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Abstract. Let G = (V(G), E(GQ)) be a simple graph. A neighborhood connected k-fair dominating
set (nckfd-set) is a dominating set S C V(G) such that the |[N(u) N S| =k for every u € V(G)\S
and the induced subgraph (N(.S)) of S is connected. The neighborhood connected k-fair domination
number of G, denoted by ek rd(G), is the minimum cardinality of an nck fd-set. In this paper, we
introduce and investigate the notion of neighborhood connected k-fair domination in graphs. We
also characterize such dominating sets in the join, corona, lexicographic and Cartesian products
of graphs and determine the exact values or sharp bounds of their corresponding neighborhood
connected k-fair domination number.
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1. Introduction

Let G = (V(G), E(G)) be a simple graph. A set S C V(G) is a dominating set in G if
for every v € V(G)\S, there exists u € S such that uv € E(G). The minimum cardinality
of a dominating set in G, denoted by v(G) , is the domination number of G. Any dominat-
ing set in G of cardinality 7(G) is referred to as a y-set in G. Arumugam and Sivagnanam
[1] introduced a variation of domination called the neighborhood connected domination
in graphs. A dominating set S of a connected graph G is called a neighborhood connected
dominating set (ncd-set) if the induced subgraph (N (S)) of the open neighborhood N (5)
of S is connected. The minimum cardinality of an ncd-set of G is called the neighborhood
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connected domination number of G and is denoted by 4,.(G). We refer to a minimum
ncd-set of G as a yy-set.

Another domination variant is fair domination, introduced by Caro, Hansberg and
Henning [3] in 2011. For an integer k > 1, a k-fair dominating set (kfd-set) is a dominat-
ing set S C V(G) such that |N(u) N S| =k for every u € V(G)\S. The k-fair domination
number of G, denoted by 7 ¢4(G), is the minimum cardinality of a k fd-set.

Maravilla, Isla, and Canoy [4-6] and Bent-Usman, Gomisong, and Isla [2] characterized
the fair dominating, k-fair dominating, fair total dominating and connected k-fair dom-
inating sets in the join, corona, lexicographic product, and Cartesian product of graphs
and determined the bounds or exact values of the fair, k-fair, fair total, and connected
k-fair domination numbers, respectively, of these graphs.

This study combines the concepts of neighborhood connected domination in graphs
and of k-fair domination in graphs. A mneighborhood connected k-fair dominating set
(nck fd-set) is a k-fair dominating set S C V(@) such that the induced subgraph (N (S5))
is connected. The neighborhood connected k-fair domination number of G, denoted by
Ynekfd(G), is the minimum cardinality of an nck fd-set. An nckfd-set in G with cardinal-
ity Ynekfa(G) is referred to as a Yyeppd-set.

2. Preliminary Results

Remark 1. Every nckfd-set is an ncd-set, where k is a positive integer.

Remark 2. For any connected graph G of order m > 2 and a positive integer k,

and
V(G) < ’VHC(G) < 'Vnckfd(G)-

The bounds given above are sharp. However, the inequalities can be attained.
To see this, consider G = K4 and H = Cg. Clearly,

1=7(G) =774(G) = Yne17a(G) < m.

Moreover, Ypeara(G) = 4 = m while ¥(G) < 7274(G) = Yne2fd(G) = 2. Furthermore, it
can be easily verified that

1<2=7(H)=(H) < Ynerya(H) = 4.

Proposition 1. Let G be a connected graph of order n > 2 and k a positive integer such
that k < n. Then the following hold:

(Z) ’Ynckfd(G) > k.
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(1) Ynekfd(G) =k if and only if G has an nckfd-set S with |S| = k.
(7’“) ’Vnckfd(Kn) =k.

Proof. (i) let S be a yperfa-set. If S = V(G), then vperra(G) = |S| = n > k. Suppose
S #V(G) and let v € V(G)\S. Then |[Ng(v) N S| =k < |S| = Ynekfa(G).

