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Abstract. In this paper we have studied some affine connexions in a generalised structure manifold.
Certain theorems are also have been proved which are of great geometrical importance.
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1. Introduction

We consider a differentiable manifold V,, of differentiability class C* and of dimension n.
Let there exist in V;, a tensor field F of the type (1,1), s linearly independent vector fields U;,

i=1,2,...,sands linearly independent 1-forms u' such that for any arbitrary vector field X,
we have
):( = b +cu'(X)U; (D

def —
where F(X) = X and b2, ¢ are constants.
Then the structure {F,u',U;, pf ;1,j = 1,2,...,s} will be known as generalised structure and
V,, will be known as generalised structure manifold of order s where s < n.

Lemma 1. All the equations which follow hold for arbitrary vector fields X,Y,Z, ... etc.
Now, replacing X by X in (1),we get
X = b2X + ¢ u'(X)U; 3)
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Operating F in (1), we get
X = %X + ¢ WX,

Using (2) in above, we get

X = b2X + ¢ u'(X)p!U; 4)
From (3) and (4), we have o o
W(X) = piul(X) )
Further, operating F in (2) and using (1), (2) we get
(Z)p{ = b25{ +c uj(Ui) (6)
where _ .
(r)p; —(r=1) p,‘( p;(

On generalised structure manifold V,,, let us introduce a metric tensor g such that 2-form

d —
'F defined by 'F(X,Y) e/ g(X,Y) is skew-symmetric,then V,, is called generalised metric
structure manifold [8,12].
We have on a generalised metric structure manifold,

gX.Y)+g(X,Y)=0
Replacing Y by Y in above equation and using (1), we obtain
gX,Y)+b%g(X, V) +cu' (X' (Y) =0 (7)

where _
u'(X) = g(U;,X) (8)

Lemma 2. The generalised metric structure manifold always be denoted by V,,.

1.1. Definitions

This section consists of well known definitions required to go through the insuring sections
[1,6].
1. A differentiable manifold M,, on which there a vector valued linear function F, a 2-form
d _
'F defined by 'F(X,Y) = g(X,Y) such that

e F2=0 and 'F(X,Y) is skew-symmetric, then M,, is called an almost tangent metric
manifold.

e F2 = —], and 'F(X,Y) is skew-symmetric, then M, is called an almost Hermite
manifold.

e F2=22I  where A is a non-zero complex constant and 'F (X, Y) is skew-symmetric,
then M,, is called an metric m-structure manifold [13].
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e F2 = )"I, and 'F(X,Y) is skew-symmetric, then M, is called an Hsu-structure
metric manifold [4,5].

e F2 =1, and 'F(X,Y) is symmetric, then M, is said to be an almost product
Riemannian manifold [7].

2. Let us consider a C*°-manifold M,, (n = 2m + 1). Let there exist in M,, a tensor field F
of the type (1,1), a 1-form u, a vector field U and a Riemannian metric g satisfying

):{ =—-X+uX)U (9a)
U=0 (9b)
g(X,Y)=g(X,Y) —u(X)u(X) (90)

def —
where g(X,U) =u(X) and F(X) éfX
Then M, is called an almost contact metric manifold or an almost Grayan manifold
[16,17].

3. We consider a manifold M,, of differentiability class C*. Let there exist in M,,, a tensor
field F of the type (1,1) and rank r (1 < r < n) satisfying

FP+F=0 (10)
then {F} is called F-structure and M,, satisfying (10) is called F-structure manifold [2].

d —
If we consider 'F(X,Y) et (X,Y) where g is a Riemannian metric and 'F is skew-

symmetric then, F-structure manifold M,, is called a metric F-structure manifold.

4. The tensor K of the type (1,3) defined by [14]

def
K(X,Y,Z) = DxDyZ — DyDxZ — Dix y1Z (11)
is called the curvature tensor of the connexion D.

5. The vector field U; in generalised structure metric manifold V,, is called a Killing vector
if it satisfies [11] ' .
Dyu')(Y) + (Dyu')(X) =0

6. A connection D which satisfies
(DxF)(Y) =0, (Dxu')(Y) =0, DxU; =0 (12)
is called an (F, U;,u')-connexion.
7. A connection D is called an F-connexion if it satisfies

(DxF)(Y)=0 ie., DxY =DyY (13)
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8. Nijenhuis tensor is a vector valued bilinear function N, given by

N Y (X7 1+ X, V] - [X,7] - [X,Y] (14)

9. A vector valued, skew-symmetric, bilinear function S defined by

d
S, Y)Y DyY — DyX — [X,Y] (15)

is called torsion tensor of a connexion D.

