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Abstract. In this paper, we introduce ten types of fuzzy soft sets over fully UP-semigroups, and
investigate the algebraic properties of fuzzy soft sets under the operations of (extended) intersection
and (restricted) union. Further, we discuss the relation between some conditions of fuzzy soft sets
and fuzzy soft UP¢-subalgebras (resp., fuzzy soft UP;-subalgebras, fuzzy soft near UP¢-filters, fuzzy
soft near UP;-filters, fuzzy soft UPg-filters, fuzzy soft UP;-filters, fuzzy soft UPg-ideals, fuzzy soft
UP;-ideals, fuzzy soft strongly UPg-ideals, fuzzy soft strongly UP;-ideals) of fully UP-semigroups.
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1. Introduction and Preliminaries

Several researches introduced a new class of algebras related to logical algebras and
semigroups such as: In 1993, Jun et al. [10] introduced the notion of BCI-semigroups.
In 1998, Jun et al. [13] renamed the BCI-semigroup as the IS-algebra. In 2006, Kim
[14] introduced the notion of KS-semigroups. In 2015, Endam and Vilela [3] introduced
the notion of JB-semigroups. In 2018, Iampan [6] introduced the notion of fully UP-
semigroups.

A fuzzy subset F of a set X is a function from X to a closed interval [0,1]. The
concept of a fuzzy subset of a set was first considered by Zadeh [27] in 1965. The fuzzy set
theories developed by Zadeh and others have found many applications in the domain of
mathematics and elsewhere. After the introduction of the concept of fuzzy sets by Zadeh
[27], several researches were conducted on the generalizations of the notion of fuzzy set
and application to many logical algebras such as: In 1998, Jun et al. [9] applied the notion
of fuzzy sets to BCI-semigroups (it was renamed as an IS-algebra for the convenience of
study), and introduced the concept of fuzzy I-ideals. In 2000, Roh et al. [21] considered
the fuzzification of an associative I-ideal of an IS-algebra. They proved that every fuzzy
associative I-ideal is a fuzzy I-ideal. By giving an appropriate example, they verified that
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a fuzzy I-ideal may not be a fuzzy associative I-ideal. They gave a condition for a fuzzy
I-ideal to be a fuzzy associative I-ideal, and they investigated some related properties. In
2003, Jun and Kondo [11] proved that some concepts of BCK/BCI-algebras expressed by
a certain formula can be naturally extended to the fuzzy setting and that many results are
obtained immediately with the use of our method. Moreover, they proved that these results
can be extended to fuzzy IS-algebras. In 2003, Jianming and Dajing [8] introduced the
concept of intuitionistic fuzzy associative I-ideals of IS-algebras and they investigated some
related properties. In 2007, Prince Williams and Husain [26] studied fuzzy KS-semigroups.
In 2016, Endam and Manahon [2] introduced the notion of fuzzy JB-semigroups and they
investigated some of its properties. In 2018, Satirad and Tampan [23] introduced the notion
of fuzzy sets in fully UP-semigroups and they investigated some of its properties.

In 1999, to solve complicated problems in economics, engineering, and environment,
we cannot successfully use classical methods because of various uncertainties typical for
those problems. Uncertainties cannot be handled using traditional mathematical tools but
may be dealt with using a wide range of existing theories such as the probability theory,
the theory of (intuitionistic) fuzzy sets, the theory of vague sets, the theory of interval
mathematics, and the theory of rough sets. However, all of these theories have their own
difficulties which are pointed out in [18]. In 2001, Maji et al. [17] introduced the concept
of fuzzy soft sets as a generalization of the standard soft sets, and presented an application
of fuzzy soft sets in a decision making problem. In 2010, Jun et al. [12] applied fuzzy soft
set for dealing with several kinds of theories in BCK/BCI-algebras. The notions of fuzzy
soft BCK/BCl-algebras, (closed) fuzzy soft ideals and fuzzy soft p-ideals are introduced,
and related properties are investigated.

Before we begin our study, we will introduce the definition of a UP-algebra.

Definition 1. [5] An algebra A = (A,-,0) of type (2,0) is called a UP-algebra where A is
a nonempty set, - is a binary operation on A, and 0 is a fixed element of A (i.e., a nullary
operation) if it satisfies the following axioms:
(UP-2) (Vx € A)(0-x ==x),
(UP-3) (Vx € A)(xz-0=0), and
(UP-4) (Ve,yc A)(z-y=0,y-2=0=>x=1y),

From [5], we know that the notion of UP-algebras is a generalization of KU-algebras
(see [19]).

On a UP-algebra A = (A, -,0), we define a binary relation < on A [5] as follows:

Ve,ye Az <y z-y=0).

Example 1. [24] Let X be a universal set and let Q € P(X). Let Po(X) ={A € P(X) |
Q C A}. Define a binary operation - on Pq(X) by putting A- B = BN (A" UQ) for all
A,B € Pq(X). Then (Po(X),-,Q) is a UP-algebra and we shall call it the generalized
power UP-algebra of type 1 with respect to €.
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Example 2. [24] Let X be a universal set and let Q € P(X). Let PX(X) = {A € P(X) |
A C Q}. Define a binary operation x on P*(X) by putting Ax B = BU (A’ NQ) for all
A,B € PYX). Then (P*(X),* Q) is a UP-algebra and we shall call it the generalized
power UP-algebra of type 2 with respect to ).

In particular, (P(X),-, () is the power UP-algebra of type 1 and (P(X),*, X) is the
power UP-algebra of type 2.

In a UP-algebra A = (A, -,0), the following assertions are valid (see [5, 6]).

(Vx € A)(x -z =0), (1.1)
(Vz,y,z€ A)(z-y=0,y-2=0=2x-2=0), (1.2)
(Vz,y,z€ A)(z-y=0=(z-2)-(2-y) =0), (1.3)
(Ve,y,z€ A)(z-y=0=(y-2)-(x-2)=0), (1.4)
(Va,y € A)(w - (y- o) = 0) (15)
Ve,y e A)((y-x) 2 =0x=y- 1), (1.6)
(Vo,y € A)(z- (y-y) =0), (1.7)
(Va,2,9,2 € A)((z - (5 2) - (2 ((0-9) - (a- 2))) = 0), (18)
(Va,2,9,2 € A)(((a-2) - (a-9) - 2) - (@) - 2) = 0), (1.9)
(V3,7 € A)((z-9) =) - (y-2) =), (1.10)
(Vz,y,z€ A)(z-y=0=2x2-(2-y) =0), (1.11)
(Va,9,2 € A)(((-y) - 2)- (2 (y- 2)) = 0), and (1.12)
(Va,2,9,2 € A)(((z ) - 9)- (y- (a-2)) = 0). (1.13)

Definition 2. [4, 5, 7, 25] A nonempty subset S of a UP-algebra (A,-,0) is called
(1) a UP-subalgebra of A if (Vz,y € S)(z-y € S).
(2) a near UP-filter of A if it satisfies the following properties:

(1) the constant 0 of A isin S, and
(i7) (Ve,yc A)(z e A,ye S=z-yeS).

(3) a UP-filter of A if it satisfies the following properties:

(1) the constant 0 of A isin S, and
(i7) (Ve,ye A)(z-ye S,z e S=yelb).

(4) a UP-ideal of A if it satisfies the following properties:

(1) the constant 0 of A isin S, and
(i7) (Vx,y,z€ A)(x-(y-2)eS,ye S=x-z€09).

(5) a strongly UP-ideal of A if it satisfies the following properties:
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(i) the constant 0 of A is in S, and
(1) Vz,y,z€ A)((2-y)-(2-z) € S,ye S=x€S).

We know that the notion of UP-subalgebras is a generalization of near UP-filters,
the notion of near UP-filters is a generalization of UP-filters, the notion of UP-filters is a
generalization of UP-ideals, and the notion of UP-ideals is a generalization of strongly UP-
ideals. Moreover, they also proved that a UP-algebra A is the only one strongly UP-ideal
of itself.

Definition 3. [15] A nonempty subset S of a semigroup (A, x*) is called
(1) a subsemigroup of A if (Vz,y € S)(xxy € 9).
(2) an ideal of A if (Vx,y€ A)(x € A,y e S=zxy,y*xxz €S).
Clearly, an ideal is a subsemigroup.

Definition 4. [6] Let A be a nonempty set, - and x are binary operations on A, and 0 is
a fized element of A (i.e., a nullary operation). An algebra A = (A, -,*,0) of type (2,2,0)
in which (A,-,0) is a UP-algebra and (A, x*) is a semigroup is called a fully UP-semigroup

(in short, an f-UP-semigroup) if the operation “«” is distributive (on both sides) over the
operation “”.

Definition 5. [27] A fuzzy set F in a nonempty set U (or a fuzzy subset of U) is described
by its membership function fgp. To every point x € U, this function associates a real
number fp(x) in the interval [0,1]. The number fp(x) is interpreted for the point as a
degree of belonging x to the fuzzy set ¥, that is, F := {(x,fp(z)) | z € U}. We say that a
fuzzy set F in U is constant if its membership function fg is constant.

Definition 6. [16] Let F and G be fuzzy sets in a nonempty set U. Then F < G is defined
by fr(z) < fg(x) for allz € U.

Definition 7. [15] Let F and G be fuzzy sets in a semigroup A = (A,x). Then the
product of F and G, denoted by F o G, is described by their membership function fr and
fa, respectively which defined as follows:

[ sup{min{fr(y),fq(2)}}a=ys> if Iy, 2z € A such that x =y * z,
(Vo) <(fF °fa)(z) = { 0 otherwise.

Rosenfeld [22] introduced the notion of fuzzy subsemigroups (resp., fuzzy ideals) of
semigroups as follows:

Definition 8. A fuzzy set F in a semigroup A = (A, x) is called
(1) a fuzzy subsemigroup of A if (Vx,y € A)(fr(z *y) > min{fr(x),fr(y)}).

(2) a fuzzy ideal of A if Vz,y € A)(fr(z xy) > max{fr(x),fr(y)}).
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Clearly, a fuzzy ideal is a fuzzy subsemigroup.

Definition 9. [15] The semigroup A itself is a fuzzy set of A, denoted by A such that
fa(z) =1 for allx € A.