(1) Next, suppose that vnckr4(G) = k. Then G has an nck fd-set S with vperrq4(G) =
|S| = k. For the converse, suppose that G has an nckfd-set S with |S| = k. Then
Ynekfd(G) < |S| = k. Since Yperra(G) > k, it follows that vy,e,¢q(G) = k. Thus, (i) holds.

(731) Let G be K,,. Clearly, S = V(K}) is a kfd-set of K, (N(S5)) = Kp—1 if k=1
and (N(S)) = K, if k > 1, so S is an nck fd-set of K,,. The result now follows by (i7). O

Remark 3. [1]

(1) Ve > -

(13) For any connected graph G, ~vn. = 1 if and only if there exists a non-cut vertex v
such that degv = n — 1 . Thus, Yn(G) = 1 if and only if G = H + K; for some
connected graph H.

Theorem 1. [1] For any positive integer n > 1, ype(Pn) = [5].

Theorem 2. [1]

(2]

51, if n 2 3(mod 4)
%

Yne(Cn) = {L |, if n=3(mod 4).

Theorem 3. For any positive integer n > 1, ype17a(Pn) = [5].

Proof. Let P, = [v1,v2,...,v,]. Clearly, the formula holds for n = 1,2,3. Let [ be a
positive integer. If n =4[, then S = {v; : i = 2a,2a+1,a is odd and 1 < a < 2] —1} is an
ncl fd-set of P, where (N(S)) = P,. If n =41+ 1, then S = SU{v,_1} is an ncl fd-set
of P,, where (N(S1)) = P,. If n = 4l + 2, then So = S U {v,} is an nclfd-set of P,,
where (N(S2)) = P,—1. Finally, if n = 41 4 3, then S3 = S U {v,_1,v,} is an ncl fd-set
of P,, where (N(S3)) = P,. Hence, yne1ra(Pn) < [5]. Further, if S is any 7,.174-set

of P,, then S is an ncd-set of P,. By Remark 2 and Theorem 1, |S| > [5]. Therefore,

Vnclfd(Pn) = [%—‘ -

Theorem 4. For any positive integer n > 3,

-
—

if n =20 or 1(mod 4)
if n =2(mod 4)
if n =3(mod 4).

'Ynclfd(cn) =

— —
RIS NS IS
| IS —

+

[u—
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Proof. Let Cy, = [v1,v2, ..., 0n,v1]. Clearly, vpc174(C3) = 1. Let [ be a positive integer
and n =4l+7r, where 0 <r <3. Let S ={v; : i =2j,2j+1,jisodd and 1 < j < 2] —1}.
Let

S, ifn=0

( )
SuU{v}, if n=1( )
SU{v,v,}, if n=2(mod 4)
SU{vp-1}, ifn=3( )
Clearly, 57 is a 1 fd-set of C,,. Moreover,

S =

Ch, if n 2 3(mod 4)

(N(S1)) = {Pnl, if n = 3(mod 4),

thus, S7 is an ncl fd-set of C,,. Hence,

-
—

if n =0 or 1(mod 4)
if n = 2(mod 4)
if n = 3(mod 4).

Vnclfd(cn)

AN
|
IS NS IS
—
+
[u—

'_
[I—

Now, let S be any 7yc14-set of Cy,. By Remark 2 and Theorem 2,

_JT27, if n 2 3(mod 4)
Yne1fd(Cn) 2 ne(Cn) = {LTzLJ, if n = 3(mod 4).

If n =0 or 1(mod 4), then vpc174(G) > [5]. If n = 3(mod 4), then vyc174(G) > [5].
Moreover, when n = 2(mod 4) , then (S1) contains two vertices more than when n =
O(mod 4) and one vertex more than when n = 1(mod 4). Thus, Ype11a(Cn) > [§] + 1 if
n = 2(mod 4).

The result now follows. O

Theorem 5. For any nontrivial connected graph G, Yneifa(G) = 1 if and only if G =
H + K for some connected graph H.