For symmetric or torsion free connexion D, the torsion tensor vanishes, i.e.

DyxY —DyX =[X,Y] (16)

10. Lie derivative along any vector V in a C*°-manifold M, is a type preserving mapping
such that [3]

Lyf =Vf ;f is a C*-function (17a)
LyX =[V,X] (17b)
LyB(X) =V(B(X)) - B([V,X]) (17¢)

where B is an arbitrary 1-form.

Remark 1. It may be noted that V,, gives an almost tangent metric manifold, an almost Hermite
manifold, metric m-structure manifold, Hsu-structure manifold, F-structure manifold, an almost
product Riemannian manifold, an almost Grayan manifold and {F, g,ul,uz, U;,Us} structure
manifold according as (b2=0,c=0); (>*=-1,c=0);(c=0); (b2=A",c=0);
(b? = —1,pl]. =0);(b>’=1,c=0); (b*>=—-1,c= 1,p% =0:i,j=1);and (b>=—-1,c =
1,p{ +p§. =0:1,j = 1,2) respectively.

1.2. Some Basic Results

1. If we put, pF’ =Fp ,U/ ="' pU; and u”* = u' o p, where p is a non-singular tensor of
the type (1,1), then it can be easily seen that {F’, u’i,Ui’,pf;i,j =1,2,...,s}is also a
generalised structure.

2. The eigen values of F are given by b,—b, 1/A;, —4/A; where A; are the roots of the
equation |125l]. e pfl = 0. The multiplicity of the eigen values depends on rank((F)),
on p{ and the nature of b?,c.
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2. An Affine Connexion I

In this section an affine connexion in a generalised structure manifold V,, is defined and
its properties have been studied [9,10,15].
Let us define an affine connexion D such that

u'(Y)(DxUp) + (Dxu')(Y)U; =0 (18)

where D is an F-connexion given by (13). It can be easily seen that,

u'(DxU;) = —(Dyu')(Y) (19a)

(Ppl = b261)(Dx U;) = u'(Dx Uy)U; (19b)
(Dxu)(Y)(Uy) = —pju (Y)(Dx U;) (190)

(®p} = b%6}) div U; = c ! (Dy, Uy) (19d)

where div(X)  (C1vX) and (VX)(Y) = (DyX).
Theorem 1. In V,, let us put

d — === —
MX, Y)Y DY + DY — DyY — DyY (20)

then,
MX,Y)=0 21)

Proof. Using (13) in (20), we get (21).

Theorem 2. If connexion D is torsion free in V,, then we have
NX,Y)=0 (22)
where N(X,Y) is Nijenhuis tensor.

Proof. Using (16) and (13) in (14), we get (22).

Now, corresponding to the Nijenhuis tensor of an almost complex manifold, we have three
tensors u,v and o given by

ux,v) L (Dyu)X) - (Dyul)TV) + (Dyu')(X) — (Dgu')(Y) (23)
vx) Y (DyF)X) - (DxF)(U;) - DgU; 24)
o) ¥ (Dyu)U) - (Dyu)(X) 25)

respectively.
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Theorem 3. If connexion D is torsion free in V,, then we have

uX,Y)U; = (DxU) [W'(Y)+u'(Y)] —(DyUy) [uw'X) +u'(X)] (26)
v(X) = —(DgUy) 27)
oX) = —u(DxU;)— (Dyu)X) (28)

Proof. Using (5), (18) and (19¢) in (23), we get (26). The equation (24) yields (27) on
use of (13). (28) is obtained on the use of (19a) in (25).

Theorem 4. In V,, let us put

C(X,Y) = (Dxu)(Y) — (Dyu)(X) (29)

Then, we have
CX,Y)+CX,Y) = —uX,Y) (30)
C()_(,V)Ui = ui(?)v(X) - ui()_()v(Y) (31)

Proof Replacing Y by Y and X by X in (29) separately and adding resulting these two
equations, we get (30). Further, replacing X by X, Y by Y and multiplying with U; in (29),
we get (31) on use of (5), (19¢) and (27).

