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Littlewood-Paley g-function and Radon transform on
the Heisenberg group

Zheng Fang!, Jianxun He!:*

L School of Mathematics and Information Sciences, Guangzhou University, Guangzhou 510006,
China

Abstract. In this paper, we consider Radon transform on the Heisenberg group H", and obtain
new inversion formulas via dual Radon transforms and Poisson integrals. We prove that the Radon
transform is a unitary operator from Sobelov space W into L?(H"). Moreover, we use the Radon
transform to define the Littlewood-Paley g-function on a hyperplane and obtain the Littlewood-
Paley theory.
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1. Introduction

We identify any point (z, y) in R?*" with the point 2 = x + iy in C" and denote
the symplectic form [, -] on C" by [z, w] = $Im(z,w) for z, w € C". We define the
multiplication on C" x R by

(2, 0) (1)) = <z bttt %Im(z, z'>) (1)

for all (z, t) and (2, ') in C" x R. The group C" x R with respect to the multiplication
defined by (1) is denoted by H™ and is called the Heisenberg group. It is well known
that the Heisenberg group plays an important role in several branches of mathematics.
There are, therefore, several ways of realising the group due to the widely application of
the Heisenberg group (see [2, 17]). In 1917, Radon proved that a smooth function in R?
is completely determined by its integrals over all the planes. This leads in a more general
setting to the consideration of the Radon transform. The research of Radon transform
has made important influence due to its wide applications to partial differential equations,
X-ray technology, radio astronomy and so on. The basic theory and some new results
can be found in [9]. Geller-Stein [5] and Strichartz [16] introduced the Heisenberg-Radon
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transform on H"™. He-Liu considered inversion formulas of the Radon transform on H"
and Siegel type Lie group in [6, 7, 8] by using the continuous wavelet transforms. The
combination of Radon transform and wavelet transform has proved to be very useful both
in pure mathematics and applied science. Therefore, it is very meaningful to give the
inversion formula the Radon transform by using various ways. In addition, because of
great application of the Heisenberg group, many scholars have studied Littlewood-Paley
theory on the Heisenberg group in recent years. Thangavelu [17] studied the g-function
connected with the semigroup generated by the sub-Laplacian. Liu-Ma [12] investigated
the g-function related to a class of radial functions in which the characterization of the
LP(H")-norm of a function on H" was obtained.

This paper is organized as follows. In section 2, we recall some notations, definitions
and preliminary fact. Motivated by [5, 9, 10], we mainly introduce singular convolution
operators on H™ and obtain inverse formulas of Radon transform in section 3. Section 4
is to define Littlewood-Paley g-function in some hyperplanes and establishes Littlewood-
Paley theory, which generalizes the results in [12]. At last, in section 5 we show that the
Radon transform and the Poisson integral for the Sliov boundary are equivalent, and the
inverse formula is given by the classical Schwarz theorem.

2. Preliminaries

We denote by & the space all holomorphic functions on C", the Fock space with
A € (0, 00) is defined by

= {1 e o i1l = [ P an < oo
(Cn
and Sy :={f: f € JA}. The scalar product is given by
(£.9):= [ fw)g(w)e ™" \"dw.
(Cn

Now, an arbitrary complete orthonormal system of functions 1) o, € 44 on C" is repre-
sented by

a2y wi! wy"
Pre) = GRIGIE = (@ ma 2 (@ a7 2

which satisfies
<w)\,a7 w)\,ﬁ> = 601,37

where d,3 denotes the Kronecker symbol and o = (a1, ...,,) € N”. It is natural that
f € J2A, is represented by a series

fw) =Y (f,dra)¥ra-

acN"™
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We define the Bargmann-Fock representation 7y from H™ into the group G of all
unitary operators on 43 by, for any ¢ € %) and any (z,t) € H",

7T)\(Z,t)1l1(w) _ e—27ri)\t+7r)\(w,z>—7r)\|z\2/2¢(w . 2)’
and
W,A(Z,t)iﬂ(’w) _ e27ri)\t+7r)\(z,w>—7r)\|z\2/2,¢<w - Z),

for any A € R* := R\ {0}. It is easy to see that ) : H" — G is a group homomorphism
and my(z, t)Y — ¢ in JA as (z, t) — (0, 0). Then the unitary representation 7y of H” on
4, is irreducible in the sense that the only closed subspaces of 4 that are invariant under
all the operators my(z, t), (z, t) € H", are {0} and .74, . Two unitary representations 7y
and 7, of H" are unitarily equivalent if and only if A = u. Now, we are able to introduce
the following notion of the group Fourier transform on H". Let f € L'(H"). Then the
group Fourier transform 7y on f is defined by

m) = [ G 0m(e Ddzd 3)

Thus, the Plancherel theorem states as follows.