Proof. Suppose Ype1£4(G) = 1. Then by Remark 2, v,.(G) = 1, thus G = H + K,
for some connected graph H by Remark 3. Conversely, suppose G = H + K; for some
connected graph H. Let (S) = K1 = ({v}). Then (N(S)) = H and clearly S is a yy¢1 fa-set
of G. Hence, Vpc174(G) = 1. O

Corollary 1. Let n be a positive integer. Then vpeifa(Fn) = Yneifa(EK1n) =1 forn >1
and Ype1fa(Wy) =1 for n > 3.

Theorem 6. Let a and b be positive integers such that 2 < a < b. Then there exists a
connected graph G such that v15q(G) = a and ypc114(G) = b.
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Figure 1: A graph G with v174(G) = Yne174(G) = a = b.

Proof. Consider the following cases:

Casel. a=b

Let G be the graph shown in Figure 1.

It is clear that the set A = {x; :i=1,2,...a} is both a v f4-set and a yyc174-set in G.
It follows that v £4(G) = Yne1£4(G) = |A| = a = b.

Case 2. a < b

Subcase 1. b=a+1

Let G be the graph shown in Figure 2. Then A = {z1,22,...,24} is a y1f4-set of G
and By = AU {q} and By = {x1,22,...,%q—1,w, ¢} are the (only) yye1r4-sets of G. Thus,
Wlfd(G) =a and Vnclfd(G) =b=a+1

1 Y2 Y3 Y4 Y5 Ya-1
1 T X: x
1 < Z3 Z. z5

Figure 2: A graph G with 7174(G) = a and Ync174(G) = b when a < b.

Subcase 2. b > a + 2
Let r=b—a > 2. Let H; and Hs be graphs such that H; =& Hy = K,. Consider the

graph G in Figure 3 .

Figure 3: A graph G with v174(G) = a and Ync14(G) = b when a < b and b —a > 2.

Clearly, A1 = {z1,22...,xq} is a yifq4-set of G. Let B be a yye1f4-set of G. Then
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clearly, {z1,22,...,24—1} € B. Suppose z, ¢ B. Then V(H;) N B # @ for j = 1,2,
contrary to the assumption that B is a 1fd-set. Therefore, z, € B. If w ¢ B, then
v,p; ¢ B for all i € {1,2,...,r}. Since B is a ype1r4-set, B = {x1,22,...,2,} UV (H;) or
B = {z1,x9,...,2,} UV (H3), where ‘B‘ =a-+r = b. Suppose that w € B. Since B is a
1fd-set, it follows that v,p; € B for all i € {1,2,...,7}. Hence, B = {z1, z2, ..., T4, w,v} U
{p1,p2,...,pr} and ‘B‘ = b+ 2. This is not possible because {1, x9,...,z,} UV (H1) is an
ncl fd-set having exactly b elements. Therefore, w ¢ B and B = {x1, 22, ...,xa} UV (H)
or B ={x,x2,...,x,} UV (Hz). Accordingly, v1¢4(G) = a and vpe174(G) = b. O

Corollary 2. v,c1rq4 — 717da can be made arbitrarily large.

Theorem 7. Let a and b be positive integers such that 4 < a < b. Then there exists a
connected graph G such that v274(G) = a and Yne2ra(G) = b.

Proof. Consider the following cases:

Case 1. a=b

Let G be the graph shown in Figure 4. Clearly, the set B = {x; : i = 1,2,...a} is both
a Y2f4-set and a Ypeapq-set in G. It follows that vyo74(G) = Yne2fd(G) = |B| = a = b.

Figure 4: A graph G with v274(G) = Yne2ra(G) = a = b.

