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On identities for sequences of binomial sums with the
terms of sequences {uy,} and {vy,}
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Abstract. In this paper, considering technique used in [4], and the sequences {ug,} and {vgn},
we derive the sequences {gin} and {hgy,}. Also with the aid of generating matrix for the terms of
these sequences for a positive integer k, we derive some combinatorial identities for the sequence
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1. Introduction

Matrix methods are very convenient for deriving certain of linear recurrence sequences.
Some authors have used matrix methods of other methods to derive some identities, com-
binatorial representations of linear recurrence relations etc[3, 6, 10, 13, 14, 15, 16, 8, 9].

In [13], the author gives a new formula for the nth power of an arbitrary 2 x 2 matrix
and derive various matrix identities and formulae for the nth power of particular matrices
to obtain various combinatorial identities. The generalized second order sequences {u,}
and {v,}, are defined for n > 0 and nonzero integer numbers p, ¢ by

Unt1 = Plp + qUp—1 and Upy1 = PUp + qUp—1
in which up = 0, u; = 1 and vy = 2, v1 = p, respectively. When p = ¢ =1, u,, = F,, (the
nth Fibonacci number) and v, = L,, (the nth Lucas number).

If o and f3 are the roots of equation 2> —pz —q = 0, the Binet formulae of the sequences
{un} and {v,} have the form

and v, = a" + 3",
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respectively. From [7], E. Kilig¢ and P. Stanica derived the following recurrence relations
for the sequences {ug,} and {vg,} for £ >0, n > 0. It is clearly that

k k+1
Uk(n+1) = VkUkn + (_1) +1 qkuk(n—l) and Vk(n+1) = VkUkn + (_1) * quk(n—l)v

where the initial conditions of the sequences {ug,} and {vg,} are 0, ug, and 2, vy, respec-
tively. The Binet formulae of the sequences {uxy,} and {vg,} are given by

respectively. From the Binet formulas, one can see that u_g, = (—1)k”+1 Ukn, and Uy, =

UknVkn -
In [1] and [2], the authors obtained some new identities for the sequence {uy}. For

example, for n > 1,
" /n a\” a [ pa n-l
Z 2 — up=—|—+2 ,
— q 7\ q

RlORICE

Let {ax} and {by} be sequences with the property that aj is the finite difference of by,
that is, ap = Abg 1= bi1 — by, for k£ > 0. We take

o = Zn: (Z) ap and hy, = zn: (Z) . (1)

k=0 k=0

and

In [11], Komatsu obtained several sequences of binomial sums of generalized Fibonacci

numbers. For example,
n

3 (Z) Fu =1 (n > 0)

k=0

satisfies the recurrence relation
rn = (ac+2)rp_1 + (be® —ac— 1) rp_s (0 >2)

with rg =0, 11 = ¢ and

Z <Z> " RdPu = N\, (n > 0)

k=0

satisfies the recurrence relation
An = (ad + 2¢) Ap—1 + (bd* — acd — ¢®) \y—a  (n > 2)

with initial conditions A\g = 0 and A = d, where ¢, d are nonzero real numbers.
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In [4], the authors obtain some binomial summation identities of sequences {ry} and

{An}:
2n 2n k 2 2n—k 2n
E < i ) (=1)" (bc* — ac — 1) rop+1 = (ac+2)" ropy1,
k=0
2n 2n k 2 2n—k 2n
< p > (=1)" (be® — ac — 1) ror = (ac+2)" rop.
k=0

2. Some Results

In this section, firstly, we define sequences { g, } and {hy,} and then derive some new
combinatorial identities for these sequences.

n .
Lemma 1. Forn >0, the sum ) (Z‘) Fiug; = grn satisfies the recurrence relation
=0

Ik(nt2) = (Ckvk + 2) Ik(nt1) — (CQk(—Q)k + cFop + 1) Jkn,

where initial conditions go = 0, g = Fuy,.

Proof. Considering ag, = ¢ up, and by, = cF+D
g

pleted as similar to proof technique in [11].

Ug(n41) in (1), the proof is com-

n .
Lemma 2. The generating function U(z) of > () ug; = gin is given by
i=0

k
_ 2 9k
1 — (chog, + 2) 2k + (2R (—q)F + chuy, + 1) 22k
Proof. Observed that

U(z)

Uz) = 902"+ gre" + gonz® + . 4 gin 2™ + ...
FU(Z) = god + g2 + g + .+ gk(n_1)zk” + ...
2RU(2) = g0 + g2 4 gt + .+ gk(n_g)zk” + ...

From here, we have
U(z) (1 - (ckvk + 2) 2k — (C%(—q)k + cFuy, + 1) z%)
m .
= g+ Z (gki - (Ckvk + 2) Ik(i—1) T (C%(—Q)k + cFoy, + 1) gk(i—Q)) 2
=2

From the recurrence relation in Lemma 1, we complete the proof for U(z).