Lemma 1. [15] Let F be a fuzzy set in a semigroup A = (A,x). Then
(1) F is a fuzzy subsemigroup of A if and only if it satisfies the condition

FoF <F. (1.14)

(2) F is a fuzzy ideal of A if and only if it satisfies the condition
AoF<Fand FoA <F. (1.15)
Definition 10. [16] Let {F;}icr be a nonempty family of fuzzy sets in a nonempty set U

where I is an arbitrary index set. The intersection of F;, denoted by (,c; Fs, is described
by its membership function fﬂieIFi which defined as follows:

(Ve € U)(fn,, v (2) = inf{fr;(2) }ier)-

The union of F;, denoted by | J,c; Fi, is described by its membership function fUieI r, which
defined as follows:

(Vo € U)(fy,, v, (x) = sup{fr;(z) }ier)

Somjanta et al. [25] and Guntasow et al. [4] introduced the notion of fuzzy UP-
subalgebras (resp., fuzzy UP-filters, fuzzy UP-ideals, fuzzy strongly UP-ideals) of UP-
algebras as follows:

Definition 11. A fuzzy set F in a UP-algebra A = (A, -,0) is called
(1) a fuzzy UP-subalgebra of A if (Vz,y € A)(fr(z - y) > min{fr(z),fr(y)}).
(2) a fuzzy UP-filter of A if

(i) (Vo € A)(fr(0) = fp(z)), and

(i)) (Yo,y € A)(fr(y) > min{fr(z - y), fr(2)}).
(3) a fuzzy UP-ideal of A if

(i) (Vx € A)(fp(0) > fp(z)), and

(12) (Va,y,z € A)(fp(z - z) > min{fp(z - (y - 2)), fr(y)})-
(4) a fuzzy strongly UP-ideal of A if

(1) (Vx € A)(frp(0) > fr(z)), and

(i) (Va,y,z € A)(fp(z) = min{fr((z-y) - (z - 2)),fr(y)})-
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Now, we introduce the notion of fuzzy near UP-filters of UP-algebras as follows:

Definition 12. A fuzzy set F in a UP-algebra A = (A, -,0) is called a fuzzy near UP-filter
of A if

(1) (Vx € A)(frp(0) > fr(z)), and

(4) (Vz,y € A)(fr(z-y) > fr(y)).

We know that the notion of fuzzy UP-subalgebras is a generalization of fuzzy near UP-
filters, the notion of fuzzy near UP-filters is a generalization of fuzzy UP-filters, the notion
of fuzzy UP-filters is a generalization of fuzzy UP-ideals, and the notion of fuzzy UP-ideals
is a generalization of fuzzy strongly UP-ideals. Moreover, fuzzy strongly UP-ideals and
constant fuzzy sets coincide in UP-algebras.

Satirad and Iampan [23] introduced the notion of fuzzy UPg-subalgebras (resp., fuzzy
UP;-subalgebras, fuzzy UPg-filters, fuzzy UP;-filters, fuzzy UPs-ideals, fuzzy UPj-ideals,
fuzzy strongly UPg-ideals, fuzzy strongly UPj-ideals) of f-UP-semigroups as follows:

Definition 13. [23] A fuzzy set F in an f-UP-semigroup A = (A, -, *,0) is called

(1) a fuzzy UPs-subalgebra of A if F is a fuzzy UP-subalgebra of (A,-,0) and a fuzzy
subsemigroup of (A, *).

(2) a fuzzy UP;-subalgebra of A if F is a fuzzy UP-subalgebra of (A, -,0) and a fuzzy ideal
of (A, x).

(3) a fuzzy UPs-filter of A if ¥ is a fuzzy UP-filter of (A,-,0) and a fuzzy subsemigroup
of (A,*).

(4) a fuzzy UP;-filter of A if F is a fuzzy UP-filter of (A,-,0) and a fuzzy ideal of (A, ).

(5) a fuzzy UPs-ideal of A if ¥ is a fuzzy UP-ideal of (A,-,0) and a fuzzy subsemigroup
of (A, x).
(6) a fuzzy UP;i-ideal of A if F is a fuzzy UP-ideal of (A,-,0) and a fuzzy ideal of (A, *).

(7) a fuzzy strongly UPs-ideal of A if ¥ is a fuzzy strongly UP-ideal of (A,-,0) and a
fuzzy subsemigroup of (A, x).

(8) a fuzzy strongly UPi-ideal of A if ¥ is a fuzzy strongly UP-ideal of (A,-,0) and a
fuzzy ideal of (A, x).

Now, we introduce the notion fuzzy near UPg-filters of f-UP-semigroups (resp., fuzzy
near UP;-filters) as follows:

Definition 14. A fuzzy set F in an f-UP-semigroup A = (A, -, *,0) is called

(1) a fuzzy near UPs-filter of A if F is a fuzzy near UP-filter of (A,-,0) and a fuzzy
subsemigroup of (A, *).
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(2) a fuzzy near UP;-filter of A if F is a fuzzy near UP-filter of (A,-,0) and a fuzzy ideal
of (A, x).

Clearly, a fuzzy near UP;j-filter is a fuzzy near UPg-filter.

Example 3. Let A = {0,1,2,3} be a set with two binary operations - and * defined by
the following Cayley tables:

01 2 3 «[0 1 2 3
ojo 12 3 0[0 00 0
1/0 0 2 3 1/0 000
200 10 3 200 0 01
3[0 120 30 0 10

Then A = (A,-,%,0) is an f-UP-semigroup. We define a membership function fp as
follows:
fp(0) = 1,fp(1) = 0.4, fp(2) = 0.5, and fp(3) = 0.2.

Then F is a fuzzy near UPs-filter of A. Since fp(2x3) = fp(1) = 0.4 # 0.5 = max{0.5,0.2} =
max{fp(2),fr(3)}, we have F is not a fuzzy near UP;-filter of A.

From [7], we can easily prove Theorems 1, 2, 3, and 4.
Theorem 1. FEvery fuzzy near UPs-filter of an f-UP-semigroup is a fuzzy UPs-subalgebra.
The following example shows that the converse of Theorem 1 is not true.

Example 4. Let A = {0,1,2,3} be a set with two binary operations - and * defined by
the following Cayley tables:

01 2 3 «[0 1 2 3
ofo 1 2 3 0[0 00 0
110 013 1/0 0 00
200 0 0 3 200 0 00
3[011 0 30 0 01

Then A = (A,-,%,0) is an f-UP-semigroup. We define a membership function fr as
follows:
fr(0) = 1,fp(1) = 0.8,fr(2) = 0.9, and fr(3) = 0.7.

Then F is a fuzzy UPs-subalgebra of A. Since fp(1-2) = fp(1) = 0.8 # 0.9 = fp(2), we
have F is not a fuzzy near UPs-filter of A.

Theorem 2. Every fuzzy near UP;-filter of an f-UP-semigroup is a fuzzy UP;-subalgebra.

In Example 4, we have F is a fuzzy UP;-subalgebra of A but F is not a fuzzy near
UP;-filter of A.

Theorem 3. FEvery fuzzy UPs-filter of an f-UP-semigroup is a fuzzy near UPs-filter.
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The following example shows that the converse of Theorem 3 is not true.

Example 5. Let A = {0,1,2,3} be a set with two binary operations - and * defined by
the following Cayley tables:

W N = O

OO O OO
O O O
S O N NN
O W W W w
W N = O %
O O O OO
O O O Ol
O O O Ol
N OO O|Ww

Then A = (A,-,%,0) is an f-UP-semigroup. We define a membership function fp as
follows:

fr(0) = 1, p(1) = 0.7, fp(2) = 0.9, and fp(3) = 0.8.
Then F is a fuzzy near UPs-filter of A. Since fp(l) = 0.7 # 0.8 = min{1,0.8} =
min{fp(0), fr(3)} = min{frp(3 - 1),fr(3)}, we have F is not a fuzzy UPs-filter of A.

Theorem 4. FEvery fuzzy UP;-filter of an f-UP-semigroup is a fuzzy near UP;-filter.

In Example 5, we have F is a fuzzy near UP;-filter of A but it is not a fuzzy UP;-filter
of A.

Hence, we get the diagram of generalization of fuzzy sets in fully UP-semigroups as
shown in Figure 1.

Fuzzy UP_-Subalgebra

Fuzzy Near UP-Filter

'\ Fuzzy UP-Subalgebra
% 1

Fuzzy Near UP-Filter

Fuzzy IU{PS-Fﬂter % H

Fuzzy UP-Filter

Fuzzy UP-Ideal % H/
H/ Fuzzy UP-Ideal

Fuzzy Strongly UP -Ideal \/ Fuzzy Strongly UP,-Ideal

Constant Fuzzy Set

Figure 1: Fuzzy sets in fully UP-semigroups

Theorem 5. [23] The intersection of any nonempty family of fuzzy UPs-subalgebras (resp.,
fuzzy UP;-subalgebras, fuzzy UPs-filters, fuzzy UP;-filters, fuzzy UPs-ideals, fuzzy UP;-
ideals, fuzzy strongly UPs-ideals, fuzzy strongly UP;-ideals) of an f-UP-semigroup is also
a fuzzy UPs-subalgebra (resp., fuzzy UP;-subalgebra, fuzzy UPs-filter, fuzzy UP;-filter, fuzzy
UPs-ideal, fuzzy UPi-ideal, fuzzy strongly UPs-ideal, fuzzy strongly UP;-ideal).
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Theorem 6. [23] The union of any nonempty family of fuzzy strongly UPs-ideals (resp.,
fuzzy strongly UP;-ideals) of an f-UP-semigroup is also a fuzzy strongly UPs-ideal (resp.,
fuzzy strongly UP;-ideal).

Theorem 7. The intersection of any nonempty family of fuzzy near UPs-filters of an
f-UP-semigroup A = (A, -, ,0) is also a fuzzy near UPs-filter.

Proof. Let F; be a fuzzy near UPgfilter of an f-UP-semigroup A = (A4, -, x,0) for all
i € I. Then

fr,., 7:(0) = inf{fr;(0) }ier > inf{fr;(2)}ier = fn,_, 7, (2),
e, Fi (@ y) = nf{tri(z - y) hier > inf{fr;(y) }ier = I, _, 7, (y), and

f,., Fi (@ *y) = inf{fp;(z * y) bier
> inf{min{fr;(2), fr;(y)} }ies
= min{inf{fr;(z) ticr, inf{fr;(y) ticr}
=min{fn _ 7, (2),fn,_, 7 (¥)}
Hence, (;c; Fi is a fuzzy near UPg-filter of A.
The following example shows that the union of two fuzzy near UPg-filters of an f-UP-

semigroup is not a fuzzy near UPg-filter.

Example 6. By Cayley tables in Example 3, we know that A = (A, -, *,0) is an f-UP-
semigroup. We define two membership functions fgp; and fpo as follows:

Alo 1 2 3
fr, [1 07 1 05
fr, |1 05 0.3 0.8

Then F1 and Fay are fuzzy near UPs-filters of A but F1UFs is not a fuzzy near UPs-filter of
A. Indeed, fFluF2 (3*2) = fFlqu(l) =07 % 0.8 = min{0.8, 1} = min{fFlUp2 (3), fF1UF2 (2)}

Theorem 8. The intersection of any nonempty family of fuzzy near UPi-filters of an
f-UP-semigroup A = (A, -, ,0) is also a fuzzy near UP;-filter.