Case 2. a<b

Let m =b—a and let Hy, Ho, H3 and H4 be graphs such that H; = Ho =2 H3 = H, =
K,,. Consider the graph G in Figure 5.
Clearly, A1 = {x1,%2,...,x.} is a Yop4-set of G. Suppose A is a ypcopa-set of G. It is
easy to show that {z1,z9,...,24—2} C A. Suppose that x,_1 ¢ A. Then y,-9,24-2 €
A. This implies that yo,—1 ¢ A and V(H;) N A = @. Hence, [Ng(ya—1) N 4| < 1, a
contradiction. Thus, z,—1 € A. Suppose that z, ¢ A. Then ’V(Hg) N A‘ = 1 and
!V(H4) N A‘ = 1. It follows that V(H;) N A = @ and y,—1 ¢ A. This, however, implies
that Ng(ye—1) N A = {zq—1}, a contradiction. Therefore, A; C A. Since (Ng(A1)) is not
connected, |A;| = a < |A|, that is, A1 # A. Let v € A\A;. If v = y,_1 or v € V(Hy),
then {ys,—1} UV (H1) C A. If v = 2,1 or v € V(H3), then {z,-1} UV (H2) C A. Let
B=AU{ys1} UV(Hy) or B= A1 U{z,—1} UV (Hz). Then B is an nc2fd-set of G.
Hence, |A| < |B| =b+ 1. Now, if v € V(H3), then V(Hs) C A. Similarly, if v € V/(Hy),
then V(Hy) C A. Let A* = A1 UV (Hs) or A* = Ay UV (Hy). Then A* is an ne2 fd-set of
G and |A*| = b < |B]|. Since such v exists, A = AjUV (H3) or A = AUV (Hy). Therefore,
Y2£d(G) = [A1| = a and yne27a(G) = |A| = b. O
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Figure 5: A graph G with v274(G) = a and Ync25a(G) = b when a < b.

Corollary 3. Vne2rd — Y214 can be made arbitrarily large.

Theorem 8. [6] Let G and H be nontrivial connected graphs of orders m and n, respec-
tively, and k a positive integer with 1 < k < max{m,n}. Then S CV(G+H) is a kfd-set
of G+ H if and only if one of the following holds:

(a) S=V(G+H).

(b) SCV(G), |S| =k and S is a kfd-set in G.
(¢ SCV(H), |S|=k and S is a kfd-set in H.
)

(d) S=S5gUSy, where Si is a (k —|Syl|)fd-set of G and Sy is a (k — |Sg|) fd-set in
H.

(e) S=V(G)UT, where |V(G)|=m <k and T is a (k —m)fd-set in H.
(f) S=DUV(H), where |V(H)|=n <k and D is a (k —n)fd-set in G.

Theorem 9. [6] Let G and H be nontrivial connected graphs and let k be a positive integer
with k < |V(H)|. Then C C V(G o H) is a kfd-set in G o H if and only if one of the
following holds:

(a) C = V(G)U B, where B =@ (k = 1) or B = U Sy, where each S, is a
veV(Q)
(k—1)fd-set of H” (k > 2).

(b) C = U Sy, where each Sy is a kfd-set of H and |Sy| = k.
veV(Q)

Theorem 10. [6] Let G and H be nontrivial connected graphs. Then C = U ({x}xTy) C

z€S
V(G[H]) is a kfd-set in G[H] if and only if the following hold:
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(i) S is a dominating set in G.

(1) For each x € SN Ng(S), T, = V(H) and |V(H)| = r < k whenever C # V(G[H])
or Ty is an rfd-set and Z T, =Fk—r.

zENg(z)NS
(tit) For each x € S\Ng(S), T, = V(H) and |V(H)| <k or |Ty| =k and T, is a kfd-set
m H.
(iv) For eachy € V(G)\S, Z |T,| = k.
vENg(y)NS

Corollary 4. [6] Let G and H be nontrivial connected graphs of orders m and n, respec-
tively, and k a positive integer with 1 < k < min{m,n}. If D is a kfd-set in H, then
V(G) x D is a kfd-set in GOH.

3. Neighborhood Connected k-Fair Domination in the Join of Graphs

The join G + H of two graphs G and H is the graph with vertex set V(G + H) =
V(G)UV(H) and edge set E(G+ H)=FE(G)UE(H)U{uv:ueV(G),v e V(H)}.