Similarly, the proofs of the following lemmas are given as the proofs of Lemmas 1 and
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n .
Lemma 3. Forn > 0, the sum ) (7:) v = hyy satisfies the recurrence relation
i=0

hinsz) = (J%k + 2) h(ns1) — (c%(—q)k + Fup + 1) hien,
where initial conditions hy = 2, hy, = 2 + cFuy,.

n .
Lemma 4. The generating function V(z) of Y. (?) Ko = hiy s given by
=0

2k (hk -2 (ckvk + 2)) + 2

174 — .
(2) 1 — (ko +2) 2F + (2R (—q)F + cFoy + 1) 22k

If *a® + 1 and c*3* + 1 are the roots of equation
z? — (ckvk + 2) x+ (c%(—q)]’C + oy + 1) =0,
Binet formulae of sequences {gx,} and {hg,} are

(cko/“ + l)n — (ckﬂk + 1)”
9kn =
a—p

n n
and hg, = (ckak + 1) + (ckﬂk + 1) ,
respectively. It is clear that
—n
9—kn = — (CQk(_Q)k + ckvk + 1) 9kn, 92kn = gknhkn (2)

and h_p, = ((—q)kc% + Fop, + 1)771 Rer, -

Now, we define a 2 x 2 matrix A and then we give some new results for the sequences
{gkn} and {hg,} by matrix methods.

Consider the 2 x 2 matrix A as follows:

A Fup+2 — (P (—g)F + P, +1)
= | 0 .
The eigenvalues of the matrix A are

M =caF+1, N=pF+1.
Also A1, Ay are distinct. Let V' be the 2 x 2 matrix defined as follows:

cFak +1 Fpk 41

V= 1 1

One can easily verify that
AV =V Dy,
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where Dy = diag (A1, A\2). Since det V' # 0, the matrix V invertible. So, we write
Dy =V 1AV
Thus, the matrix A is similar to the diagonal matrix D;. We obtain
A" = VD!
1 Ik(n+1) — — (Czk (—a)* + oy, + 1) Gkn
Fup | g - (62’“ ()" + oy, + 1) Jre(n—1)

Clearly, the matrix A™ satisfies the recurrence relation: for n > 0,
AL — (ckvk + 2) A" — (c%(—q)k + oy + 1) At

where initial conditions A° = 0, A! = A.
Also by matrix methods, it is clearly that

An [ Ik ] _ [ Ik(n+1) ] . (3)

390 9kn

For n > 0, if we consider the fact that det(A™) = (det A)", then we obtain the Cassini
identity
k n—1
Gitn = T(n1)Ik(n—1) = <02k (—q)" + Foy, + 1) 9i-

For example, for k = c =p = ¢ = 1, we write F2, — Fa,11Fo,_1 = —1( see page 74, [12]).
Similarly
1
AT = 7 X
g (e (<) + cbuy +1)

[ - (C% ()" + P + 1) Ik(n—1) <02k ()" + Py + 1) Jkn ]

—9kn 9k(n+1)
and
A |: 9k :| _ |: Gk(—n+1) :| ) (4)
390 9—kn

By considering sequence {hy,}, we write the simple relation between the vector of
sequence {hy,} and generating matrix of sequence {gi,} :

|: hk(n—I—I) :| _ 1 Gk(n+1) - <C2k (—q)k + ckvk + 1) Jkn |: ckvk +2 :| ‘
ok ctuy Gkn  — (C2k (—q)" + cFug + 1) Ik(n—1) 2
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Theorem 1. For all n,m € Z, we have

k
FULGhntm) = TenTr(m+1) — (C% (—q)" + Foy, + 1) Ik(n—1)Jkm- (5)
Proof. After some simplications,(2, 1)—entries of A"A™ = A™*™ give the conclusion.

For example, when n = m in (5), we have

k
CkUkG2kn = JknGk(n+1) — (C2k (_Q) + Ckvk + 1) 9kn9k(n—1)»

or
CkUkNEn = Gr(ny1) — (C% ()" + Mo + 1) Ik(n—1)-

Theorem 2. For all n € Z, we have
Fuy, (gk(2n+1) + Gr@2n—1))
= i) — (02’“ ()" + Ckvk) i — (02’“ (—q)* + For + 1) Tn1)»
Ckuk (gk:(2n+1) - gk:(2n—1))
= G — (P 0"+ o+ 2) g+ (A () + Fue+1) Gy

Proof. Considering the (1,1) and (2,2)—entries of the matrix equation A2" = (A™)?,
we have

Grins1) — (C% (—0)" + Fo + 1) Ghn = Urgrenin), (6)
Gitn = (C% (—a)* + o + 1) Grno1) = UkGr@n-1). (7)
By adding and substracting of (6) and (7) side by side, we have the conclusion.

