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Abstract. The aim of the present paper is to study the geometry of locally conformal almost
cosymplectic manifold of ®-holomorphic sectional conharmonic curvature tensor. In particular,
the necessary and sufficient conditions that locally conformal almost cosymplectic manifold is a
manifold of point constant ®-holomorphic sectional conharmonic curvature tensor have been found.
The relation between the mentioned manifold and the Einstein manifold is determined.
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1. Introduction

Sectional curvature provides a lot of information with regard to substance geometry
of Riemannian manifolds. Manifolds with constant sectional curvature are a great source
of study. Morever, contact geometry plays important roles in Physics, optics, differential
equations and phase spaces of a dynamical system. This stimulated the researchers to work
in the domain of constancy holomorphic sectional curvatures of locally conformal almost
cosymplectic manifold which is a motivating class of almost contact metric manifold..

The study of constant holomorphic sectional curvature of almost Hermitian manifolds
was started by Tanno [19] in 1973. He obtained an algebraic characterization for an almost
Hermitian manifold to constringe to a space of constant holomorphic sectional curvature,
which he later extended for Sasakian manifold. In 1988, Kim [7] studied total spaces of
constant ®-holomorphic sectional curvature and in 1989, he studied [8] total spaces with
flat contact Bochner curvature tensor for fibred Sasakian spaces with conformal fibres.
In 1993, Takano [18] discuss fibred Sasakian spaces of constant ®-holomorphic sectional
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and at the same time Nagaich [14] showed a generalized Tanno’s results for indefinite
almost Hermitian manifold. In 2009, Rani et al. [17] considered similar condition of [19]
to another distinct class of almost contact manifold known as (¢)-Sasakian manifold. In
2012, Kirichenko and Kharitonova [12] studied the constancy of ®-holomorphic sectional
curvature of normal locally conformal almost cosymplectic Manifold.

2. Preliminaries

In this section, we will focus our efforts on the study of almost contact metric manifold.
In particular, we dedicate our study on the construction of the class of locally conformal
almost cosymplectic manifold in the G-adjoined structure space.

Definition 2.1. [1] Let M be 2n + 1 dimensional smooth manifold , n be differential 1-
form called a contact form, & be vector field called a characteristic, ® be an endomorphism
of the module of the vector fields X (M) called a structure endomorphisim, then the triple
(n,&,®) is called an almost contact structure if the following conditions hold

(i) n(§) =1;
(it) ®(§) =0 ;
(iii) no® =0 ;
(iv) 2 = —id+n®E.

Morover, if there is a Riemannian metric g = (.,.) on M such that (?X,PY) = (X,Y) —
n(X)n(Y), X,Y € X(M), then the tetrad of tensors (n,&, P, g) is called an almost contact
metric structure. In this case the manifold M equipped with this structure is called an
almost contact metric manifold.

Definition 2.2. [9] Let (M,n,®, g) be almost contat metric manifold (AC-manifold). In
the module X (M) we can determine two complementary projections m, £, where m = n®¢
and ¢ = —®%; thus X(M) = L ® RN, where L =Im® = kern and X =Imm = ker®, where
£ and m are the projections onto the submodules L and N respectively.

Definition 2.3. [9] In the complezification module L¢ of the module L define two endo-
morphisms o and & as 0 = 3(id — /=1®) and & = —1(id + /—1®). We can define two
projections by the forms:

1 _ 1
M=0col= —5@2 —V=1®) and T =G0l = 5(<I>2 +v/—19),

where co® =Poo =10 and 0P = ®og = —ia. Therefore, If we denote ImlIl = ngl
and Imll = D;\/jl, then

Xe(M) =Dy '@ DV e DY,

where D&F , Dgﬁ and D% are proper submodules.
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Definition 2.4. [11] At each point p € M*"*1, there is a frame in T3 (M) of the form
(p> €0,E1, "'7577,7617

<y &), where g4 = \20,(ep), €a = V25 (ep), @ = a+n, g9 = &y, the mappings op : L, —
Dﬁ, op: Ly — D;/?l are 1somorphism and anti-isomorphism respectively, and e, are
orthonormal bases of Ly,. The frame (p,€0,€1, ..., €n, €5, .-, €a) 15 called an A-frame.

Lemma 2.1. [13] The matrices components of tensors ®, and g, in A-frame have the
following froms respectively:

. 0 0 0 10 0
((I);) = 0 \/—1In o y (gij) = 0 0 —In y
0 0 —v—11, 0 I, O

where I, is the identity matriz of order n.

