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Some estimates below the modulus of integrals of some
polynomials in the complex plane
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Abstract. In this paper, we make some estimates below the modulus of some integrals in the
complex plane. Our aim is to prove the Conjecturel, which we could see in [2—4]. The proof of the
conjecture appears the Corollary.
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1. Introduction

In papers [2-4], we consider the Conjecture 1: If a > 0,ar € R, Then we assert
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for arbitrary natural n, ¢ € [O, g] . There exists a connection between this conjecture and
Conjecture2: If ¢ € [g,ﬂ] , then
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Both conjectures are very important for the proofs of some famous conjectures, like
Sendov’s and Obreshkoff’s ones. A possible connection between both conjctures appears
[5]. Here we shall extend this problem (Conjecturel): what kind of set L satisfies this
assertion, i.e. if a; belongs to the set L, then the upper inequality is true. The results
related with the Conjecture 1, we observe in Theorem 1 , Theorem 2. In Theorem 4 we
generalize and prove the extended conjecture. We can see the results of Theorem 1 in
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[2, 4]. Such one of Theorem 2 could be seen in [3]. Many authors use some modulus of
some integrals in the complex plane for various estimates in their works. For example we
can see how Bojanov and Rahman in [1] use this method. These estimates are explored
for the localization of the zeros of some polynomials. The results are useful in the (open)
problems of [6-9].

2. Related Results

Theorem 1. Let k=1,2,..n,n € N,a; € [0,1] ¢ € [0, 3] . Then the function
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forn=1,23.
Theorem 2. let k € Na € R,a € [0,1]. Then the function
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3. Preliminaries

We note:
D (a,r) ={z € C:|z—a| <r}is the open disk with center a and radius r.
D (0,7) ={z € C:|z—a|] <r} is the closed disk with center a and radius r.
A = {z € C, Rez < 0} is the left semiplane.

4. Main Results
Theorem 3. We consider a polynomial r(z) = 2" 1 + rp_12""1 + ... + 112 + 70. where
r € Rm>1ne¢€ N k=0,n—1. The zeros z of r (z) satisfy the condition Rez, < 0. If

a >0, then I—nfr )dz > a".

Proof. Letr(2) = (z 4+ a1) (z 4+ ag) ... (z + a1) (z — b1) (z — b1) ... (2 — bs) (= — bs) , where
14+2s =n—1,a; > 0,by, € C,k = 1,I,m=1,sa; € R, k,m € N. and b,,, = p1n,€"?™, pyn >
0,g0m [“ ] ( — by, ( bm):z2 20 COS Pz + p2, > z2. Then

nfr dz-nf (z4+a) (2 a2)...(z+a1)(z—b1)(z—a)...(z—bs)(z—bis)dz

nfz”fldz =a".
0
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Theorem 4. We consider a polynomial v (z) = 2" 1 + 1, 12" 2 + ... + r12 + 1o, where
r, € Ron > 1,n € Nk = 0,n—1. The zeros z of r(z) satisfy the condition z €
A\ D (z0,a) \ D (%0, a) , z0 = ae'®, where a > 0,6y € [0,Z]. Then

20
I= n/r(z)dz > a”.
0
Proof. Let us put v () = ae,0 € [0,00], 1 +2s=n — 1,
r(2) :pﬁl(z+ap) i (z—bp) (2 —bp) ,
l,s € N (one of the factors could be not existing, i.e.,l =0 or s = 0).
We put £ (6) = n f 2 dzg(6) = £(6) F(6).

Let us calculate

d dv— dv

Y |r(w(®) %7 6) +r @ 0) T 7 6]
dv  dae? T
@ — 70 =ae’’,

and if we put

Up=v(0) = ae?, U, =v () +ap,p = 1,1,Upraps1 = v (0) — by,

Uipopr2 =v(0) —by,p=0,s — 1.

Knowing
df n—177 df n—1
M4 T, = —5 110
a9 =0Ur = g =0 Up:
we have
Y _ 7o) U, - o),
&g dfn-1_  dI"Z3U,_ A=, U,
gz =" Pag i Ur ti g 1O — i1 (0)]
&g [2 SINA <U nElHU)f(G) (U > HU)f(f))]
a2 = "m0 TP T\ 020 Y 0 =0, ’

Py o [T = re (S o) F o
0 ”[npo\ pl” = 6( 0,20, j>f()]7
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and consequently

n—1 —
IHu;|.
d2g n—1 n—1 Uopgo#pUy ‘f (6)’
— > 2n I |Up| |n I |Up| — —
de p=0 p=0 H;:[)Up

If we note
B={A\D(z,a)\ D (z,a)},By={A\ D (20,a)\ D (Zp,a)}

and since
0 €10,60) = By C B,i.e,|Uy(0)| > a,p=1,n—1.

If we assume

then )
d g n—l n—1 UO UO n
—_— > — — .
702 2 2np£IO|Up| [naa <1+ 0, + ...+ ‘Unl > a }
-1
> 2na.Hg;1 |Up| [na”l - (1 + aln )> .a"l] =0
a
Then )
d°g
—Z >0
do? —
Hence p g
g g
—=(0) > —= =0.
do 0) 2 do (0)

Consequently ¢ (6g) > ¢(0), ie., |f(6p)] > a”, according to the proof of Theorem 3.
Therefore a” < |f (6p)| < a™, which is impossible. The contradiction proves the Theorem
4.

Corollary. If in the condition of Theorem 4, we put a=1, and s=0, i.e., all the zeros of
r(z) are real and negative, then we get that the Conjecture 1 is true.
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