Proof. Let F; be a fuzzy near UPj-filter of an f-UP-semigroup A = (A, -, ,0) for all
i € I. Then, by the proof of Theorem 7, we have f _ 7, (0) = fn _ 7, (z) and fn _ 5, (z-y) =
f,., F: (). Thus

e, Fs (@ xy) = inf{fp; (z * y) bies
> inf{max{fp;(x), fr;(y) } }ics
> max{inf{fp;(x)}icr, Inf{fr;(y) bier }
=max{fn_ r,(2).In,_ ¥ )}

x

x

Hence, (,.; F; is a fuzzy near UP;-filter of A.

el
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Theorem 9. The union of any nonempty family of fuzzy near UPi-filters of an f-UP-
semigroup A = (A, -, *,0) is also a fuzzy near UP;-filter.

Proof. Let F; be a fuzzy near UPj-filter of an f-UP-semigroup A = (A, -, *,0) for all
i€ 1. Then

fU,., 7:(0) = sup{fp;(0) }icr = sup{fri(2z)}icr = f,_, 7, (@),

fU,., 7 (@ y) = sup{fp;(z - y) Yier = sup{fri(y) ticr = f,_, 7, (y), and

fU,e, F: (@ % y) = sup{fe; (z * y) ier
> sup{max{fr;(x), fr;(y)} }icr
= max{sup{fr;(z) }icr, sup{fri(y) }ier}
= max{fuiE r, (7), f Uics F r (y)}-

Hence, (J;c; Fi is a fuzzy near UP;-filter of A.

2. Properties of Fuzzy Sets in UP-Algebras

In this section, we shall let A be a UP-algebra A = (A, -,0) and find some properties
of fuzzy sets in UP-algebras.

Proposition 1. [25] If F is a fuzzy UP-subalgebra of A, then
(Vx € A)(fr(0) > fp(z)). (2.1)
Proposition 2. [23] If F is a fuzzy UP-filter of A, then
(Y, € A)(x < y = fi(x) < fi(y)). (2:2)
Proposition 3. If F is a fuzzy set in A satisfying the condition
(Vz,y,z € A)(z <z = fp(z - y) > min{fr(2),{r(y)}), (2.3)
then F is a fuzzy UP-subalgebra of A.

Proof. Let z,y € A. By (1.1), we have z < x. It follows from (2.3) that fp(z - y) >
min{fr(z), fr(y)}. Hence, F is a fuzzy UP-subalgebra of A.

Theorem 10. If F is a fuzzy set in A satisfying the condition (2.3), then F satisfies the
condition (2.1).

Proof. 1t is straightforward by Proposition 3.

The following example shows that the converse of Theorem 10 is not true.
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Example 7. Let A ={0,1,2,3} be a set with a binary operation - defined by the following
Cayley table:

W N = O
O O OO

e = =R =
O N NN
N DN W W

0 00
Then A = (A,-,0) is a UP-algebra. We define a membership function fp as follows:
fr(0) = 1,fp(1) = 0.6,fp(2) = 0.2, and fp(3) = 0.9.

Then F satisfies the condition (2.1) but it does not satisfy the condition (2.3). Indeed,
1< 1 but fp(1-3) = fp(2) = 0.2 ¥ 0.6 = min{0.6,0.9} = min{fp(1), fx(3)}.

It is clear that we have the following proposition.

Proposition 4. If F is a fuzzy set in A satisfying the condition

(Va,y,z € A)(fr(z - y) = min{fr(2), fr(y)}), (2.4)
then ¥ satisfies the condition (2.3).
The following example shows that the converse of Proposition 4 is not true.

Example 8. Let A ={0,1,2,3} be a set with a binary operation - defined by the following
Cayley table:

|01 2 3
0/0 123
10 0 3 3
2/0 100
3]0 1.2 0

Then A = (A,-,0) is a UP-algebra. We define a membership function fp as follows:
fr(0) = 1,fp(1) = 0.1, fp(2) = 0.8, and fp(3) = 0.2.

Then F satisfies the condition (2.3) but it does not satisfy the condition (2.4). Indeed,
fr(1-2) = fp(3) = 0.2 # 0.8 = min{1, 0.8} = min{fp(0), fr(2)}.

Proposition 5. If F is a fuzzy set in A satisfying the condition (2.2), then F is a fuzzy
near UP-filter of A.

Proof. Let z,y € A. By (UP-3), we have x < 0. It follows from (2.2) that fp(0) > fp(x).
By (1.5), we have y < x-y. It follows from (2.2) that fp(x-y) > fp(y). Hence, F is a fuzzy
near UP-filter of A.

Theorem 11. If F is a fuzzy set in A satisfying the condition (2.2), then F satisfies the
condition (2.4).
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Proof. Let x,y,z € A. By (1.5), we have y < x -y. It follows from (2.2) that
fr(z-y) > fr(y) > min{fr(2), fr(y)}. Hence, F satisfies (2.4).

The following example shows that the converse of Theorem 11 is not true.

Example 9. Let A ={0,1,2,3} be a set with a binary operation - defined by the following
Cayley table:

W~ O
o o olo
o O Rk
O N |
W W w|w

0000
Then A = (A,-,0) is a UP-algebra. We define a membership function g as follows:

Then F satisfies the condition (2.4) but it does not satisfy the condition (2.2). Indeed,
3 < 2 but fF(2) = fp(l) =0.7 z 0.8 = fF(3)

Theorem 12. IfF is a fuzzy UP-subalgebra of A satisfying the condition
(Vo,y € A)(z -y # 0= fr(z) = fr(y)), (2.5)
then F is a fuzzy near UP-filter of A.

Proof. Let x,y € A. If z -y = 0, then by (2.1), we have fp(z - y) = fr(0) > fr(y). If
x -y # 0, then by (2.5), we have fp(z - y) > min{fr(z), fr(y)} = fr(y). Hence, F is a fuzzy
near UP-filter of A.

Proposition 6. A fuzzy set F in A satisfies the condition
(Vz,y,z € A)(z <z -y = fp(y) > min{fp(z), fr(z)}) (2.6)
if and only if ¥ is a fuzzy UP-filter of A.

Proof. Let x € A. By (UP-3), we have < z - 0. It follows from (2.6) that fp(0) >
min{fp(z),fp(x)} = fr(z). Let z,y € A. By (1.1), we have z -y < z - y. It follows from
(2.6) that fp(y) > min{fr(z - y),fr(z)}. Hence, F is a fuzzy UP-filter of A.

Conversely, let x,y,z € A be such that z <z -y. Then z - (z-y) =0, so
fr(z - y) > min{fp(z - (z - y)),Ir(2)} = min{fr(0),fr(2)} = fr(2).

Thus fr(y) > min{fp(z - y), fr(z)} > min{fr(z), fr(z)}. Hence, F satisfies (2.6).

Theorem 13. If F is a fuzzy set in A satisfying the condition (2.6), then F satisfies the
condition (2.2).
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Proof. Let x,y € A such that x < y. By (1.11), we have z < x - y. It follows from
(2.6) that fr(y) > min{fp(x),fr(x)} = fr(z). Hence, F satisfies (2.2).

The following example shows that the converse of Theorem 13 is not true.

Example 10. Let A = {0,1,2,3} be a set with a binary operation - defined by the following
Cayley table:

N = O

o O OO
— O =
SN NN
— N W W

3/0 0 00
Then A = (A,-,0) is a UP-algebra. We define a membership function fg as follows:

fr(0) = 0.9, fp(1) = 0.3, f(2) = 0.6, and fp(3) = 0.2.

Then F satisfies the condition (2.2) but it does not satisfy the condition (2.6). Indeed,
1<2-3 but fp(3) = 0.2 # 0.3 = min{0.3,0.6} = min{fp(1), f5(2)}.

Theorem 14. If F is a fuzzy near UP-filter of A satisfying the condition
(Vo,y € A)(fr(z-y) = fr(y)), (2.7)
then F is a fuzzy UP-filter of A.

Proof. Let xz,y € A. By (2.7), we have frp(y) > min{fp(y),fr(z)} = min{fp(z
y),fr(z)}. Hence, F is a fuzzy UP-filter of A.

Proposition 7. A fuzzy set F in A satisfies the condition
(Va,z,y,z € A)(a<z-(y-2)=fr(z-z) > min{fr(a),fr(y)}) (2.8)
if and only if F is a fuzzy UP-ideal of A.
Proof. Let x € A. By (UP-3), we have z < z - (- 0). By (UP-3) and (2.8), we have
fr(0) = fr(z - 0) > min{fr(z), fr(z)} = fr(x).
Let xz,y,z € A. By (1.1), we have - (y - z) < z - (y - z). It follows from (2.8) that
bz 2) > min{fe( - (3 2)), fe(9)}.

Hence, F is a fuzzy UP-ideal of A.

Conversely, let a,x,y,z € A be such that a < x - (y - z). By Proposition 2, we have
fr(a) <fp(x-(y-z)). Thus

fp(z - z) =2 min{fe(z - (y - 2)), fr(y)} = min{f(a), fr(y)}-
Hence, F satisfies (2.8).
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Proposition 8. IfF is a fuzzy UP-ideal of A, then
(Va,,5,2 € AYa <+ (y-2) = fla- 2) > min{ls(z), fr(y)}). (2.9)
Proof. Let a,x,y,z € A be such that a < x - (y-z). Thena- (z-(y-2)) =0, so
fr(a-(y-2)) 2 min{fr(a- (z - (y - 2))), fr(2)} = min{fr(0), fr(2)} = fr(2).

Thus
fr(a-2z) = min{fr(a - (y - 2)), fr(y)} = min{fp(z), fr(y)}-

Corollary 1. If F is a fuzzy set in A satisfying the condition (2.8), then F satisfies the
condition (2.9).

Proof. 1t is straightforward by Propositions 7 and 8.

Theorem 15. Let A be a UP-algebra satisfying the condition
(Vo,y,z € A)(z-(y-x) =y (2-2)). (2.10)
If F is a fuzzy set in A satisfying the condition (2.9), then F satisfies the condition (2.8).

Proof. Let a,x,y,z € A such that a < z-(y-z). By (2.10), we have 0 = a- (- (y-2)) =
x-(a-(y-z)), that is, x < a-(y-z). It follows from (2.9) that fp(x-2) > min{fr(a), fr(y)}.
Hence, F satisfies (2.8).

Theorem 16. If F is a fuzzy set in A satisfying the condition (2.9), then F satisfies the
condition (2.6).

Proof. Let z,y,z € A be such that z <z -y. By (1.1) and (1.3), we have 0 = z - z <
z-(z-y). By (UP-2) and (2.9), we have fr(y) = fp(0 - y) > min{fp(z), fr(z)}. Hence, F
satisfies (2.6).

Corollary 2. If F is a fuzzy set in A satisfying the condition (2.8), then F satisfies the
condition (2.6).
Proof. 1t is straightforward by Corollary 1 and Theorem 16.

The following example shows that the converse of Theorem 16 is not true.

Example 11. Let A = {0,1,2,3} be a set with a binary operation - defined by the following
Cayley table:

w N = O
S O O OO
— = O =
N O W NN
SO W W W
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Then A = (A,-,0) is a UP-algebra. We define a membership function fg as follows:
fr(0) = 1,fp(1) = 0.9,fr(2) = 0.1, and fr(3) = 0.1.