It is well known, that the set of such frames defines an G-structure on M with structure

1 0 0
group 1 x U(n), represented by matrix of the form | 0 A 0 |, where A € U(n). This
0 0 A

structure is called an G-adjoined structure.

Definition 2.5. [1] A skew-symmetric tensor Q(X,Y) = g(X, ®Y) is called a fundamental
form of the AC-structure.

Definition 2.6. [4] An almost contact metric structure S = (n,€, ®, g) is called an almost
cosymplectic structure ( AC;-structure) if

(i) dn =0 ;
(i) d2 =0 .

Definition 2.7. [15] A conformal transformation of an AC-structure S = (n,£,®,g) on
a manifold is the passage from S to an AC-structure S = (1,§,®,q) such that

n=en, =% Oo=®, g=e ¥y

where o is the determining function of the conformal transformation. If o =const, then
the conformal transformation is said to be trivial.

Definition 2.8. [15] An AC-structure S on a manifold M is said to be locally conformal
almost cosymplectic (LCAC-structure) if the restriction of this structure to some neigh-
borhood U of an arbitrary point p € M admits a conformal transformation of an almost
cosymplectic structure. This transformation is called a locally conformal. A manifold M
equipped with an LCAC-structure is called an LCAC-manifold.

Lemma 2.2. [6] In the G-adjoined structure space, the collection of the structure equations

of LCAC-manifold has the following forms:
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(i) dw® = —wi A w® + B%®w® A wy + B%wy A w, + Biw A Wl 4+ B®w A wy:
(ii) dwe = w8 Awp 4+ BSwe A w® + Bapew? A w + Blw A wp + Bapw A w;
(i1i) dw = Cpw A w® + CPw A wy;
() dwpf = —wd Awj+ Ag“lwc Awq+ Af wC A w4 Agflwd Awe+ A qw Awe + Agcow AWe;
where
(i) Ble*d = By = 0;
(ii) Bl = B,y = 0;
(iii) B¢ = Bb = 0¢6Y;
(iv) C%® = Cy = 0;
(v) B = 20127, B, = 201,05
(vi) C* = —0® Cy = —oy;
(vii) Aged = 25¢gald — 95l gale | Bacd _ 95aslind _ 95 pacldsd 4 9q, Babe;
(viii) Al"? = 5 Beldagd;
(i) Aty = =280 + 20196} 01,05 — 201°6 o105 + %B“ecBebd;
(x) AP0 = 256910 4 Dac _ §a56 — 2B By, — 090005 + 2B%a;, — B0,05;
(wi) A = o6t — 561 BYe 4 gooles) + %BdC“Bbd;
(i) Balbed — _ goldb ;€.
(xiii) B0 = _gpalbd _ gade .
(ziv) ol = g, Bbe?,

Here Babc}' B(lbc; Bab) Bab; Bg7 B(l);,/" Cab? C(lb; Cb? Cb; Ang7 Ab ; A(blg; Azco7 Ab ; BabCii

acd’ ac0’
Bapei; D™, Dapi and oi; are smooth functions in the G-adjoined structure space.

The following lemma gives the expression for the nonzero components of Riemannian
curvature tensor of LCAC -manifold in the G-adjoined structure space.

Lemma 2.3. [6] In the G-adjoined structure space, the components of Riemannian cur-
vature tensor of LCAC -manifold have the following forms:

(i) Ry.q=2(Apey+ 4U[a5[’l]Bd}hb — 00 Byad%);

d
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i a b _a a a
(i1) Ri)cd = 2(25{0%}} +2Bh* By 4. — 5[C53}03);

(iii) RS = A+ 4016 0,58 — ABU" By, + BBy, — 6207 03;

(iv) Ry = 2(2Bicjabja) — 2070 Bbjca + BafeBap);

(v) Ripy = 20003 + B Byeq — 2016]" Byy,):

(vi) Rig = A + 0, B* — 65090
(’Uii) Rgco = ZBcabO + 2Bcab00§
(viii) Ry, = —07000 — (5?0(2] — BB — o — 0% + 20[“(51?]06;
(ix) Rgéo = 209B% — D" — 5% _ 550 4 2BYq,.
and the other components are conjugate to the above components or can be obtained by the
property of symmetry for R or equal to zero.