Corollary 1. In V,, we have

C(X,Ul-) = oX) (32)
CX,U) = (Dyu))X) -/ (v(X)) (33)

Proof. By replacing i by j and Y by U; in (29), we get (32). Further, by replacing X by X
in (32) and using (19¢) & (27), we obtain (33).

Theorem 5. In V,, with U; as a killing vector, we have
C(X,U) = —2u'(DxUy) 34

Proof. Considering U; as a killing vector with respect to connexion D and using (19a) in
(29) after putting U; for Y, we get (34).

Theorem 6. In V,, we have
(Lxu')(Y) — (Lyu)(X) = C(X,Y) —u'(LxY) (35)
Proof Lie derivative of u' is given by
(Lxu")(¥) = (Dxu')(Y) + u'(DyX) (36)

Interchanging X and Y in the above equation and subtracting the resulting equation from
above equation, we get (35) on the use of (29) and (17b).
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Corollary 2. In V,, we have
(Lxu)(U) = (Lgu)X) = o(X)—u'(LxU;) (37)
(Lgu)(Uy) = (Lyu)(X) = (Dyu!)X) — ! (v(X)) —u'(LxU;) (38)

Theorem 7. In V,, we have
(Lgu)(Y) = (Lyu)X) + p(X, ¥) = (Dyu)(X) — (Dxu)(V) +pi/ (X, YD) (39)

Proof. Replacing X by)_( in (36) and using (13) & (5), we get
(Lgu')(Y) = (Dgu')(Y) + piu/ (DyX) (40a)
Similarly, we can get

(Lyu)(X) = (Dyu)(X) + piu/ (DxY) (40Db)

Subtracting (40b) from (40a) and using (16) and (23), we get the required result.

3. An Affine Connexion II

In this section an affine connexion E has been defined in terms of another affine connex-
ion D such that their torsions are equal but opposite in sign. The properties of this affine
connexion E have been studied in a generalised structure manifold V;,, [18].

Let us define an affine connexion E in V,, by the relation

d
ExY ¥ DY+ [X,Y] 41)
where D is an (F, U;,u')-connexion given by (12) and the torsions of E and D are equal but
opposite in sign.

o o
We shall study N, M and curvature tensors of connexion E.

Remark 2. Since the torsions of the connexions D and E are equal and opposite to each other,
therefore, if D is half symmetric, semi-symmetric and almost symmetric, E is also half symmetric,
semi-symmetric and almost symmetric respectively.

Theorem 8. In V,, we have

ExY —EyX =DyX — DxY + 2[X,Y] (42a)
ExU; —EyX =Dy X +2[X,U;] (42b)
ExY — EzX = DgX — DgY +2[X,Y] (42c)
ExyY —EyX = b2(DyX — Dy Y) + cu'(DyX — Dy Y)U; + [X,Y] — [V, X] (42d)

EfY —EyX =DyX — DxY + [X,Y] - [Y,X] (42e)



R. Singh and S. Singh / Eur. J. Pure Appl. Math, 3 (2010), 839-852 846

Proof. The equation (41) yields (42a). Putting U; for Y in (42a) and using (12), we get
(42b). Replacing X by)_( and Y by Y in (42a), we get (42c) on the use of (12). The value
of (ExY — EyX) is obtained by making use of (41) and operating F on the resulting equation
and using (1) & (12), we get (42d). Similarly, we can get (42e).

Theorem 9. In V,, we have

(ExF)(Y)=[X,Y]-[X,Y] (43a)

(ExF)(Uy) = p;[X,U;] — [X,U;] (43b)
Proof. Replacing Y by Y in (41), we have
ExY = —DyY + [X,Y] (44)
which on use of (41) yields (43a) and by replacing Y by U; and using (5), we get (43b).
Theorem 10. In V,, we have
cA(Bxu)(Y) +u' (X, YD} =0 (45)
Proof. Replacing Y by Y in (41) and using (1), we get
Ex(b%Y 4 cu!(Y)U;) = =Dy (b%Y + cu!(Y)U;) + b2[X, Y] + cu!(Y)[X, U;] (46a)
Using (1.12) and (3.1) in above, we get
¢ Ui(Bxu')(Y) = —c U ([X, Y ]) (46b)

which implies(45).