Then F satisfies the condition (2.6) but it does not satisfy the condition (2.9). Indeed,

The following example shows that fuzzy set in a UP-algebra which satisfies the condi-
tion (2.8) is not constant.

Example 12. Let A = {0,1,2,3} be a set with a binary operation - defined by the following
Cayley table:

o1 2 3
0o 1 2 3
110 023
210 1 0 3
3]0 1 20

Then A = (A,-,0) is a UP-algebra. We define a membership function g as follows:
fp(0) = 0.7, fp(1) = 0.5, fp(2) = 0.4, and fp(3) = 0.4.
Then F satisfies the condition (2.8) but it is not constant.
Theorem 17. IfF is a fuzzy UP-filter of A satisfying the condition
(Va,y, 2 € A)(fely - (2 2)) = ez~ (y - 2), (2.11)
then F is a fuzzy UP-ideal of A.
Proof. Let z,y,z € A. By (2.11), we have
fp(z - 2) 2 min{fe(y - (z - 2)),fr(y)} = min{fp(z - (y - 2)),fr(y) }-

Hence, F is a fuzzy UP-ideal of A.

Proposition 9. A fuzzy set F in A satisfies the condition
Va,z,y,z € A)(a < (z-y) - (z-z) = fr(z) > min{fr(a),fr(y)}) (2.12)
if and only if F is a fuzzy strongly UP-ideal of A.

Proof. Let x € A. By (UP-3), we have x <0 =2-0=(0-x)-(0-0). By (2.12), we
have frp(0) > min{fp(z),fr(z)} = fp(x). Let z,y,z € A. By (1.1), we have (z-y)-(z-z) <
(z-y) - (z-z). By (2.12), we have fp(z) > min{fp((z - y) - (2 - x)),fr(y)}. Hence, F is a
fuzzy strongly UP-ideal of A.

The converse is obvious because F is constant.
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Theorem 18. IfF is a fuzzy set in A satisfying the condition
(Vz,y,z € A)(z < -y = fp(z) > min{fp(x),fr(y)}), (2.13)
then F satisfies the condition (2.3).

Proof. Let x,y,z € A be such that z < z. By (1.4), we have z -y < z-y. By (2.13),
we have fp(z - y) > min{fr(z), fr(y)}. Hence, F satisfies (2.3).

Proposition 10. A fuzzy set F in A satisfies the condition (2.13) if and only if F is a
fuzzy strongly UP-ideal of A.

Proof. Let x € A. By (UP-3), we have z < 0 = 0-0. By (2.13), we have fp(x) >
min{fr(0), fr(0)} = fr(0). By Theorem 18 and Proposition 3, we have fp(0) > fp(z). Thus
fr(z) = fr(0) for all x € A, so F is constant. Hence, F a fuzzy strongly UP-ideal of A.

The converse is obvious because F' is constant.

Theorem 19. IfF is a fuzzy set in A satisfying the condition
(Vz,y,z € A)(z <z-y=1fr(z) > fr(y)), (2.14)

then F satisfies the condition (2.3).

Proof. Let x,y,z € A be such that z < x. By (1.4), we have z -y < z-y. It follows
from (2.14) that fp(x - y) > fr(y) > min{fr(2),fr(y)}. Hence, F satisfies (2.3).

Proposition 11. A fuzzy set F in A satisfies the condition (2.14) if and only if F is a
fuzzy strongly UP-ideal of A.

Proof. Let z € A. By (UP-3), we have x < 0 =0-0. By (2.14), we have fp(x) > fr(0).
By Theorem 19 and Proposition 3, we have fp(0) > fp(z). Thus fr(x) = fr(0) for all
x € A, so F is constant. Hence, F is a fuzzy strongly UP-ideal of A.

The converse is obvious because F' is constant.

We have provided various important properties of fuzzy sets in various types in UP-
algebras which will be used in the next section. We get the diagram of the properties of
fuzzy sets in UP-algebras as shown in Figure 2.

3. Fuzzy Soft Sets over Fully UP-Semigroups

From now on, we shall let A be an f-UP-semigroup A = (A, -,*,0) and P be a set of
parameters. Let F(A) denotes the set of all fuzzy sets in A. A subset E of P is called a
set of statistics.
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Fuzzy UP-Subalgebra 2.1)

¥
(TZ?

(24)
K4

Fuzzy Near UP-Filter +— (2.2)
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Fuzzy UP-Filter +— (2.6)

‘* t4
(ng)

Fuzzy UP-Ideal +—— (2.8)
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Fuzzy Strongly UP-Ideal <— Constant Fuzzy Set
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Figure 2: Properties of fuzzy sets in UP-algebras

Definition 15. Let E C P. A pair (F,E) is called a fuzzy soft set over A if F is a
mapping given by F: E— F(A), that is, a fuzzy soft set is a statistic family of fuzzy sets
in A. In general, for every e € E, f[e] = {(x,f};[e} () | x € A} is a fuzzy set in A and it
1s called a fuzzy value set of statistic e.

Definition 16. Lezfv(ﬁ, Ey) an@v(é, Es) be two fuzzy soft sets over a common universe U.
The union [17] of (F, E1) and (G, E2) is defined to be the fuzzy soft set (F, E1)U(G, Ep) =
(H, E) satisfying the following conditions:

(2) FE =F1UEy and

(ii) for alle € E,
_ E[e] Zf e c E1 \ E2

H[e] = (E[e] B if e € By \ F
Fle]UGle] ife e E1N Es.

The restricted union [20] of (ﬁ, Ey) and (é, Es) is defined to be the fuzzy soft set (ﬁ, E))u
(G, Ey) = (H, E) satisfying the following conditions:

(Z) E:ElﬁEQ#Q) and

(ii) He] = Fle] U Gle] for all e € E.

Definition 17. [20] Let (F, Ey) aanv(é, Es) be two fuzzy soft sets over a common universe
U. The extended intersection of (F, E1) and (G, Ez) is defined to be the fuzzy soft set
(F, E1) N (G, Es) = (H, E) satisfying the following conditions:

(Z) FE =F1UEy and
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(13) for alle € E,
_ li[e] if e € By \ Es

H[e} = 9[6] B if e € By \ FE
Fle]NGle] ife € EyN Es.

The intersection [1] of (f‘,El) and (G,Eg) 1s defined to be the fuzzy soft set (ﬁ,El) M
(G, E2) = (H, E) satisfying the following conditions:
(2) E:ElﬁEQ#Q and

(ii) Hle] = Fle] N Gle] for all e € E.

3.1. Fuzzy Soft UP,-Subalgebras

Definition 18. A fuzzy soft set (15, E) over A is called a fuzzy soft UPs-subalgebra based
on e € E (we shortly call an e-fuzzy soft UPs-subalgebra) of A if a fuzzy set ﬁ[e] in Aisa
fuzzy UPs-subalgebra of A. If (F, E) is an e-fuzzy soft UPs-subalgebra of A for all e € E,
we say that (F, E) is a fuzzy soft UPs-subalgebra of A.

In the next theorem, we give necessary condition for fuzzy soft UPg-subalgebras of
f-UP-semigroups.

Theorem 20. If (F, E) is a fuzzy soft set over A such that for all e € E, a fuzzy set ﬁ[e]
in A satisfies the conditions (2.3) and (1.14), then (F, E) is a fuzzy soft UPs-subalgebra
of A.

Proof. Tt is straightforward by Proposition 3 and Lemma 1 (1).
The proof of the following theorem can be verified easily.

Theorem 21. If (ﬁ,E) is a fuzzy soft UPs-subalgebra of A and ) # E* C E, then
(F|g=, E*) is a fuzzy soft UPs-subalgebra of A.

__ The following example shows that there exists a nonempty subset E* of E such that
(F| g+, E) is a fuzzy soft UPg-subalgebra of A, but (F, E) is not a fuzzy soft UPs-subalgebra
of A.

Example 13. Let A be the set of four series of the iPhone, that is,
A={5,6,7, X}.

Define two binary operations - and x on A as the following Cayley tables:

X 76 5 «|X 7 6 5
X[X 7 6 5 X[X X X X
TIX X 6 5 TIX X X X
6|X 7 X 5 6|X X X 7
5lX 7T 6 X 51X X 7T X
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Then A = (A, -, %, X) is an f-UP-semigroup. Let (I?“, E) be a fuzzy soft set over A where
E := {price, beauty, specifications, stability}

with Flprice], Fbeauty], F[specifications|, and F[stability] are fuzzy sets in A defined as
follows:

F X 7 6 5

price 0.8 0.3 0.7 0.1

beauty 0.5 03 0.2 04

specifications 0.9 0.8 0.5 0.6

stability 1 04 0.7 0.6

Then ﬁ[stabz’lity] is not a fuzzy UPs-subalgebra of A. Indeed,
(5% 6) = f ey (7) = 0-4 # 0.6 = min{0.6,0.7} =

min{fﬁ[stability} (5)’ fl*:[stability} (6) }

Hence, (ﬁ,E) 18 not a fuzzy soft UPs-subalgebra of A. We take

fl?‘[stability]

E* := {price, beauty, specifications}.
Thus (ﬁ]E*,E*) is a fuzzy soft UPs-subalgebra of A.

Theorem 22. The extended intersection of two fuzzy soft UPs-subalgebras of A is also a
fuzzy soft UPs-subalgebra. Moreover, the intersection of two fuzzy soft UPs-subalgebras of
A is also a fuzzy soft UPs-subalgebra.

_ Proof. Let (F, Eq) and (é,Eg) be two fuzzy soft UPg-subalgebras of A. Assume that
(F,E1)N (G, By) = (H,E) with E= Ey UE,. Let e € E. o

Case 1: e € By \ Ey (resp., e € Ey \ Ep). Then Hle] = Fle] (resp., Hle] = Gle]) is a
fuzzy soft UPg-subalgebra of A. B B B

Case 2: e € Fj N Ey. By Theorem 5, we have Hle] = Fle] N Gle] is a fuzzy soft
UPS—subalggve:bra. B

Thus (H, E) is an e-fuzzy soft UPg-subalgebra of A for all e € E. Hence, (H, E) is a
fuzzy soft UPg-subalgebra of A.

Theorem 23. The union of two fuzzy soft UPs-subalgebras of A is also a fuzzy soft UPs-
subalgebra if sets of statistics of two fuzzy soft UPs-subalgebras are disjoint.

Proof. Let (ﬁ,El) and (C~},Eg) be two fuzzy soft UPs-subalgebras of A such that
E1NEy = (. Assume that (F, E,)U(G, Ey) = (H, E) with E = E; UE,. Let e € E. Since
ElﬂEQZQ, WehaveeEEl\EQ OI“CEEQ\El.

Case 1: e € E; \ Ey. Then H[e] = Fle] is a fuzzy soft UP-subalgebra of A.