Definition 2.9. [3] A Ricci tensor is a tensor of type (2,0) which is defined by

_ _pk
rij = =Rk

Lemma 2.4. In the G-adjoined structure space, the components of the Ricci tensor of

LCAC;-manifold are given by the following forms:

(Z) Tab = 2(_2A€ab)c - 4(0—[05@]30]}1@ + O'[C(S

Dapo — Oap — 040p + 2Bpano™;

h
]Bc]hb) + O-OBCL[C(SIS] + O—OBb[c(SC + 200Bap —

[a al

1
(i) ray = —A(0 0t — ool — 50[%{;1% + BheaB,, + BB} + (BPBy, —

By B + A% — 0000 — 2n03 — op — o%oy;

(iii) Ta0 = —Afyy — 0 Bae + 10000 + 2(00(0%) + B Biea — 20167 By, );

[e
(1) Too = —2n(000 + 02) — 2By BM — 2(0¢ + 0¢0.) + 40[052}0;1.

and the other components can be found by taking the conjugate operator to the above
components.

Proof. The above components can obtained directly from the Definition 2.10 and
Lemma 2.5.

Definition 2.10. An LCAC;-manifold has ®-invariant Ricci tensor, if ®or =ro®.
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Lemma 2.5. An LCAC;-manifold has ®-invariant Ricci tensor if and only if, in the
G-adjoined structure space, the following condition

rl‘} =74 =0
holds.

We conclude this section by remembering the main concept of our study which is a
conharmonic curvature tensor.

Definition 2.11. [5] Let M be an AC-manifold of dimension 2n+ 1. A tensor T of type
(4,0) which is invariant under conharmonic transformation and defined by the form:

Tijkr = Rijig — m(rilgjk — Tj19ik + TjkGil — Tik ;1)

is called a conharmonic tensor, where T = —Tjitg = —Tijie = Thiij-

Theorem 2.1. In the G-adjoined structure space, the components of conharmonic curva-
ture tensor of LCAC-manifold are given by the following forms:

(Z) Tabed = 2(2B[c|ab\d] - 2G[aBb}cd + Ba[ch}b);

h a

(15) Tapea = 2(Af., + 40[a5[c]Bd}hb — 00By(adY) — gy (1ol — 10a0%);

(iii) T, ;= A3d + 4o—[a5£‘]a[h5,§l] — 4BYh By, + BBy, — 626808 — 515 (rid6d + rasg);

() Tjq = 226005 + 28" Byae — 5.5408) — 55 (s

[hc]Bd]h) + 51 (T0a0% — 70:85);

(v) Taocd = 2(00[0531 + B®By.; — 20146
(vi) Tapeo = Ay + 03B — 65000 — 515 (16 05);

(vit) Tapeo = 2Beabo + 2Beaboo;

(’UZZZ) T&ObO = —5?0’00 — (55’0’% — Bchac _ O-g _ O'aO'b + 20.[(15;]0_6 + ﬁ(ro()&g i T‘g);

(ix) T,y = 200B% — D™ — g% — g5t 4+ 2B, + L_(r ;).

and the other components are conjugate to the above or can be obtained by the property of
symmetry for T or equal to zero.

Definition 2.12. [16] A Riemannian manifold is called an Einstein manifold, if the Ricci
tensor satisfies the equation r;; = eg;;.

Definition 2.13. [10] Let M be an AC-manifold, an ®-holomorphic sectional curvature
(® HS-curvature) of a manifold M in the direction X € X(M); X # 0 is a function H(X)
which is defined as:

H(X)=(R(X,®X,X,®X,))|X|*
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Definition 2.14. [10] An AC-manifold is called a manifold of point constant ® HS-curvature
if

(R(X, X, X, X)) = c| X||*
where ¢ € C°(M); for all X € X(M)

Lemma 2.6. [10] An AC-manifold is a manifold of point constant ® HS-curvature ¢ if and
only if, on the G-adjoined structure,

where 634 = 6253 + 526¢ is the symmetric second-order Kronecker delta.

Definition 2.15. Let M be an AC-manifold, an ®-holomorphic sectional conharmonic
curvature (P HTS-curvature) of a manifold M in the direction X € X(M); X # 0 is a
function H(X) which is defined as

H(X) = (T(X,2X, X, X)) x|~

Definition 2.16. An AC-manifold is called a manifold of point constant ® HST-curvature

if
(T(X,®X,X,X,)) = c|X|*

where ¢ € C*°(M); for all X € X(M).