Now, let us consider Nijenhuis tensor N(X,Y) in V,, which is given by (14). For the
symmetric connexion D, it takes the following form :

N(X,Y)=DgY — DyX 4+ Dy Y — DyX — DgY + DyX — DxY + DX (47)

Using (1) in above, we get

N(X,Y) =DgY — DgX + b*(DxY — DyX) +c u'(DxY — DyX)U;
- - — (48)
—DxY + DyX — DxY +DgX

Similar to Nijenhuis tensor for connexion D, let us introduce a tensor N (X,Y) for the
connexion E, given by

o d — — .
N Y)Y ELY — EoX + b2(ExY — EyX) + ¢ ul(ExY — EyX)U )
—ExY + EyX — ExY + EgX
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Theorem 11. In V,, we have

N X,Y)=2([X,Y ]+ [X,Y]-[X,Y] - [X,Y]) =2N(X,Y) (50)

Proof. Using (42a), (42c), (42d) and (42e) in (49), we obtain

N (X,Y) = (DgX — Dg¥ +2[ X,Y 1)+ b*(DyX — Dy Y +2[X,Y])
+cul(DyX — Dy Y + 2[X,YDU; — b*(DyX — Dy Y)

—cu!(DyX — DyY)U; — [X,Y] + [V, X]

— DX +DgY — [X,Y]+[Y,X]

=2([X,Y ]+ b2[X, Y] +cu'([X,YDU;, - [X,Y] - [X,Y])

which on use of (1) and (14) yields (50).

Corollary 3. In V,, we have

N (X,U)=2pi([X,U; ] - X, U] +2(IX, U] - [X,U;]) 5D

© o o
Let us define U, v, o analogues to u, v, o for connexion E.

pY) € (Eu)X) - Exud)(T) + Epu)(X) — (Egu')(Y) (52)
vx) Y (B, FX) - (BxF)(U;) - EgU, (53)
c(x) (B W) - (Byu)(x) (54)

Theorem 12. In V,, we have

¢ (X, Y)U; = 2c{u ([X, Y]) + ! ([X, Y]} (55a)
v (X)={[X, U] +2[X,U;] - X, U] + Ey.X + Dy X} (55b)
c o (X)=2c{w/([U, X} (55¢)

Proof. On account of (45) and (52), we get(55a). Due to (42b) and (43b), we obtain
(55b). Finally, (55c¢) is obtained by using (45) in (54).

Corollary 4. lj« (X,Y) is skew-symmetric in both the slots X and Y, i.e.
(X, V)4 B (Y,X)=0 (56)

o
Let us define a vector valued, bilinear function M by

o def —
M (X,Y) = ExY + ExY —ExY — Ex

h<

(57)
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Theorem 13. In V,, we have

MX,Y)-[X,7]-X,Y]+[X,7]+[X,Y]=0 (58a)
M (X,Y)=N(X,Y)=0 (58b)
Proof. Using (12), (14) and (41) in (57), we get (58a) and (58b).

Corollary 5. ]\j[ (X,Y) is skew-symmetric in both the slots X and Y, i.e.

M (X,Y)+M (Y,X)=0 (59)
Corollary 6. In, V,, we have
M (X,U) = [X,U] - [X, U] + pi{[X, U;] - IX, U} T} (60)
It can be obtained that,
K(X,Y,U)=0 (61a)
K(X,Y,Z)=K(X,Y,2) (61b)

where K is the curvature tensor of (F, U;, u')-connexion.
o

Let us define a curvature tensor K with respect to connexion E, by
K (X,Y,2) Y EyEyZ — ByExZ — By y12 (62)
Theorem 14. In, V,, we have
I% (X,Y,Z)=K(X,Y,Z) +2Dx y1Z — [X,DyZ]+[Y,DxZ] —Dx([Y,Z])+ Dy([X,Z]) (63)

Proof. From (41), we have

EXEYZ = DXDYZ_[X3DYZ:|_DX([Y’Z])+|:X,[Y’Z]] (64)
—EyExZ = —DyDxZ+[Y,DxZ]+Dy([X,Z])—[Y,[X,Z]] (65)
—Exv1Z = —DiynZ-I[X,Y],Z] (66)

Adding (64), (65) and (66) and using (11), Jacobi Identity
(X, v, Z]1+ [, [Z,X]] + [Z,[X,Y]] = 0) and (62), we get (63).