Lemma 1. Let f € L>(H"). Then

B earey = [ Ima(F)BaslAP A

And the inversion formula is valid:
fert) = [ alm(Dme AP

3. The inverse formulas of Radon transforms

In this section, our purpose is to get the inverse formulas of Radon transforms. In
order to do this we first recall the Abel Fourier transform.
The Fourier transform for ¢ and z-variable, respectively, are given by

Fof (1) = / Flat)e il (4)
R
and

F1f(z,t) = [ (& t)e ™Ry
Cn

The symplectic Fourier transform on C" is defined by, for any g € L?(C"),

Fag) = [ g)er ez o)
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and then we also obtain
Fs9(z) = F19(i2/2) . (6)

Let m\(f) be as in (3) and m)(2,0) := mx(z). Then we define

() = [ Fofm()d

Therefore, the integral operator wy for g is defined by

(@) = [ gemes (7

and Plancherel formula is given by

lo(@)lZs = A" / 9(2) 2d. (8)

Cn

Next, to introduce the notion of the singular convolution operator on H", we need the
following notation. Let T" = (%)n. We consider hyperplanes

1
Sz = { <z,t + §Im<z, 2’ ) for any 2’ € C"}
and ,
ECrpy = {(z’,t’ - §Im<z, z’)) for any z € (C”} .

As we know, T™ is studied in fractional differential equations due to its wide applications
(see [1, 14, 15]). In this paper, Combining with these hyperplanes and 7™ we have the
following definition.

Definition 1. The singular convolution operator R, and the dual singular convolution
operator R for function f, ¢, respectively, are defined by

R(f)(2,1) = / ™ <z’,t + %Im(z, z’>> i )
and
R (s, 1) = / g (z,t’ _ %Im(z, z’)) dz. (10)

In particular, Ry is the Heisenberg Radon transform when n = 0 (see [16]). It is easy to
see that R ¢ = R,¢ (also see [4]). We denote by .#(H™) the space all Schwartz functions
on H". Using (9) and (10), we have the following identity

F(2 ) BL 6 (2, D) dzdt = / R f(2, ) (2, t)ddt
-

n

for any f,¢ € S(H").
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Proposition 1. Let f € . (H"). Then, for any A € R*, we have
(B f (21)) = (2miX)"wn(F F(iA2/2,N)).
Proof. Let ¢y o be as in (2) and differential operator 7. As we know,
Fo(T"F)(X) = 2miA)" Fa(f)(A)-
According to the (7), (11), together with (4) and (5), we have
[T (Bnf)pral = [wrFa(Bnf (2, A)pr.a(w)]

= - <ghz(Rnf(Z, )\))[WA(Z)QOA,@(M)]dZ

= [ ] Ruttetre N o 2 on a(w)ldzat

— (2miA)" / n /R [ e 1 ()
= @ria)" [ [ Fap N () )

— 2riN" [ BT f 0z, N ma(2)oral(w)]dz.

Cn

In addition, we need the full Euclidean Fourier transform
ff(z, t) _ / f(Z/, t’)e_%“tle‘27riRe<Z’Z/>dz’dt’.
R JC™
By this and (5), we find that

[TA(Bn f)pr(w)] = (27”')\)"/ F [ (iAz/2,X) [mA(2)pralw)]dz

n

= (2mi\)" [wp (F f (1X2/2, X)) pra(w)].

The proof is completed.

Proposition 2. Let ¢ € /(H"). Then
(BT)"(IN) " F20 (2/ A\ N) = FsFo Ry (2, N)] = Z R, ¢(i2/2, N)).

Proof. Let ¢ € .(H"), By (10), (11) and (6), we deduce that

142

(11)

1 , , /
FFo[RLo(2,\)] = (27ri)\)"/ / / 1o (w,t — §Im<w, z’)> e~ ImiN T2 gl di
n R n

_ (27Ti)\)n / yng(w’ )\)em'lm(z,z’>e—wAiIm(w,z’)dde/
n (Cn
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(27”-)\) / yng(w’ )\)em'lm(z,z’>eﬂAiIm(z’,w>dde/

@miN" [ FoFedp(A, N)em =) g
(Cn

(2miA)" /9}?2(? z)\z'/Q,t)e”Im<z’zl>dz'

n

27TZ)\ F1.F2¢ Z)\Z//Z, )\)EQMRe<z/)\,z‘>\z’/2>dZ/
Cn

= (8m)"(iA) " T2 (2/ A, A).
This finishes the proof of Proposition 2.