3. The main results

This section is devoted to study the theoretical application of LC.AC;-manifold of
point constant ®-holomorphic sectional conharmonic curvature. In particular, we found
the necessary and sufficient conditions in which the L£C.AC;-manifold of point constant
®-holomorphic sectional conharmonic curvature is an Eistein manifold.

The following theorems gives the necessary and sufficient condition in which an LCAC/-
manifold is a manifold of point constant ®HS-curvature.

Theorem 3.1. An LCAC;-manifold is a manifold of point constant ®HS-curvature c if
a1
and only if, the relation Agbj)) = 55?5(08 +c)— 40[‘163}0%51‘}] + 4B B 0 — BB, holds

on the G-adjoined structure space.

Proof. According to the components of the Riemannian curvature tensor of LCAC-
manifold, it follows that

R* . = Apd + 4016005 — AB™ By, + B By — 62040
d

Symmetrizing with respect to the pair of upper and lower indices of the tensor R* , ¢,

we get
a d ad a a a 1 a
R o ) = AEbC)) + 408" oy o) — ABUIM By, + BU By, — S0t
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By Lemma 2.6, the constancy condition on the ®HS-curvature ¢ for a LCAC;-manifold,
yields

ad 1 a a . .
AEbC)) - 551)6‘1(0'3 + C) o 40[ 52]0-[’163} + 4B(d )thhb - B dec

Theorem 3.2. Suppose that M is LCAC;-manifold. Then the necessary and suffcient
condition in which M is a manifold of point constant ® HST-curvature Cy is

(r§0¢ +7dy)

Ap = 4B*" Bopy, + B Bye — 40160, 68) + 526705 — Codg ol — ST

Proof. Suppose that M is LCAC;-manifold of the point constant ®HTS-curvature
tensor.
According to the Definition 2.16, we get

(T(X,0X, X, ®X,)) = Co| X||*
In the G-adjoined structure space, we have
T X (X )Y XH(@X)! = Cogijgn X X X" X

According to the property (®X)* = /—1X%, (X)* = —/—1X% and (®X)? = 0 and
then using the properties of conharmonic tensor, we get

d
—AT., = 4Cyoy de
Hence

Apd = 4B By + B By — 4016 0,87 + 526705 — Codg ol — (rdsd + 258

2n —1

Theorem 3.3. If M is LCAC;-manifold of point constant ® HST-curvature tensor with
flat holomorphic sectional curvature tensor and ®-invariant Ricci tensor. Then M is an
Einstein manifold.

Proof. Suppose that M is a manifold of point constant ®HST-curvature tensor.
According to Theorem 3.2, we have

1
Apd — 4BY" Bopy, — BBy + 4016 0,00 + m(rgag + r208) = 020802 — Coogd(3.1)

Symmetrizing and then antisymmetrizing (3.1) by the indices (a, h) and (a, d) respectively
and since M is a manifold with flat holomorphic sectional curvature tensor, then we have

1 d a a d 1 a a
S ('8¢ +rleay)) = S (5762 - 6167)(0F + Co) (3:2)
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Contracting (3.2) by the indices (d, ¢), we deduce

syt 4 ey = -5

63 (o2 + Co) (3.3)

Symmetrizing and antisymmetrizing (3.3) by the indices (a,d), we obtain
Ty = edy

2n—-1)(n—-1), ,
C

(n—2) (o9 + Co)

Since the Ricci tensor is ®-invariant
Therefore M is Einstein manifold.

where e =

Theorem 3.4. If M is LCAC-manifold of point constant ® HST-curvature tensor and ®-
invariant Ricci tensor, then M is an Finstein manifold if and only if AjS = BBy, + 16}

Proof. Suppose that M is a manifold of point constant ®HST-curvature tensor.
According to the Theorem 3.2, we have

Apd = 4B By + B By — 4016 0,85 + 525708 — Codgod — (rio? + r263Y3.4)

(2n —1)
Symmetrizing (3.4) by the indices (a, h), we get
Aﬁzﬂﬁ%+ﬂ%ﬁ—amﬂ—@gjﬁwﬁ+@ﬁ) (3.5)
Contracting (3.5) by the indices (¢, d), we deduce
ac ac 2 a 2 a
be — B Bbc + (UO - nC’o)(sb — mrb (36)

Since M is an Einstein manifold, it follows that

gg = BacBbC + Cl(sg

_ 2 o 2e
where ¢ = o5 — nCy Bn=1)

Conversely, by substituted A7 in equation (3.6), we get
Ty = edy

According to ®-invariant of Ricci tensor, it follows that M is Einstein manifold.
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