Theorem 11. Let G and H be nontrivial connected graphs of orders m and n, respectively,
and k a positive integer with 1 < k < maxz{m,n}. Then S C V(G + H) is an nckfd-set
in G+ H if and only if S is a kfd-set in G+ H.

Proof. Let S C V(G+ H) be an nck fd-set in G+ H. Then by definition, S is a k fd-set
in G+ H.

For the converse, suppose S C V(G + H) is a kfd-set in G + H. Then at least one of
Statements (a) to (f) of Theorem 8 holds. We claim that (N(S)) is connected. If State-
ment (a) holds, that is, S = V(G + H), then we are done. Suppose Statement (b) holds;
that is, S C V(G), |S| = k and S is a kfd-set of G. Then (Ngyu(5)) = (Na(9)) + H,
which is connected. Similarly, if Statement (c) holds, then (Ngyu(S)) = G + (Ng(9)) is
connected. Suppose Statement (d) holds; that is, S = SqgUSy, where Sg is a (k—|Su|) fd-
set in G and Sy is a (k— |Sg|) fd-set in H. Then Ng1g(S) = Ng+u(Se)U Ngyu(SH) =
[Na(Sq) UV (H)|U [Ng(Sa) UV(G)] = V(G + H). Hence, (Ng+u(S)) = G+ H is con-
nected. Suppose Statement (e) holds; that is, S = V(G) U T, where |V (G)| = m < k and
Tisa (k—m)fd-set in H. Then N1 (S) = Na+g(V(G))UNgyu(T) = V(H)U[V(G)U
Ny(T)] = V(G)UV(H). Thus, (Ng+u(S)) = G+ H is connected. Similarly, if Statement
(f) holds, that is, S = DUV (H), where |V(H)| =n < k and D is a (k — n)fd-set in G,
then (Ng4+m(S)) = G + H is connected. Therefore, S is an nck fd-set in G + H. O

The next result immediately follows from Theorem 11.

Corollary 5. Let G and H be nontrivial connected graphs of orders m and n, respectively,
and k a positive integer with 1 < k < maxz{m,n}. Then, Ynekfd(G + H) = v ra(G + H).
In particular, if G or H has a kfd-set S with |S| =k, then Ynersa(G + H) = k.
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4. Neighborhood Connected k-Fair Domination in the Corona of Graphs

The corona of two graphs G and H, denoted by G o H, is the graph obtained by taking
one copy of G of order n and n copies of H, and then joining the i-th vertex of G to every
vertex in the i-th copy of H. For every v € V(G), we denote by HY the copy of H whose
vertices are joined or attached to the vertex v. For each v € V(G), the subgraph (v) + H"
of G o H will be denoted by v+ H".

Theorem 12. Let G and H be nontrivial connected graphs, and let k be a positive integer
with 2 < k <|V(H)|. Then C C V(G o H) is an nckfd-set in G o H if and only if C is a
kfd-set in Go H.

Proof. If C'is an nckfd-set in G o H, then C is a kfd-set in Go H.
Conversely, let C' be a kfd-set in G o H. Then by Theorem 9,

(a) C =V(G)U B, where B =& when k =1 and B = U Sy, where each S, is a
veV(Q)
(k—1)fd-set of H” when k > 2, or

(b) C= U Sy, where each S, is a kfd-set of H" and |S,| = k.
veV(Q)

We claim that (N (C)) is connected. Suppose Condition (a) holds. Suppose further that
B =@. Then Cisalfd-set and (N(C)) = GoH, which is connected. We next assume that

B= U Sy, where each Sy is a (k—1) fd-set in H. Then (N(C)) = ( U (v+H")) =

veV(G) veV(G)
GoH is connected. Suppose Condition (b) holds. Then (N(C)) = ( U ({v}UNg»(Sy)))
veV(Q)
which is connected. Therefore, C' is an nck fd-set in G o H. O

Corollary 6. Let G and H be nontrivial connected graphs of orders m and n, respectively,
and let k be a positive integer with 1 < k < n. Then ype1ta(Go H) =m. For k> 2,

mk, if H has a kfd-set with |S|=k

ne GoH)=
kil ) {m(l +Yk-1a(H), if H has no kfd-set with |S|=F.