Case 2: ¢ € By \ E1. Then Hle] = Gle] is a fuzzy soft UPg-subalgebra of A.

Thus (H, E) is an e-fuzzy soft UPg-subalgebra of A for all e € E. Hence, (H, E) is a
fuzzy soft UPg-subalgebra of A.

The following example shows that Theorem 23 is not valid if sets of statistics of two
fuzzy soft UPg-subalgebras are not disjoint.
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Example 14. By Cayley tables in Evample 13, we know that A = (A, -, x, X) is an f-UP-
semigroup. Let (G1, E1) and (Ga, E2) be two fuzzy soft sets over A where

Ey = {price, beauty, specifications} and Ey := {price, stability}

with Gy [price], él[beauty], él[speczﬁcations], ég[pm'ce], and éz[stabilz’ty] are fuzzy sets in A
defined as follows:

G X 7 6 5 Go X 7 6 5
price 09 0.7 0.9 0.2 :
beauty 1 08 03 02 price 0.9 03 0.2 0.8

specifications 0.6 0.5 0.3 0.4 stability 0.7 02 0.5 0.2

Then (6}1, Eq) and ((~}2, Es) are two fuzzy soft UPs-subalgebras of A. Since price € E1NEy,
we have

6+5) = (f(~}1[p7"ice]u(~}2 [mce})(
=0.7

#0.8

= min{0.9,0.8}

= min{ (fél [price] UG [price] ) (6) ’ (fél [price] UGz [price] ) (5) } ’

(fél [price]UGa[price] ) ( 7)

Thus Gy [price] U Ga|price] is not a fuzzy UPs-subalgebra of A, that is, (G1, E1) U (Gg, By)
is not a price-fuzzy soft UPs-subalgebra of A. Hence, (G1, E1) U (Ga, Ea) is not a fuzzy
soft UPs-subalgebra of A. Moreover, (G1, E1) U (G, E2) is not a fuzzy soft UPs-subalgebra
of A.

3.2. Fuzzy Soft UP;-Subalgebras

Definition 19. A fuzzy soft set (f‘,E) over A is called a fuzzy soft UP;-subalgebra based
on e € E (we shortly call an e-fuzzy soft UP;-subalgebra) of A if a fuzzy set Fle] in A is a
fuzzy UP;-subalgebra of A. If (F, E) is an e-fuzzy soft UP;-subalgebra of A for all e € E,
we say that (F, E) is a fuzzy soft UP;-subalgebra of A.

In the next theorem, we give necessary condition for fuzzy soft UP;-subalgebras of
f-UP-semigroups.

Theorem 24. If (1?‘, E) is a fuzzy soft set over A such that for all e € E, a fuzzy set ﬁ[e]
in A satisfies the conditions (2.3) and (1.15), then (F, E) is a fuzzy soft UP;-subalgebra
of A.

Proof. Tt is straightforward by Proposition 3 and Lemma 1 (2).

From Figure 1, we have the following theorem.
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Theorem 25. FEvery e-fuzzy soft UP;-subalgebra of A is an e-fuzzy soft UPs-subalgebra.
Moreover, every fuzzy soft UP;-subalgebra of A is a fuzzy soft UPs-subalgebra.

The following example shows that the converse of Theorem 25 is not true.

Example 15. In Ezample 13, we know that (15, E) is a price-fuzzy soft UPs-subalgebra of
A but Fprice] is not a fuzzy UP;-subalgebra of A. Indeed,

(6%5) = fx (7) = 0.3 # 0.7 = max{0.7,0.1} = max{fﬁ[pm.ce}(@, fﬁ[pm.ce}(f))}.

fﬁ[price] [price]
Hence, (ﬁ,E) is not a price-fuzzy soft UP;-subalgebra of A.
The proof of the following theorem can be verified easily.

Theorem 26. If (f‘,E) is a fuzzy soft UPj-subalgebra of A and O # E* C E, then
(F|g~, E*) is a fuzzy soft UP;-subalgebra of A.

The following two theorems can be deduced in the same way as Theorems 22 and 23.

Theorem 27. The extended intersection of two fuzzy soft UP;-subalgebras of A is also a
fuzzy soft UP;-subalgebra. Moreover, the intersection of two fuzzy soft UP;-subalgebras of
A is also a fuzzy soft UP;-subalgebra.

Theorem 28. The union of two fuzzy soft UP;-subalgebras of A is also a fuzzy soft UP;-
subalgebra if sets of statistics of two fuzzy soft UP;-subalgebras are disjoint.

The following example shows that Theorem 28 is not valid if sets of statistics of two
fuzzy soft UPj-subalgebras are not disjoint.

Example 16. Let A be the set of four types of a music, that is,
A = {pop, rock, classic, disco}.

Define two binary operations - and x on A as the following Cayley tables:

‘ pop rock disco classic * ‘ pop rock disco classic
pop | pop rock disco classic pop | pop pop  pop pop
rock | pop pop disco disco rock | pop pop  pop pop
disco | pop rock pop  disco disco | pop pop  pop pOp

classic | pop rock pop pop classic | pop pop  pop pop

Then A = (A, -, *,pop) is an f-UP-semigroup. Let ((~}1, Ey) and ((~}2, Es) be two fuzzy soft
sets over A where

Ey := {sorrow, modernity} and Es := {modernity, enjoyment}
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with Gi[sorrow], G1[modernity], Ge[modernity], and Galenjoyment] are fuzzy sets in A de-
fined as follows:

(~}1 pop rock disco classic ég pop rock disco classic
sorrow 0.7 0.7 0.5 0.5 modernity 0.8 03 04 0.5
modernity 0.9 0.8 0.3 0.3 enjoyment 1 09 0.1 0.1

Then ((N}l,El) and ((~}2,E2) are two fuzzy soft UP;-subalgebras of A. Since modernity €
E1 N Es, we have

(fél[modernity}uéz [modernity])(TOCk ) classz’c)

disco)

(fél [modernity]uég [modernity) ) (
=04

#05
= min{0.8,0.5}
= min{(f,

G1[modernity|UGa [modernity)

) (TOCk)’ (fél [modernity]UGa[modernity) ) ( ClaSSZ'C) }

Thus él[modernity] Uég[modermty] is not a fuzzy UP;-subalgebra of A, that is, @1, Ey)U
(Ga, E2) is not a modernity-fuzzy soft UP;-subalgebra of A. Hence, (G1, E1) U (Ge, E2) is
not a fuzzy soft UP;-subalgebra of A. Moreover, (G1, E1) U (Ga, Eg) is not a fuzzy soft
UP;-subalgebra of A.

3.3. Fuzzy Soft Near UP,-Filters

Definition 20. A fuzzy soft set (F‘, E) over A is called a fuzzy soft near UPs-filter based
on e € E (we shortly call an e-fuzzy soft near UPs-filter) of A if a fuzzy set ﬁ[e] in Aisa
fuzzy near UPs-filter of A. If (].5, E) is an e-fuzzy soft near UPs-filter of A for all e € F,
we say that (ﬁ‘, E) is a fuzzy soft near UPs-filter of A.

In the next theorem, we give necessary condition for fuzzy soft near UPg-filters of
f-UP-semigroups.

Theorem 29. If (ﬁ E) is a fuzzy soft set over A such that for all e € E, a fuzzy set 13[6]
in A satisfies the conditions (2.2) and (1.14), then (F,E) is a fuzzy soft near UPs-filter
of A.

Proof. 1t is straightforward by Proposition 5 and Lemma 1 (1).
From Figure 1, we have the following theorem.

Theorem 30. Every e-fuzzy soft near UPs-filter of A is an e-fuzzy soft UPs-subalgebra.
Moreover, every fuzzy soft near UPs-filter of A is a fuzzy soft UPs-subalgebra.

The following example shows that the converse of Theorem 30 is not true.
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Example 17. Let A be a set of four foods, that is,
A = {apple, banana, meat, rice}.

Define two binary operations - and x on A as the following Cayley tables:

‘ rice apple banana meat * ‘ rice apple banana meat
rice rice apple banana meat rice rice  rice rice rice
apple | rice rice  apple meat apple | rice rice rice rice
banana | rice  Tice rice  meat banana | rice  Tice rice rice
meat | rice apple apple rice meat | rice  rice rice  apple

Then A = (A, -, *,rice) is an f-UP-semigroup. Let (f‘, E) be a fuzzy soft set over A where
E := {pig, monkey, chicken}

with Fpig], Flmonkey], and Fchicken] are fuzzy sets in A defined as follows:

F rice apple banana meat

pig 1 0.8 0.9 0.3
monkey 0.8 0.4 0.8 0.3
chicken 0.7 04 0.3 0.2

Then (ﬁ, E) is a pig-fuzzy soft UPs-subalgebra of A. But (F, E) is not a pig-fuzzy soft near
UPs-filter of A since

f};[m.g](meat- banana) = = . (apple)

F[pig]
=0.8

#0.9

= T (banana),

that is, ﬁ[pig] is not a fuzzy near UPs-filter of A.

In the next theorem, we give necessary condition for fuzzy soft UPg-subalgebras as
fuzzy soft near UPy-filters of f-UP-semigroups.

Theorem 31. If (f‘,E) is a fuzzy soft UPs-subalgebra of A such that for all e € E, a
fuzzy set Fle] in A satisfies the condition (2.5), then (F, E) is a fuzzy soft near UPs-filter
of A.

Proof. 1t is straightforward by Theorem 12.
The proof of the following theorem can be verified easily.

Theorem 32. If (ﬁ‘,E) is a fuzzy soft near UPs-filter of A and O # E* C E, then
(F|g=, E*) is a fuzzy soft near UPs-filter of A.
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The following two theorems can be deduced in the same way as Theorems 22 and 23.

Theorem 33. The extended intersection of two fuzzy soft near UPs-filters of A is also a
fuzzy soft near UPs-filter. Moreover, the intersection of two fuzzy soft near UPs-filters of
A is also a fuzzy soft near UPs-filter.

Theorem 34. The union of two fuzzy soft near UPs-filters of A is also a fuzzy soft near
UPs-filter if sets of statistics of two fuzzy soft near UPs-filters are disjoint.

The following example shows that Theorem 34 is not valid if sets of statistics of two
fuzzy soft near UPg-filters are not disjoint.

Example 18. In Ezxample 1/, we have ((N}l,El) and (ég,Eg) are two fuzzy soft near
UP;-filters of A. Since price € E1 N Es, we have

(fgh[price}uég [price])(G * 5) = (fél[price]uéz [price})(,?)
=0.7

#0.8

= min{0.9,0.8}
- min{ <fél [price]UGa[price] ) (6)7 (fél[price]uég [price] ) (5)}

Thus G1[price] U Ga[price] is not a fuzzy near UPs-filter of A, that is, (G1, E1) U (Ga, Ey)
is not a price-fuzzy soft near UPs-filter of A. Hence, (G1, E1) U (Ge, Ea) is not a fuzzy
soft near UPs-filter of A. Moreover, (G1, E1) U (Ga, E2) is not a fuzzy soft near UPs-filter
of A.