Corollary 7. In, V,, we have
K(X’Y’Ui):DY([X,UiD_DX([Y’UiD (673)
K (X,U;, Up) = Dy, ([X, U] (67b)

Proof. Replacing U; for Z in (63) and using (12) and (61a), we get (67a). (67b) is obtained
by putting U; for Y in (67a).
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4. An Affine Connexion III

In this section an affine connexion is considered which is different one from section 2 and
section 3. Its properties are also have been studied.

Let us consider an affine connexion D in a generalised structure manifold V,, with torsion
tensor S such that

(Dxu')(Y) + (Dyu')(X) =0 (68a)
(DxF)(Y)+ (DyF)(X)=0 (68b)
(DxU;)=0 (68¢)
Theorem 15. In, V,, we have
DyY =DyY (69a)
DX + b2DyY — (DY + DgX) = —c X/ (V) (69b)
DxY 4+ DgX — b*(DxY + DyX) = c u'(DxY + DyX)U; (69¢)
bA(DgY + DyX) — (D5Y + DyX) = —c {X(u'(Y)) + Y (' (X))} (69d)
DxY +DyX — DzY — DX =0 (69e)

Proof Taking covariant derivative of F(Y) =Y with respect to U; and using (68c), we get
(69a). Now, (68b) is equivalent to

DyY + DyX = DyY + DyX (70)

Replacing Y by Y in (70) and using (1), we get (69b). By operating F on both sides of (70)
and using (1), (69c) can be obtained. Replacing X by X in (69b), we get (69d). Replacing X
by X and Y by Y in (70) separately and adding the resulting equations, we get

DY + DyX — D5Y — DyX = DyX + Dy Y — Dy Y — DyX 71)
Using (1), (68a) and (69¢) in (71), we get (69e).
Let us define a tensor H of the type (1,2) by
HX, V)Y DY - D7 72)
Theorem 16. In, V,, we have the following relations :

HX,Y)+H(Y,X)=0 (73a)
HX,Y)+H(Y,X)=0 (73b)

H(X,Y) - b2 H(X,Y) = —c[{p) Y (& (X))U;} + Y (i (X))U;] (73¢)
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Proof. (73a) follows from (69e) and (72). Now replacing Y by Y in (72) and using (1),
we get

H(X,Y)=b*DzY +c X(u'(Y))U; — DgY (74)

Interchanging X and Y in (74) and adding the resulting equation with (74), we get (73b), by
making use of (69d). Replacing X by)_( in (73b) and using (1) and (5), we obtain (73c).

Theorem 17. In, V,, we have

M(X,Y)
where,
B(X,Y) = (Dxu')(Y)

2H(X,Y)—B(X,Y)U; (75)

Proof. Adding (69b) and (69¢), we have
DY — D5 — DY + b2DyY +c X(u/(Y))U; =0 (76)
Using (1) in (20), we get
M(X,Y)=DgY + b*DxY +c u'(DxY)U; —DXTY—DX_? (77)
Due to (76) and (77) yields (75).
Theorem 18. The connexion D is an F-connexion if and only if
H(X,Y)=0 (78)
Proof. Let D_be an_F-connexion, then (_13) & (72), gives H(X,Y) = 0. Conversely, if (78)
is true, then DY = DxY. Replacing X by X in this relation, we get
b’ DxY +c u'(X)Dy,Y = b* DxY +c u'(X)Dy,Y (79)
Due to (69a), (79) yields (DxF)(Y) = 0, which implies that D is an F-connexion.

Theorem 19. When D is an F-connexion ,any one of the following holds if remaining two hold :
(1) HX,Y)=0
(b) B(X,Y)=0
(0 M(X,Y)=0

Remark 3. All the results discussed in section 2, section 3 and section 4 are true in an almost tan-
gent metric manifold, an almost Hermite manifold, metric m-structure manifold, Hsu-structure
manifold, F-structure manifold, an almost product Riemannian manifold, an almost Grayan
manifold and

{F, g,u',u?, Uy, Uy} structure manifold if (b2=0,c=0); (b®2=—1,c =0); (c =0);

(b2 =A",c=0); (b*> = —1,pl]. =0) (b2=1,c=0); (b®>=—-1,c = 1,p% =0:1,j=1); and
(b>=-1,c= 1,pl]. +p§. =0:1,j =1,2) respectively.
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