Proof. This immediately follows from Theorem 12 (and its proof) . g

5. Neighborhood Connected k-Fair Domination in the Lexicographic
Product of Graphs

The lexicographic product of two graphs G and H, denoted by G[H], is the graph
with vertex set V(G[H]) = V(G) x V(H) and edge set E(G[H]) satisfying the following
conditions: (ug,v1)(u2,v2) € E(G[H]) if and only if either ujus € E(G) or u; = us and
V1V € E(H)
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Theorem 13. Let G and H be nontrivial connected graphs of orders m and n, respectively,
and k a positive integer with 1 < k < maz{m,n}. Then C =, g ({2} x T;) C V(G[H])
is an nck fd-set in G[H] if and only if the following conditions hold:

(1) S is a dominating set in G.

(13) For each v € SNNg(S) with T, # V(H), T, is an r fd-set and Z |T,| =k—r
zENg(z)NS
for some r < k.

(7i1) For each x € S\N¢g(S) with T,, # V(H), |T,| = k and T, is a kfd-set in H.

(tv) For each y € V(G)\S, Z |T,| = k.
vENg(y)NS

Proof. Suppose C = J,cg ({z} x Ty) is an nck fd-set in G[H]. Then C'is a kfd-set in
G[H], hence Statements (¢) to (iv) hold by Theorem 10.

For the converse, suppose Statements (i) to (iv) hold. We claim that (Ngq)(C)) is
connected. Suppose C' # V(G[H]). Let (z,a), (y,b) € Ngia)(C) such that (z,a) # (y,b)
and (z,a)(y,b) ¢ E((Ng[)(C))). Consider the following cases:

Casel. z =y

Let z € V(G) N Ng(x). If z € S, pick any ¢ € T, and let d € Npg(c). Then
(2,d) € Ngim)(z,¢) € Ngp)(C) and [(z,a),(2,d), (y,b)] is an (x,a)-(y,b) geodesic in
Nga)(C). If 2 ¢ S, then {2} x T, C Ngy)(C) since S is a dominating set of G. Thus,
[(%,a),(z,d), (y,b)] is an (x,a)-(y,b) geodesic in Ngz)(C) for all d € T.

Case 2. ¢ #y

Let [x1, 9, ..., zk], where 1 = x and z}, = y, be an z-y geodesic. Since S is a domi-
nating set of G, ({;} X To;;) N Ny (C) # @ for each j € {2,3,...,k — 1}. Pick (z5,a;) €
Ngi)(C) for each j € {2,3,...,k — 1}. Then [(z1,a1), (z2,a2), .., (Th—1, ak—1), (T, ar)],
where a1 = a and aj, = b, is an (z,a)-(y,b) path in Ng)(C).

Therefore, (Ngg)(C)) is connected. Hence, C is an nckfd-set in G[H]. O

The next result immediately follows from Theorem 13 and Theorem 10.

Corollary 7. Let G and H be nontrivial connected graphs of orders m and n, respectively,
and k a positive integer with 1 < k < maz{m,n}. Then C = {J,cq ({z} x T») C
V(G[H]) is an nckfd-set in G[H] if and only if C is a kfd-set in G[H]. In particular,
kg GIH)) = esal GIH]).

6. Neighborhood Connected k-Fair Domination in the Cartesian
Product of Graphs

The Cartesian product of two graphs G and H, denoted by GUH, is the graph with
vertex-set V(GOH) = V(G) x V(H) and edge-set E(GOH) satisfying the following condi-
tions: (u1,v1)(ug,v2) € F(GOH) if and only if either ujus € F(G) and v1 = v or u; = uz
and vivy € E(H).
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Theorem 14. Let G and H be nontrivial connected graphs. If S1 and Sy are kfd-sets
in G and H, respectively, then C1 = S1 x V(H) and Cy = V(G) x Sy are nckfd-sets in
GOH.