3.4. Fuzzy Soft Near UP;-Filters

Definition 21. A fuzzy soft set (ﬁ,E) over A is called a fuzzy soft near UP;-filter based
on e € E (we shortly call an e-fuzzy soft near UP;i-filter) of A if a fuzzy set f‘[e] in Aisa
fuzzy near UP;-filter of A. If (F, E) is an e-fuzzy soft near UP;-filter of A for all e € E,
we say that (1~7, E) is a fuzzy soft near UP;-filter of A.

In the next theorem, we give necessary condition for fuzzy soft near UPj-filters of
f-UP-semigroups.

Theorem 35. If (f‘, E) is a fuzzy soft set over A such that for all e € E, a fuzzy set 15[6]
in A satisfies the conditions (2.2) and (1.15), then (F, E) is a fuzzy soft near UP;-filter of
A.

Proof. Tt is straightforward by Proposition 5 and Lemma 1 (2).
From Figure 1, we have the following two theorems.

Theorem 36. Fvery e-fuzzy soft near UP;-filter of A is an e-fuzzy soft near UPs-filter.
Moreover, every fuzzy soft near UP;-filter of A is a fuzzy soft near UPs-filter.
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Theorem 37. FEvery e-fuzzy soft near UP;-filter of A is an e-fuzzy soft UP;-subalgebra.
Moreover, every fuzzy soft near UP;-filter of A is a fuzzy soft UP;-subalgebra.

The following two examples show that the converse of Theorems 36 and 37 is not true.

Example 19. In Ezample 15, we know that (I?“, E) is a price-fuzzy soft near UPs-filter of
A but Fprice] is not a fuzzy near UP;-filter of A. Indeed,

(7) = 0.3 # 0.7 = max{0.7,0.1} = max{fﬁ[pm.ce}(@, fﬁ[pm.ce}(f))}.

Hence, (ﬁ,E) is not a price-fuzzy soft near UP;-filter of A.

fﬁ[price] (6 * 5) = fﬁ[price]

Example 20. In Ezample 17, we know that (ﬁ, E) is a monkey-fuzzy soft UP;-subalgebra
of A but Flmonkey] is not a fuzzy near UP;-filter of A. Indeed,

fﬁ[monkey}(apple- banana) = fﬁ[monkey](apple) =04#08= fﬁ[monkey}(banana).
Hence, (ﬁ,E) is not a monkey-fuzzy soft near UP;-filter of A.

In the next theorem, we give necessary condition for fuzzy soft UP;-subalgebras as
fuzzy soft near UP;-filters of f-UP-semigroups.

Theorem 38. If (15, E) is a fuzzy soft UP;i-subalgebra of A such that for alle € E, a fuzzy
set Fle] in A satisfies the condition (2.5), then (F, E) is a fuzzy soft near UP;-filter of A.

Proof. 1t is straightforward by Theorem 12.

The proof of the following theorem can be verified easily.

Theorem 39. If (ﬁ,E) is a fuzzy soft near UP;-filter of A and ) # E* C E, then
(F|g=, E*) is a fuzzy soft near UP;-filter of A.

By using Theorem 9, we can obtain the following two theorems in the same way as
Theorems 22 and 23.

Theorem 40. The extended intersection of two fuzzy soft near UP;-filters of A is also a
fuzzy soft near UP;-filter. Moreover, the intersection of two fuzzy soft near UP;-filters of
A is also a fuzzy soft near UP;-filter.

Theorem 41. The union of two fuzzy soft near UP;-filters of A is also a fuzzy soft near
UP;-filter. Moreover, the restricted union of two fuzzy soft near UP;-filters of A is also a
fuzzy soft near UP;-filter.
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3.5. Fuzzy Soft UP.-Filters

Definition 22. A fuzzy soft set (ﬁ,E) over A is called a fuzzy soft UPs-filter based on
e € B (we shortly call an e-fuzzy soft UPs-filter) of A if a fuzzy set f‘[e] in A is a fuzzy
UPs-filter of A. If (F, E) is an e-fuzzy soft UPs-filter of A for all e € E, we say that (F, E)
is a fuzzy soft UPs-filter of A.

In the next theorem, we give necessary condition for fuzzy soft UPg-filters of f-UP-
semigroups.

Theorem 42. If (ﬁ‘, E) is a fuzzy soft set over A such that for all e € E, a fuzzy set ﬁ[e]
in A satisfies the conditions (2.6) and (1.14), then (F, E) is a fuzzy soft UPs-filter of A.

Proof. Tt is straightforward by Proposition 6 and Lemma 1 (1).

From Figure 1, we have the following theorem.

Theorem 43. Every e-fuzzy soft UPs-filter of A is an e-fuzzy soft near UPs-filter. More-
over, every fuzzy soft UPs-filter of A is a fuzzy soft near UPs-filter.

The following example shows that the converse of Theorem 43 is not true.

Example 21. Let A be a set of four coffees, that is,
A = {Mocha(M), Americano(4), Cappuccino(C), Latte(L)}.

Define two binary operations - and x on A as the following Cayley tables:

- |L A MC | A M C
L|L A MC L|L L L L
AL L M C AL L L L
M|L L L C M|L L L L
C|L L L L C|L L L M

Then A = (A,-, x, Latte) is an f-UP-semigroup. Let (F,E) be a fuzzy soft set over A
where
E := {sweetness, strong, aroma}

with Flsweetness], F[strong|, and Flaroma] are fuzzy sets in A defined as follows:

F L A M C
sweetness 0.8 0.1 0.6 0.6
strong 0.7 0.7 0.6 0.5
aroma 0.5 0.3 04 0.1

Then (ﬁ, E) is a sweetness-fuzzy soft near UPs-filter of A but ﬁ[sweetness] is not a fuzzy
UP;-filter of A. Indeed,
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fﬁ[sweetness](A) =0.1 % 0.6 = min{o's’ 06} = min{fﬁ[sweetness](L)’ fﬁ[sweetness] (M} =
mln{fﬁ M- A)’ fﬁ‘[sweetness} (m}

Hence, (ﬁ,E) is not a sweetness-fuzzy soft UPs-filter of A.

[sweetness]| (

In the next theorem, we give necessary condition for fuzzy soft near UPg-filters as fuzzy
soft UPg-filters of f-UP-semigroups.

Theorem 44. If (ﬁ‘, E) is a fuzzy soft near UPs-filter of A such that for alle € E, a fuzzy
set Fle] in A satisfies the condition (2.7), then (F, E) is a fuzzy soft UPs-filter of A.

Proof. 1t is straightforward by Theorem 14.

The proof of the following theorem can be verified easily.

Theorem 45. If (ﬁ,E) is a fuzzy soft UPs-filter of A and ) # E* C E, then (ﬁ]E*,E*)
is a fuzzy soft UPs-filter of A.

The following two theorems can be deduced in the same way as Theorems 22 and 23.

Theorem 46. The extended intersection of two fuzzy soft UPs-filters of A is also a fuzzy
soft UPs-filter. Moreover, the intersection of two fuzzy soft UPs-filters of A is also a fuzzy
soft UPs-filter.

Theorem 47. The union of two fuzzy soft UPs-filters of A is also a fuzzy soft UPs-filter
if sets of statistics of two fuzzy soft UPs-filters are disjoint.

The following example shows that Theorem 47 is not valid if sets of statistics of two
fuzzy soft UPg-filters are not disjoint.

Example 22. In Example 14, we have ((~}1, Ey) and (ég, Es) are two fuzzy soft UPs-filters
of A. Since price € E1 N Eo, we have
6 * 5) = (fél[price}uég [pm'ce])(

f(~}1 [price] e [price] ) (5) } .

(F& (pricel G fprice)) 7) = 0.7 # 0.8 = min{0.9,0.8} =

min{ (fél[price]uég[pm'ce])(G)’ (
Thus G1[price] U Gy[price] is not a fuzzy UPs-filter of A, that is, (G1, E1)U(Ga, By) is not
a price-fuzzy soft UPs-filter of A. Hence, (G1, E1) U (Ga, E2) is not a fuzzy soft UPs-filter
of A. Moreover, (G1, E1) U (Gg, E2) is not a fuzzy soft UPs-filter of A.

3.6. Fuzzy Soft UP;-Filters

Definition 23. A fuzzy soft set (ﬁ,E) over A is called a fuzzy soft UPi-filter based on
e € E (we shortly call an e-fuzzy soft UP;-filter) of A if a fuzzy set Fle] in A is a fuzzy
UP;-filter of A. If (F, E) is an e-fuzzy soft UP;-filter of A for all e € E, we say that (F, E)
is a fuzzy soft UP;-filter of A.

In the next theorem, we give necessary condition for fuzzy soft UP;j-filters of f-UP-
semigroups.



A. Satirad, A. lampan / Eur. J. Pure Appl. Math, 12 (2) (2019), 294-331 321

Theorem 48. If (I?“, E) is a fuzzy soft set over A such that for all e € E, a fuzzy set ﬁ[e]
in A satisfies the conditions (2.6) and (1.15), then (F, E) is a fuzzy soft UP;-filter of A.

Proof. Tt is straightforward by Proposition 6 and Lemma 1 (2).

From Figure 1, we have the following two theorems.

Theorem 49. Fvery e-fuzzy soft UP;-filter of A is an e-fuzzy soft UPs-filter. Moreover,
every fuzzy soft UP;-filter of A is a fuzzy soft UPs-filter.

Theorem 50. Every e-fuzzy soft UP;-filter of A is an e-fuzzy soft near UP;-filter. More-
over, every fuzzy soft UP;-filter of A is a fuzzy soft near UP;-filter.

The following two examples show that the converse of Theorems 49 and 50 is not true.

Example 23. In Ezample 13, we know that (ﬁ‘, E) is a beauty-fuzzy soft UPs-filter of A
but F[beauty] is not a fuzzy UP;-filter of A. Indeed,

fﬁ[beauty] (6%5) = fﬁ[beauty]U) =0.3 # 0.4 = max{0.2,0.4} = max{fﬁ[beauty] (6), fﬁ[beauty}(5)}'
Hence, (ﬁ,E) is not a beauty-fuzzy soft UP;-filter of A.

Example 24. In Ezample 21, we know that (ﬁ, E) is a aroma-fuzzy soft near UP;-filter
of A but Flaroma] is not a fuzzy UP;i-filter of A. Indeed,

efarome) (4) = 03 2 04 = min{0.5,0.4) = min{fi (). g (M)} =
mln{fﬁ[ (M- A), fﬁ[amma](IW)}.

Hence, (ﬁ,E) is not a aroma-fuzzy soft UP;-filter of A.

aroma]

In the next theorem, we give necessary condition for fuzzy soft near UP;-filters as fuzzy
soft UP;-filters of f-UP-semigroups.

