uéfrza:,Dhb})
itj+h=k+1
i<k
+73Qay Qu Dy 1 UY ..UV
= ¢1(2) + MUY Dy UY..UY (),
where

1
di(a) = o(@)+5mQul Y. {Dib, DUDUY. UL, Dyb})

i+j+h=k+1
i<k
1
o@) = 37 > D, D {UOUY.UD @)}, Dyar )
i+j+_f$k+1

are clearly continuous operators. By iterating the same process, we show that there exits
a continuous linear operator ¥, such that

10 D1 UPUL UG (2) = thm () + 7 UL UW..UY Dy ().

Yam

But we have wnUé?)Utgg)... éﬁszH = 0 when n < m. It follows that the operator
wnDkHU(g?)Uég)...U,gzz is continuous. Now, Lemma 3 applies to the sequences {R;} and
{T;} with R; = m; and T; = Ué?) to obtain the continuity of the operator 7, D11 Uélf) Uég) éz)
when the integer n is sufficiently large. That is

S(mn D1 UPUD ..UP) = 0.

o e

But since 7, (a;) is invertible for i < n, we have

S(mn Dy UPTY..UPY = S(m,uPUW...UP D)

al a2
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= o, vl U S(m,Dii1))
= CUS(mpDyy1)),

which is a contradiction because Cl(S (7, Dy41)) # 0 since otherwise we will have S(Djy1) C
P, for any positive integer n. The set T' is actually finite, say I' = {P,..., P,}. Set

H = P(;FP. The ideals Py, Ps, ..., P, and H satisfy the requirements of Lemma 4 since

(ﬁPZ) NH = Rad(V) is the intersection of all primitive ideals of V' (2.4) and Rad(V') = 0.

We conclude that H = 0. But S(Dy1) C P for any primitive ideal P not contained in T',
then S(Dgy1) C PQFP = H = 0, which is a contradiction. Dy is finally continuous.

As it is pointed out, any Jordan algebra gives rise to a Jordan pair (J,J) with the
quadratic map Q, = U, defined by U,b = 2a(ab) — a?b.

A family {d,} (n=0,1,2,...,k, kK may be c0) of linear operators defined on J is said
to be a higher derivation if, for all a,b in J, we have

k=n
dn(ab) =Y " di(a)dn_p(b).
k=1

A tedious computation enables to prove that any higher derivation {dy},~, on a Jordan
algebra gives rise to a higher derivation {(dy, dy)},,~, on the Jordan pair (.J, J) with respect
to the triple product -

{z,y,2} = (2y)z + (y2)z — (z2)y.

The Jordan pair is semiprimitive if so is J. Hence, according to Theorem 2, we have the
following.

Corollary 2. . Any higher derivation {dn}nzo on a semiprimitive Banach-Jordan algebra
consists of continuous operators.

5. Higher derivations on Banach alternative pairs and JB*-triples

The reader is referred to [18] for definitions and basic results on alternative pairs.
Given an alternative pair A = (A", A7), we write (z,y, 2) — (zyz) to denote the triple
product of (z,y,2) in A7 x A77 x A% (0 = +£).

By a normed alternative pair we mean a complex alternative pair A = (A", A™), where
the vector spaces AT and A~ are equipped with norms ||.||, making continuous the triple
product (xyz). A = (AT, A7) is said to b Banach alternative pair provided the norms
||.Il, are complete. The Banach spaces My, 4(C), Mg, (C) of rectangular matrices with
entries in the complex field C define a Banach alternative pair A = (M, ,(C), M, ,(C)),
with respect to the triple product (RST) = RST, the usual matrices product.
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A higher derivation on an alternative pair A = (A1, A™) is asequence {D,, = (D;}, D, ) }n>0
of linear operators Dy : A% — A? satisfying the formula

Dy (< zyz >) = Z < D7 (z)D;°(y)Dj(2) >, (x,2€ A7, y€ A7, n=0,1,2,...
i+j+h=n

with D = Idgo.

Corollary 3. Let {D,, = (D;}, D;;)}n>0 be a higher derivation on a Banach alternative
pair A = (AT, A™). If A is semiprimitive, then DY is continuous for every positive integer
k.

Proof. Tt is known that any alternative pair A = (AT, A7) gives rise to a Jordan pair
frequently denoted by A” (see [18, Theorem 7.1]) by considering the quadratic operators

Q.y = (xyz) for all (z,y) in A7 x A77.

Clearly A” is a Banach-Jordan pair whenever A is a Banach alternative pair. By [18, 7.9(1)]
A7 is semiprimitive if and only if so is A. Moreover, a simple computation enables to verify
that every higher derivation {D,, = (D;},D; )} on A induces a higher derivation on A’
with respect to its triple product defined by

{7,y,2} = Qu2)y = (xyz) + (2yz) for all (z,y,2) in A7 x A77 x A°.

Actually, Theorem 2 applies to deduce that DY is continuous for every natural number n.

Following [4] , we mean by a higher derivation on a JB*—triple E, a sequence {0y },,~(
of linear operators dy : F — FE satisfying

on({z,y,2}) = Z {6ix,0y,0,2}, for all z,y,z in E,
i+j+k=n

where 50 = IdE.
Corollary 4. Any higher derivation {5n}n20 on a JB*-triple E is continuous.

Proof. Since every JB*—triple F gives rise to a complex semiprimitive Banach-Jordan
pair V. = (V*,V7), where VT = E as vector space and V™~ is the conjugate complex
vector space of F that is the vector space with the new scalar multiplication A\.z = Az
for x € £ and A € C. Moreover, {0y}, defines a higher derivation {(6,,0n)},,~, on the
complex semiprimitive Banach-Jordan pair V' = (V*,V ™). Thus the continuity of 6, holds
by Theorem 2.
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