Proof. Let S1 be a kfd-set in G. By Corollary 4, C; = S1 x V(H) is a kfd-set of
GOH. Next, let (x,a) and (y,b) be distinct non-adjacent vertices of (Ng(C1)). Consider
the following cases:

Casel. z =y

Let [a1,aq,...,a;], where a; = a and ap = b, be an a-b geodesic. If x € Sj, then
{z} x V(H) C Ngou(Ch). It follows that [(x,a1), (z,a2)..., (x,a)] is an (z,a)-(y,b) path
in (Naou(Ch)). If = ¢ S1, then there exists z € S; N Ng(x) since S; is a dominating set
of G. Since {z} x V(H) C C1, {z} x V(H) C Ngou(C1). Hence, [(z,a1), (x,a2)..., (z, ay)]
is an (z,a)-(y,b) path in (Neou(Ch)).

Case 2. ¢ #y

Let [x1, 2, ...,xk], where 1 = x and z} = y, be an z-y geodesic. Let j € {1,2,...,k}.
If z; € Sy, then {z;} x V(H) C Cy; hence, {z;} x V(H) C Ngou(C1) (since H is
connected). If z; € Sy, then there exists z; € S; N Ng(z;) because S; is a dominat-
ing set. Since {z;} x V(H) C (4, it follows that {z;} x V(H) € Ngou(Ci). Hence,
if @ = b, then [(x1,a), (z2,a)..., (g, a)] is an (x,a)-(y,b) path in (Neog(C1)). Sup-
pose a # b. Let [a1,aq,...,a,;], where a; = a and a, = b, be an a-b geodesic. Then
[(z1,a1), (z2,01)..., (T, a1), (T, a2), ..., (T, ar)] is an (z,a)-(y,b) path in (Neog(Ch)).
Therefore, C is an nck fd-set in GUH.

Similarly, if Sy is a kfd-set in H, then Cy = V(G) x Sy is an nck fd-set in GOH. O

Corollary 8. Let G and H be nontrivial connected graphs and & # S1 C V(G). The
following are equivalent:

(1) S1 is a kfd-set of G.
(1i) C1 = S1 x V(H) is a kfd-set of GUH.
(ti1) C1 =81 x V(H) is an nckfd-set of GOH.

Proof. By Corollary 4, (i) implies (i7). Suppose C is a kfd-set of GOH. Let v €
V(G)\S1 and let a € V(H). Then (v,a) ¢ Cy and |[Ngog((v,a)) NC1| = |[Ng(v)NSi| =k
since C) is a kfd-set. Thus, S; is a kfd-set of G and (i) implies (i). By Theorem 14,
(7) implies (7i7). By definitions of kfd-set and nckfd-set, (iii) implies (i7). Therefore,
Statements (7), (i), and (7i7) are equivalent. O

Corollary 9. Let G and H be nontrivial connected graphs of orders m and n, respectively,
and k a positive integer with k < min{m,n}. Then

Ynek fa(GOH) < min{n - v, ra(G),m - v ra(H)}-

In particular, Yneppa(GOK,) < min{n - yipa(G), mk} .
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Remark 4. The bound given in Corollary 9 is sharp. However, the strict inequality can
be attained.

To see this, consider the graphs shown in Figure 6. The shaded vertices in each graph
form a 7yex rq-set. Thus,

(@) Ynerpa(KsOP) =2 =min{2-1,3-1} = min{|V ()| - y174(K3), |V(K3)|-v17a(F2)},

(0) Ynezpa(P30Cy) = 6 = min{d - 2,3 -2} = min{|V(Ca)| - v254(P3), |V (P3)] - v274(Ca)},
and

(©) me2pa(P30Py) =T < min{4 - 2,3 -3} = min{|[V(Py)| - 1274(P3), [V (P3)] - v27a(Pa)}-

(a) (b) ()

Figure 6: The graphs K3OP,, Ps0C, and PsOP;.
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