Theorem 51. If (f‘, E) is a fuzzy soft near UP;-filter of A such that for alle € E, a fuzzy
set Fle] in A satisfies the condition (2.7), then (F, E) is a fuzzy soft UP;-filter of A.

Proof. 1t is straightforward by Theorem 14.

The proof of the following theorem can be verified easily.

Theorem 52. If (f,E) is a fuzzy soft UPi-filter of A and O # E* C E, then (ﬁ|E*,E*)
is a fuzzy soft UP;-filter of A.

The following two theorems can be deduced in the same way as Theorems 22 and 23.

Theorem 53. The extended intersection of two fuzzy soft UP;-filters of A is also a fuzzy
soft UP;-filter. Moreover, the intersection of two fuzzy soft UP;-filters of A is also a fuzzy
soft UP;-filter.
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Theorem 54. The union of two fuzzy soft UP;-filters of A is also a fuzzy soft UP;-filter
if sets of statistics of two fuzzy soft UP;-filters are disjoint.

The following example shows that Theorem 54 is not valid if sets of statistics of two
fuzzy soft UP;j-filters are not disjoint.

Example 25. Let A be a set of four colors, that is,
A = {blue, green, cyan, black}.

Define two binary operations - and *x on A as the following Cayley tables:

‘ black cyan blue green * ‘ black cyan blue green
black | black cyan blue green black | black black black black
cyan | black black blue  blue cyan | black black black black
blue | black cyan black cyan blue | black black black black
green | black black black black green | black black black black

Then A = (A, -, *, black) is an f-UP-semigroup. Let (G1,Ey) and (Ga, E2) be two fuzzy
soft sets over A where

E := {endurance, beauty} and Ey := {endurance, warmth}

with Gy [endurance], G [beauty], Go[endurance], and Go[warmth] are fuzzy sets in A defined
as follows:

Cq black cyan blue green Go black cyan blue green
endurance 1 0.5 0.7 0.5 endurance 1 0.6 05 0.5
beauty 04 03 02 0.2 warmth 09 04 05 04

Then (él, Ey) and (CN}Q, Es) are two fuzzy soft UP;-filters of A. Since endurance € E1NEs,
we have

green) = 0.5 # 0.6 = min{0.6,0.7} =

min{ (fC~}1 [endurance] UGz [endurance] ) ( Cyan) ? (fél [endurance]UGa [endurance] ) ( blue) } =

Inll’l{ (fél [endurance] UGz [endurance] ) (blue ’ green) ’ (fé1 [endurance] UGz [endurance] ) ( blue) } :

(fél [endumnce]uéz [endurance] ) (

Thus G1[endurance] U Golendurance] is not a fuzzy UP;-filter of A, that is, (G1, Ey) U
(G2, E2) is not a endurance-fuzzy soft UPi-filter of A. Hence, (G1, E1) U (G2, E2) is not
a fuzzy soft UPi-filter of A. Moreover, (G1, E1) U (Ga, E2) is not a fuzzy soft UP;-filter of
A.
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3.7. Fuzzy Soft UP.-Ideals

Definition 24. A fuzzy soft set (ﬁ,E) over A is called a fuzzy soft UPs-ideal based on
e € B (we shortly call an e-fuzzy soft UPs-ideal) of A if a fuzzy set Fle] in A is a fuzzy
UPs-ideal of A. If (F, E) is an e-fuzzy soft UPs-ideal of A for all e € E, we say that (F, E)
is a fuzzy soft UPs-ideal of A.

In the next theorem and corollary, we give necessary condition for fuzzy soft UPgs-ideals
of f-UP-semigroups.

Theorem 55. If (I?“, E) is a fuzzy soft set over A such that for all e € E, a fuzzy set ﬁ[e]
in A satisfies the conditions (2.8) and (1.14), then (F, E) is a fuzzy soft UPs-ideal of A.

Proof. 1t is straightforward by Proposition 7 and Lemma 1 (1).

Corollary 3. Let A be an f-UP-semigroup satisfying the condition (2.10). If (ﬁ,E) is a
fuzzy soft set over A such that for all e € E, a fuzzy set Fle] in A satisfies the conditions
(2.9) and (1.14), then (F, E) is a fuzzy soft UPs-ideal of A.

Proof. 1t is straightforward by Theorems 55 and 15.

From Figure 1, we have the following theorem.

Theorem 56. Fvery e-fuzzy soft UPs-ideal of A is an e-fuzzy soft UPs-filter. Moreover,
every fuzzy soft UPs-ideal of A is a fuzzy soft UPs-filter.

The following example shows that the converse of Theorem 56 is not true.

Example 26. By Cayley tables in Ezample 16, we know that A = (A, -, %, pop) is an
f-UP-semigroup. Let (F, E) be a fuzzy soft set over A where

E := {sorrow, relazation, enjoyment}

with ﬁ[sorrow], ﬁ[modernity], and ﬁ[enjoyment] are fuzzy sets in A defined as follows:

F pop rock disco classic
s0TTOW 06 0.2 0.1 0.1
modernity 1 0.5 0.5 0.5
enjoyment 0.7 0.5 0.2 0.2

Then (ﬁ,E) is a sorrow-fuzzy soft UPs-filter of A but ﬁ[sorrow] is not a fuzzy UPgs-ideal
of A. Indeed,

disco - classic) = fﬁ[sormw](disco) =0.1 #0.2=min{0.6,0.2} =

min{fﬁ[sormw] (pop), fﬁ[sormw} (rock)} = min{fl;[swmw](disca (rock - classic)), fﬁ[sormw] (rock)}.

fﬁ[sor’r‘ow} (

Hence, (ﬁ,E) is not a sorrow-fuzzy soft UPs-ideal of A.
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In the next theorem, we give necessary condition for fuzzy soft UPg-filters as fuzzy soft
UPg-ideals of f-UP-semigroups.

Theorem 57. If (ﬁ, E) is a fuzzy soft UPs-filter of A such that for all e € E, a fuzzy set
Fle] in A satisfies the condition (2.11), then (F, E) is a fuzzy soft UPs-ideal of A.

Proof. Tt is straightforward by Theorem 17.

The proof of the following theorem can be verified easily.

Theorem 58. If (f‘,E) is a fuzzy soft UPs-ideal of A and ) # E* C E, then (ﬁ|E*,E*)
is a fuzzy soft UPs-ideal of A.

The following two theorems can be deduced in the same way as Theorems 22 and 23.

Theorem 59. The extended intersection of two fuzzy soft UPs-ideals of A is also a fuzzy
soft UPs-ideal. Moreover, the intersection of two fuzzy soft UPs-ideals of A is also a fuzzy
soft UPs-ideal.

Theorem 60. The union of two fuzzy soft UPs-ideals of A is also a fuzzy soft UPs-ideal
if sets of statistics of two fuzzy soft UPs-ideals are disjoint.

The following example shows that Theorem 60 is not valid if sets of statistics of two
fuzzy soft UPg-ideals are not disjoint.

Example 27. In Example 14, we have ((~}1, Ey) and ((~}2, Es) are two fuzzy soft UPs-ideals
of A. Since price € E1 N Eo, we have

(fé1[price]uég[price])(6 * 5) = (fé1[price}uég[price])(’?) =07 4)—4 0.8 = mln{og’ 08} =
Hlln{ (fél[price]uég[price])(6)’ (fél[price]uég[pm'ce})(5)}'
Thus G1[price] U Ga[price] is not a fuzzy UPs-ideal of A, that is, (G1, E1)U(Ga, Ey) is not

a price-fuzzy soft UPs-ideal of A. Hence, (G1, E1) U (Ga, E2) is not a fuzzy soft UPs-ideal
of A. Moreover, (G1, E1) U (Ga, E2) is not a fuzzy soft UPs-ideal of A.

3.8. Fuzzy Soft UP;-Ideals

Definition 25. A fuzzy soft set (f‘, E) over A is called a fuzzy soft UPi-ideal based on
e € E (we shortly call an e-fuzzy soft UP;i-ideal) of A if a fuzzy set Fle] in A is a fuzzy
UP;i-ideal of A. If (F, E) is an e-fuzzy soft UP;-ideal of A for all e € E, we say that (F, E)
is a fuzzy soft UP;-ideal of A.

In the next theorem and corollary, we give necessary condition for fuzzy soft UP;-ideals
of f-UP-semigroups.

Theorem 61. If (1?‘, E) is a fuzzy soft set over A such that for all e € E, a fuzzy set 15[6]
in A satisfies the conditions (2.8) and (1.15), then (F, E) is a fuzzy soft UP;-ideal of A.
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Proof. Tt is straightforward by Proposition 7 and Lemma 1 (2).
Corollary 4. Let A be an f-UP-semigroup satisfying the condition (2.10). If (ﬁ,E) s a

fuzzy soft set over A such that for all e € E, a fuzzy set Fle] in A satisfies the conditions
(2.9) and (1.15), then (F, E) is a fuzzy soft UP;i-ideal of A.

Proof. 1t is straightforward by Theorems 61 and 15.
From Figure 1, we have the following two theorems.

Theorem 62. Fvery e-fuzzy soft UP;-ideal of A is an e-fuzzy soft UPs-ideal. Moreover,
every fuzzy soft UP;-ideal of A is a fuzzy soft UPs-ideal.

Theorem 63. FEvery e-fuzzy soft UP;-ideal of A is an e-fuzzy soft UP;-filter. Moreover,
every fuzzy soft UP;-ideal of A is a fuzzy soft UP;-filter.

The following two examples show that the converse of Theorems 62 and 63 is not true.

Example 28. In Ezample 13, we know that (f‘,E) is a price-fuzzy soft UPs-ideal of A
but F[price] is not a fuzzy UP;i-ideal of A. Indeed,

fﬁ[price]<5 * 6) = fﬁ[p'r’ice](’?) =0.3 z 0.7 = HlaX{O.l, 07} = max{fﬁ[pm,ce}@), fﬁ[price}(G)}'
Hence, (ﬁ,E) is not a price-fuzzy soft UPj-ideal of A.

Example 29. In Example 26, we know that (ﬁ, E) is a enjoyment-fuzzy soft UP;-filter of
A but Flenjoyment] is not a fuzzy UP;-ideal of A. Indeed,

fenjoymend (disCO - c.lassz'c) = f(enjoyment (disco) = 0.2 # 0.5 =min{0.7,0.5} =
mln{fﬁ[enjoyment] (pOp), fﬁ[enjoyment] (TOCk)} =

}(disco - (rock - classic)), f

mln{fﬁ[enjoyment ﬁ[enjoyment]

(rock)}.

Hence, (ﬁ,E) is not a enjoyment-fuzzy soft UP;-ideal of A.

In the next theorem, we give necessary condition for fuzzy soft UP;-filters as fuzzy soft
UP;-ideals of f-UP-semigroups.

Theorem 64. If (ﬁ, E) is a fuzzy soft UPi-filter of A such that for all e € E, a fuzzy set
Fle] in A satisfies the condition (2.11), then (F, E) is a fuzzy soft UP;-ideal of A.