Theorem 1. Let f € ./ (H")NL*(H") and ¢(2,t) := R, f(z,t) € S(H"). Then f(z,t) =
(47) 2" Rt ¢(2,t) holds in L*(H").

Proof. According to the inversion formula in Lemma 1 and (8), we obtain
| RafPazit= [ Im(RuplislAmax

= [ RN wr(F 1 0z/2,0) FrslA
= [ @ampr ) i e PP
= /R (4m) 2" [Jwx (F £ (2, ) [Frs| A"
= [ am™Im e sy
= / n(47r)2”|351f(2,t)|2dzdt,

which implies that,

()" 711 0) = [ e (Rafma(es ) AN = Rof (2,0
and hence

f(z,t) = (4m) " T Ruf(2,1). (12)
From (6), it follows that

/ | F1. TR iz )2, N)|*dzd)\ = 4”/ | F1.Fo R (2, \)|2dzd.

By Proposition 2, we find that

4 / | FL TR 62, N)Pdzd = (87)2(i)) 2" / |\ Foh (/7 A) [2dzd)
n HTL
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= (87)*" / | F26(z, A [2dzd),
which implies that,
F1F R d(2,\) = (470)" Fad(2, ) = (47)"Fo Ry, f (2, \) (13)
holds in L?(H"). Combining with (12) and (13), we have
fz,t) = (4m) 2" Ry, 6(2, 1),

We complete the proof of Theorem 1.
The Sobolev space W on H" is defined by

W= {f c L*(H"): / |T" f(2,t)|*dzdt < oo}.
Y

Theorem 2. Let f € W. Then there exists a constant C,, such that T"RYT"Rof = C, f
holds in L*(H™).

Proof. Let f € W N L?(H™), it is easy to verify that
Ro(T"(f)) = T"(Ro(f))- (14)

By Lemma 1 and the proof of Theorem 1, we find that

/IRoT"f(Z,t)\zdzdtZ/ 17X (Ri () s A" AN = (4m) 2 | FI17 2 gmy -
cn R*

Together with the density argument, we obtain that (14) holds in W N . (H").
Similarly, we also have

RYT"¢ = T" Rl ¢. (15)
Obviously, C, RoT"(f) = ¢ € W is well defined. According to (15) and (14), we see that

RYT"$ = T"Rip = C,T"RET" Rof = CRSRof = C f.

We remark that the inverse formula of Radon transform is obtained via Propositions
1, 2 and Theorems 1, 2.

4. Littlewood-Paley g-function

o) 1 0 o) 1 a . : :
Let X; = D, + 5Yig Y = oy, 2 %ige I = 1,...,n. X;,Y; be left invariant vector

fields on H". The gradient operator on H" is given by

V=(X1,..., X0, Y1, ..., Y.
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The sub-Laplacian operator of H” is defined by

L= (X}+YP).
j=1
It is known that
(LN =ma(f) D 2lal + 1)\ o

a€eNn
% is a positive self-adjoint operator. For a suitable function ¢ defined on (0, c0), the
operator ¥ (.Z) can be defined in terms of the spectral expansion of .Z. Then

m@(L) NN =ma(f) D ¢@lal+n)Aéxo-
aeN"
Let ¢ denote the kernel function of ¢(.Z). Then
(N = D ¥(2lal +n)[Aoxa-
aeNn

We denote by Z(H"™) the set of all these functions ¢.
Let ¢ € Z(H"), the Littlewood-Paley g-function on H" is defined by

> 2 dp 1z
oRufo) = | [T 1Ras <o, 2]
0 p
where R, f is as in (9) and ¢,(u) = p*"*1¢(%) for all p > 0.
The homogeneous norm on the Heisenberg group is given by |u| = |(z, t)| = (|z|* +

t2)1/4, which satisfies the trigonometric inequality |uv| < |u| + |v].

2n+2

Theorem 3. If ¢ € Z(H") is a nonzero function on H" such that £~ "1 ¢ € L*>(H")
and |Vo(u)] < C(1 + |ul) 72737, where constants C,e > 0, then for p = %Zﬁ and

q = 2n+ 2, there exist constants Aq, By, > 0, such that

Al R ()l ey < Ng(Raf)ll aermy < Byl f |l o (am)
for any f € LP(H").

To prove Theorem 3, we need the following several technique Lemmas.