Theorem 3. For n > 0, we have

n

n t B —ntt
Gkn = Z <t> (Ckvk + 2) (_1)n ¢ (CZk(—q)k + Ck’l)k + 1) Jk(n—t)-
t=0
Proof. From the matrix relation, we write
A" = ((ckvk + 2) I- (c%(—q)]C + cFuy, + 1) A_l)n

— (1) (& Bl ok Nk _ K nt

= Z <t> (c Vg —{—2) (C (—q)" Tt — cFuy — 1) A==t (8)
t=0

Then equating (2, 1)—entries of the equality (8), we get

s () o ot )

t=0
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Theorem 4. For n > 0, we have

. ron o . 2n—i 5 2n
Z < ; > (C (—q)" + v + 1) Ik(2i+1) = <C Vg + 2) Ik(2n+1)>
i=0

n 9. o ek n—i . m
Z < ; > (C (—q)" + v + 1) 9oki = <C Vg + 2) 92kn.-
i—0

Proof. The matrix A2 is

(cPuy + 2)2 +g"(—1)F ek — hu — 1 (Fog + 2) (¢F(—1)FF1e?F — ckyy — 1)
Ck’Uk +92 qk(_l)k’-i-lC?k _ Ckvk -1

and the characteristic equation for A? is
2 2
A (ckvk + 2) = ()\ + <02k(—q)k + o + 1)) . 9)
From the Caley-Hamilton Theorem for A%, we have

A? <ckvk + 2)2 = <A2 + (c%(—q)k + Fup + 1) I)2 .

Thus ) )
n n
AP (ckvk + 2) = <A2 + (czk(—q)k + cFop + 1) I)
By Binomial Theorem and (3), we have
2n .
2 2n— . 2
Z ( n) (czk(—q)k + cFuy, + 1) A — g (ckvk + 2) "
i=o \ "
o (2n k ko ok = gr(2it k 21 Gk(2n+1
Z<,><C2(—q) +cvk+1) [ (H)} = (cvk+2) [ ("+)},
— ? 92ki 92kn
=0
as claimed.

Theorem 5. Forn > 0, we have
2n 2n—1i n

2n i n
Z < i ) (-1) <02k(—Q)k + Ckvk + 1) Ik(2i+1) = " (U% + 4qk (_1)k+1) Ik(2n+1)>
i=0

2n .
2n ; 2n—1 n
S () 0 (Hear s dur ) = (i 4 -0

- 1
=0

Proof. Writing 4 (¢ (—1)*"1¢?* — ckyy, — 1) to each side of (3), we write

A2k (vz —4 (—q)k)2 = <)\ + <qk(—1)k+102k — cFuy, — 1))2 . (10)

Similarly, using (10), as the proof of Theorem 1, the proof is completed.
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Theorem 6. For n > 0, we have

2n .
2n ? 2n
Z < i ) (C%(—Q)k + Ckvk + 1) Ik(—2i+1) = (Ckvk + 2) Jk(—2n+1)>
i=0
2n

2n ( 2n
> ( ) > (C%(—Q)k + Fug + 1) g2k = (Ckvk + 2) 9—2kn-

- (3
=0

Proof. The characteristic equation for A=2 is
% Nk k 2 k 2
(A(c (—q)"+¢ vk—i-l) +1) :)\(c vk—|-2> .
From the Caley-Hamilton Theorem for A=2, we have
2 ( 2k ko k 2 k 29
(A’ (c (—q)" +c¢ vk+1> —l—l) = (c vk+2> A

Thus

n

(A_2 (C%(—q)k + cFuy, + 1) + 1)2 = (ckvk + 2) o AT

By Binomial Theorem and (4), we have

i(ﬂ (et cfu+1) A% = (o 2) " a7

7
1=0

2n .
Z (227?) (C2k<_q)k ¥ P + 1>Z [ Ik(—2i+1) ] _ (ckvk 4 2)2” [ Ik(—2n+1) } )

— 9—2ki 9—2kn
=0

Thus, the proof is completed.

Let C be an arbitrary 2 x 2 matrix, T and D denote the trace and determinant of C,
respectively. For the distinct eigenvalues a and b of matrix C, the following result can be
found in [5, 10]:

Lemma 5.

L(n—1)/2]

a —b" 1 n . :
= — Tn—QZ—l T2 — 4D)?
ST ; <2i + 1) ( )

then C™ = 2,,C — z,_1DIs, where I is the identity matriz of order 2.
As a consequence of Lemma 5, we obtain that

L(n—1)/2]

n—2—1 .
2" g = upc® Z <2Z:LL 1> (ckvk + 2) (PFvE — 4c?F (—g)F)?,
i=0
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Let w be a complex number such that w? +Tw + D # 0,w # 0. For a positive integer n,

o () EEOC)E e o

t=0 =0

Therefore we get the following result of equality (11).

Theorem 7. Forn > 0 and any complex number w different from 0, c*a*+1 and *g*F+1,

[1]

[6]

n

w (c% (—q)k + Fup + 1)
w2 + (kv 4+ 2) w + (26 (—q)k + ckvy, + 1)

2n ¢ n n i—t .
22 (z) (t = z) (Dt +ur 1) w

t=0 =0

Jkn =
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