Proof. 1t is straightforward by Theorem 17.

The proof of the following theorem can be verified easily.

Theorem 65. If (ﬁ,E) is a fuzzy soft UPi-ideal of A and ) # E* C E, then (ﬁ]E*,E*)
is a fuzzy soft UP;-ideal of A.

The following two theorems can be deduced in the same way as Theorems 22 and 23.
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Theorem 66. The extended intersection of two fuzzy soft UP;-ideals of A is also a fuzzy
soft UP;-ideal. Moreover, the intersection of two fuzzy soft UP;-ideals of A is also a fuzzy
soft UP;-ideal.

Theorem 67. The union of two fuzzy soft UP;-ideals of A is also a fuzzy soft UP;-ideal
if sets of statistics of two fuzzy soft UP;-ideals are disjoint.

The following example shows that the converse of Theorem 67 is not true.

Example 30. In Example 25, we have ((N}l, Eq) and (ég, Es) are two fuzzy soft UP;-ideals
of A. Since endurance € E1 N Esy, we have

(fél[e”dumnce]Ué2[endumnce])(blaCk ' green) - (fCNh[endumnce}UéQ[endumnce])(green) =05 ;—;
0.6 = min{0.6,0.7} =
f~

G1 [endurance] UG [endurance] ) (

black - (blue - green)), (f=

G1 [endurance]UGs[endurance] ) (

min{(f,

él [endumnce}uég [endurance] ) ( Cyan) ’ (

blue)} =

min{(fg blue)}.

1[endurance]UGs [endurance] ) (

Thus G1[endurance] U Galendurance] is not a fuzzy UP;-ideal of A, that is, (Gy, Ey) U
(Ga, E9) is not a endurance-fuzzy soft UPi-ideal of A. Hence, (G1, E1) U (Ge, E2) is not
a fuzzy soft UP;-ideal of A. Moreover, (G1, E1) U (Ga, E2) is not a fuzzy soft UP;-ideal of
A.

3.9. Fuzzy Soft Strongly UP,-Ideals

Definition 26. A fuzzy soft set (IE,E) over A is called a fuzzy soft strongly UPs-ideal
based on e € E (we shortly call an e-fuzzy soft strongly UPs-ideal) of A if a fuzzy set ﬁ[e]
in A is a fuzzy strongly UPs-ideal of A. If (ﬁ,E) is an e-fuzzy soft strongly UPs-ideal of
A for all e € E, we say that (f‘, E) is a fuzzy soft strongly UPs-ideal of A.

Definition 27. A fuzzy soft set (INT,E) over A is called a constant fuzzy soft set based
on e € E (we shortly call an e-constant fuzzy soft set) of A if a fuzzy set ﬁ[e] in A s
constant. If (f‘, E) is an e-constant fuzzy soft set over A for all e € E, we say that (1~?, E)
is a constant fuzzy soft set over A.

From Figure 1, we have the following two theorem.

Theorem 68. FEvery e-fuzzy soft strongly UPs-ideal of A is an e-fuzzy soft UPs-ideal.
Moreover, every fuzzy soft strongly UPs-ideal of A is a fuzzy soft UPs-ideal.

Theorem 69. e-fuzzy soft strongly UPs-ideals and e-constant fuzzy soft sets coincide in
A. Moreover, fuzzy soft strongly UPs-ideals and constant fuzzy soft sets coincide in A.

In the next theorem, we give necessary condition for fuzzy soft strongly UPs-ideals of
f-UP-semigroups.

Theorem 70. If (I*N“, E) is a fuzzy soft set over A such that for all e € E, a fuzzy set ﬁ[e]
in A satisfies the conditions (2.12) (or (2.13) or (2.14)) and (1.14), then (F, E) is a fuzzy
soft strongly UPs-ideal of A.
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Proof. 1t is straightforward by Propositions 9 (or 10 or 11) and Lemma 1 (1).
The following example shows that the converse of Theorem 68 is not true.
Example 31. Let A be a set of four brands of a pick-up truck, that is,
A = {Toyota Hiluz(TH), Mitsubishi Triton(MT), Ford Ranger(FR), Isuzu D-Maz(ID)}.

Define two binary operations - and x on A as the following Cayley tables:

|MT FR ID TH « |MT FR ID TH
MT|MT FR ID TH MT|MT MT MT MT
FR|MT MT ID TH FR|MT FR MT MT
ID | MT FR MT TH ID | MT MT ID MT
TH|MT FR ID MT TH | MT TH MT MT

Then A = (A, -, *, Mitsubishi Triton) is an f-UP-semigroup. Let (ﬁ,E) be a fuzzy soft set
over A where
E := {displacement, horse power, torque}

with F|displacement], F[horse power], and F[torque] are fuzzy sets in A defined as follows:

F MT FR ID TH
displacement 1 0.6 0.4 0.7
horse power 0.9 0.6 0.5 0.5

torque 09 0.7 06 0.5

Then (I:“,E) s a torque-fuzzy soft UPs-ideal of A but ﬁ[torque] 18 not a fuzzy strongly
UPs-ideal of A. Indeed,

fﬁ[torque](ID) = O:6 # 0.7 =min{0.9,0.7} = rnin{ff?[torque](MT)7 fﬁ[torque}(FR)} =
min{fg, o ((ID- FR) - (ID - ID)), Tz, (FR)).

Hence, (ﬁ,E) is not a torque-fuzzy soft strongly UPs-ideal of A.
The proof of the following theorem can be verified easily.

Theorem 71. If (ﬁ,E) is a fuzzy soft strongly UPs-ideal of A and ) # E* C E, then
(F|g~, E*) is a fuzzy soft strongly UPs-ideal of A.

By using Theorem 6, we can obtain the following two theorems in the same way as
Theorems 22 and 23.

Theorem 72. The extended intersection of two fuzzy soft strongly UPs-ideals of A s
also a fuzzy soft strongly UPs-ideal. Moreover, the intersection of two fuzzy soft strongly
UPs-ideals of A is also a fuzzy soft strongly UPs-ideal.

Theorem 73. The union of two fuzzy soft strongly UPs-ideals is also a fuzzy soft strongly
UPs-ideal. Moreover, the restricted union of two fuzzy soft strongly UPs-ideals of A is also
a fuzzy soft strongly UPs-ideal.
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3.10. Fuzzy Soft Strongly UP;-Ideals

Definition 28. A fuzzy soft set (ﬁ,E) over A is called a fuzzy soft strongly UP;i-ideal
based on e € E (we shortly call an e-fuzzy soft strongly UP;-ideal) of A if a fuzzy set Fle]
in A is a fuzzy strongly UPi-ideal of A. If (F, E) is an e-fuzzy soft strongly UP;i-ideal of
A for all e € E, we say that (I~7, E) is a fuzzy soft strongly UP;-ideal of A.

From Figure 1, we have the following two theorem.

Theorem 74. FEvery e-fuzzy soft strongly UPi-ideal of A is an e-fuzzy soft UP;-ideal.
Moreover, every fuzzy soft strongly UP;-ideal of A is a fuzzy soft UP;-ideal.

Theorem 75. e-fuzzy soft strongly UP;-ideals and e-constant fuzzy soft sets coincide in
A. Moreover, fuzzy soft strongly UP;-ideals and constant fuzzy soft sets coincide in A.

Corollary 5. e-fuzzy soft strongly UPs-ideals, e-fuzzy soft strongly UP;-ideals, and e-
constant fuzzy soft sets coincide in A. Moreover, fuzzy soft strongly UPs-ideals, fuzzy soft
strongly UP;-ideals and constant fuzzy soft sets coincide in A.

Proof. 1t is straightforward by Theorems 69 and 75.

In the next theorem, we give necessary condition for fuzzy soft strongly UP;-ideals of
f-UP-semigroups.

Theorem 76. If (I?“, E) is a fuzzy soft set over A such that for all e € E, a fuzzy set ﬁ[e]
in A satisfies the conditions (2.12) (or (2.13) or (2.14)) and (1.15), then (F, E) is a fuzzy
soft strongly UP;-ideal of A.

Proof. 1t is straightforward by Proposition 9 (or 10 or 11) and Lemma 1 (2).

The following example shows that the converse of Theorem 74 is not true.

Example 32. In Ezample 31, we know that (ﬁ, E) is a displacement-fuzzy soft UP;-ideal
of A but F[displacement] is not a fuzzy strongly UP;-ideal of A. Indeed,

fﬁ [displacement]

(ID) = 0.4 # 0.6 = min{1,0.6} =
min{fﬁ[displacement](

. MT)’ fﬁ[displacement] (FR)} =
mln{fﬁ[displacement] ((ID ’ FR) ’ (ID ) ID))’ ff‘[displacement} (FR)}

Hence, (ﬁ,E) is not a displacement-fuzzy soft strongly UP;-ideal of A.
The proof of the following theorem can be verified easily.

Theorem 77. If (f‘, E) is a fuzzy soft strongly UP;i-ideal of A and O # E* C E, then
(F|g~, E*) is a fuzzy soft strongly UP;-ideal of A.

By using Theorem 6, we can obtain the following two theorems in the same way as
Theorems 22 and 23.
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Theorem 78. The extended intersection of two fuzzy soft strongly UP;-ideals of A s
also a fuzzy soft strongly UPi-ideal. Moreover, the intersection of two fuzzy soft strongly
UP;-ideals of A is also a fuzzy soft strongly UP;-ideal.

Theorem 79. The union of two fuzzy soft strongly UP;-ideals of A is also a fuzzy soft
strongly UPs-ideal. Moreover, the restricted union of two fuzzy soft strongly UP;-ideals of
A is also a fuzzy soft strongly UP;-ideal.

4. Conclusions

In this paper, we have introduced the notions of fuzzy soft UPg-subalgebras, fuzzy
soft UPj-subalgebras, fuzzy soft near UPg-filters, fuzzy soft near UP;-filters, fuzzy soft
UPg-filters, fuzzy soft UP;-filters, fuzzy soft UPs-ideals, fuzzy soft UP;j-ideals, fuzzy soft
strongly UPg-ideals, and fuzzy soft strongly UP;-ideals of fully UP-semigroups and the
conditions for fuzzy soft sets over fully UP-semigroups, proved its generalizations and
investigated some of its important properties. Then, we get the diagram of generalization
of fuzzy soft sets over fully UP-semigroups as shown in Figure 3.

Fuzzy Soft UP_-Subalgebra \\\
Fuzzy Soft Near UP-Filter %

Fuzzy Soft UP-Filter

Fuzzy Soft UP-Subalgebra

Fuzzy Soft Near UP -Filter

\ Fuzzy Soft UP-Filter
Fuzzy Soft UP_-Ideal

N K¢
‘ f N ST}UR_IM

Fuzzy Soft Strongly UP_-Ideal Fuzzy Soft Strongly UP-Ideal

Constant Fuzzy Soft Set

Figure 3: Fuzzy soft sets over fully UP-semigroups
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