Firstly, we consider the form of Fourier transform of |x|*~", which is used to develop
the boundedness of the singular convolution operator from LP(H") to LY(H"), where
0 < a < n. Now, we show the Fourier transform of a Guassian function. For € > 0, denote
by g the Gaussian function on R™ given by

9e(z) = exp[—m|z|%e]
for x € R™. Then
Ge (k) = e ™2 exp|—n|k|?/e]. (16)

By (16), we obtain the following lemma.
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Lemma 2. Let ¢, := 7~ %/?T(a/2) (0 < a < n). Then, for any s € R,
F(a/2)/ |s| 722 M ds = 7/ 2¢, | A2 (17)
Proof. Our starting point is the elementary formula
o0
Cals| ™ = / exp|—]|s|?e)e®/* L de. (18)
0
By Fubini’s theorem, together with (18) and (16), we have,
o0
F(a/2)/ || 72N g = ﬂo‘/z/ / exp|—n|s|?e]e®/? 12N dsde
R o JR
o .
= 770‘/2/ g¥/271 / exp[—7|s|?e]e? o dsde
0 R
o0
= 77‘”/2/ eM2e2/27 exp[—n|\|? Je]de
0

_ Wa/an_OAA‘ozfn.

Lemma 3. The estimate | Ry, fl|lq < | f||p holds if and only if p = g:;ﬁ and ¢ =2n+ 2.

Proof. To show that the estimate [|R, f|lq < ¢||f]|p, holds we use an analytic families
interpolation argument. We let

Tonf(z,t) =T(a/2) / : ™f (w,t + 5+ ;Im<z,w)> |s|~“dsdw,

where « is complex parameter in the strip 0 < Rea < 1. It is obvious that on the line
Rea = 0 the operator T, ,, is bounded from L' to L®, while on the line Rear = 1 a simple
computation with (17) shows

Ty Toun f (2, A) = 721 _o| AL 2miN"F f(irz/2,N),

and a modification of the proof of Theorem 1 shows that T, , is bounded from L? to
L?. The various I-factors are innocuous, so the Stein interpolation theorem yields the
boundedness of R,, from LP to L9 for exactly p = g;”ﬁ, q=2n+2.

The necessity of proof is similar to that of [16, p.387], the details being omitted.

The following lemma is just [12].

2n+2

Lemma 4. If ¢ € (H") is a nonzero function on H" such that £~ "2 ¢ € L>(H") and
[Vo(u)] < C(1+ |u|)~2"=37¢, where constants C,e > 0, there exist constants Ap, B, > 0,
such that

Apll flleany < Ng(Hllzeny < Bpll fll o am
for any f € LP(H").
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Proof. [Proof of Theorem 3] Let f € LP(H™). For p = SZI% and ¢ = 2n+2, by Lemma

3, we know that || Ry, f[| ey < ¢l f|l p(an). From Lemma 4, it follows that

Agl| Rufllzageny < 19(Rnf)llzagany < Ball R fl Lagany < Boll fllo(ean)-

The proof is completed.

5. The Poisson integral as a Radon transform on Silov boundary oU"*!
Let U™ be the generalized upper half-plane in C"*1,
U”""1 = {(zlvz) S (Cn+1 : Imz1 > |Z|2},

n+1
where Z = (29, - -, 2n41) € C™, |22 = Y |2j/%; see, for example, [13].
j=2

For any a = (a1, a), 8 = (B1,3) € U™, we consider the almost analytic extension of

P n+1 o
pla,B) = 5 (61 —on) - > By
k=2
In particular, when a = 3,
pla,a) = p(a) = Tmay — [af*.

For f holomorphic on the Siegel upper half-space U"t!, we define

12 =sup ([ [5G o1+ + i)Pazlala)
p

Then we set
H?*(U™Y) = {f : f is holomorphic on U™, || f|| g2 < oo},

where p is introduced on U1,
For F € H2(U™1), we let

Fy(a,t) = F (a,t+ilal* +ip) . (19)
Definition 2. The Poisson-Szego kernel P is defined by

1S B)P

where S(a, 8) = Egrtﬂ' e é)nﬂ is Szego kernel.
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Let the Poisson kernel P be as in (20). Then, for any f € L2(0U™*!), we have

Fle)= [ Ho)P(.a)do(), (21)

where do is a measure element of QU™ ! (see [11]).

On the disk D : |z| < 1, Helgason [9] proved that the Poisson integral and Radon
transforms are equivalent. By [10, Proposition 2.5 and 2.6], we can obtain the following
proposition.

Proposition 3. Let F, be as in (19). We assume that the Radon transform is the classical
Poisson integral as in (21). Then the inverse formula is given by

f(Z,t) = ;%Fp(zat)a

where f(Z,t) € L2(OUT1).
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