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Abstract. Let p be an odd prime and r a positive integer. Let GR(p?,7) be the Galois ring of
characteristic p® and cardinality p®". In this paper, we investigate the self-dual codes over GR(p?,r)
and give a method to construct self-dual codes over this ring. We establish a mass formula for
self-dual codes over GR(p?,r) and classify self-dual codes over GR(p3,2) of length 4 for p = 3, 5.
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1. Introduction

It was shown in [6] that several well-known families of non-linear binary codes can be
viewed as linear codes over the ring Z,4 of integers modulo 4. This discovery led to much
interest and attention given to codes over the ring Z,, of integers modulo m and finite
rings in general.

Self-dual codes are an important class of linear codes for both theoretical and practical
reasons. It is a fundamental problem to classify self-dual codes, that is, to find a repre-
sentative for each equivalence class of self-dual codes. However, determining the number
of equivalence classes is difficult. This task will be made easier by a mass formula, which
will tell us when we have a complete set of representatives from each equivalence class.

Mass formula for self-dual codes over the ring Zpe for any prime p and for any positive
integer e are established by the effort of many authors [1, 5, 9-11]. A classification method
of self-dual codes over Z,, for arbitrary integer m is given in [13]. In particular, self-
dual codes of length 4 over Z, were classified in [13] for all primes p in terms of their
automorphism groups.

The Galois ring GR(p®, ), where p is prime, e and r are positive integers, is the unique
Galois extension of Z,e of degree . Using a similar argument in [1], the mass formula
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for self-dual codes over GR(p?,2) for odd primes p is obtained in [3]. Moreover, self-dual
codes of length 4 over GR(p,2) and GR(p?,2) are classified in [4] for all primes p up to
equivalence in terms of automorphism group.

In this paper, we build on the method in [10] to establish a mass formula for self-dual
codes over GR(p?,7), where p is an odd prime and 7 is a positive integer. Using the mass
formula, we classify self-dual codes of length 4 over GR(p?,2) for p = 3, 5.

2. Preliminaries
Let p be prime and e a positive integer. The modulo p reduction mapping
W Lye = Zp,a— a = a (mod p)
induces the following modulo p reduction mapping between polynomial rings

W Lpel) = Zpla], f(z) =Y aia’ = f(z) = @t

An irreducible polynomial f(z) in Ze[x] is said to be basic if f(x) is irreducible.

Let f(z) be a monic basic irreducible polynomial over Zpe[x] of degree r. We can
choose f(z) so that w =z + (f(x)) is a primitive (p” — 1)st root of unity. The Galois ring
GR(p®,r) of characteristic p¢ and cardinality p" is defined as

GR(p*,7) = Zpe[2]/(f(x)) = Zpe [w].
Every element of GR(p®,r) can be expressed uniquely in the w-adic representation
ap + ajw + asw? + -+ + a,_ 1w, where a; € Lipe .

Note that GR(p®, 1) = Zpe and GR(p,r) = F,r, the Galois field of p" elements.
The modulo p reduction can be naturally extended to

p: GR(P", 1) = Zye [2]/(f (2)) = Zplz]/{f(2)) = Fpr,a = a = a (mod p).

Let 7,r = {0,1,w,... ,wP" =2}, Observe that the function uh—pr : Tyr — Fpr is one-to-one
and onto. Any element of GR(p®,r) can be written uniquely in the p-adic representation

bo + pby + p?bg + - - - + p* Lbe_1, where b; € Tyr.

An element a € GR(p®,r) is a unit if and only if a # 0.

For the further study of Galois rings, see [8, 16].

Let n be a positive integer and let S™ denote the collection of n-tuples over a finite
set S. A code of length n over a finite field F or a finite ring R is a subspace of F” or
an R-submodule of R", respectively. Every element of the code is called a codeword. A
matrix G is called a generator matriz for a code C if the rows of G generate all the elements
of C and none of the rows can be written as a linear combination of the other rows.

Two codewords x = (z1,...,2,) and y = (y1,. .., yn) are orthogonal if their Euclidean
inner product >, z;y; is zero. The dual C* of a code C of length n over S consists of
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all x € 8™ which are orthogonal to every codeword in C. If C C C*t, then C is said to be
self-orthogonal. If C = C*, then C is said to be self-dual.

A code of length n and dimension k over a finite field F is called an [n, k] code and
contains |F|¥ codewords. An [n,k] code is self-dual if and only if it is self-orthogonal
and k = 5. We say that a generator matrix G for an [n, k] code is in standard form if
G = [I} A], where I}, denotes the k X k identity matrix and A is some k X (n — k) matrix.

Let C be a code of length n over the Galois ring GR(p,r). C has a generator matrix
which, after a suitable permutation of coordinates, can be written as

(I, Aoq Aoz - Ape Ape
0 ply, pAio -+ pAie DAL e
G=10 0 ply, -+ p*Ase p* Az, (1)
B 0 0 0 e peillk’e_l pelee—l,e_

where I, is the k; x k; identity matrix and the A;;s are matrices of appropriate sizes over
GR(p®,r). The columns are grouped into blocks of sizes ko, k1, ..., ke—1,ke = n— Zf;é ki.

A code C with generator matrix G as in (1) is said to be of type {ko, k1,. .., ke—1} and
has (pr)ziz_ol(e*i)ki codewords. The dual C* of C is of type {ke,ke_1,...,k1}. It is known
that |C||Ct| = p®™. If C is a self-dual code of type {ko, k1,...,ke_1}, then we must have
ki = ke—i for all .

For 0 <i<e—1, define

Tor;(C) = {v: p'v € C},

where v is the image of v under the projection p : GR(p®,r)" — Fj-. Tor;(C) is an
[n,ko + ...+ k] code over Fpr and is called the ith torsion code of C. In particular,

Torg(C) is called the residue code and is denoted by Res(C). If C has generator matrix G
in (1), then Tor;(C) has a generator matrix of the form

Iy Aon Aoz -+ Agio1 oo Aoe
0 0 0 1. Zi,e

7

where A = (@;;) whenever A = (a;;).

Two codes over GR(p®, r) are said to be equivalent if one can be obtained from the other
by permuting the coordinates and (if necessary) changing the signs of certain coordinates.
Thus two codes C; and Cqo of length n over GR(p® r) are equivalent if there exists a
monomial matrix P such that Co = CiP = {cP : ¢ € C;}, where P has exactly one entry
+1 in every row and every column and all the other entries are zero. The automorphism
group Aut(C) of a code C of length n over GR(p®, r) is the group of all such matrices P
such that C = CP.



T. L. Vasquez, G. Petalcorin / Eur. J. Pure Appl. Math, 12 (4) (2019), 1701-1716 1704

Let E, be the signed symmetric group of order |E,| = 2"n!. The number of codes
equivalent to a code C over GR(p3,7) of length n is

| En

[Aut(C)]
and hence the number N3 ,.(n) of distinct self-dual codes over GR(p?,7) of length n is

_ | En
Nosol) = 2 Rs(cl

where the sum runs through all inequivalent self-dual codes C over GR(p?,7) of length n.
An explicit formula for N ,.(n), called the mass formula, would thus be useful for finding
all inequivalent self-dual codes over GR(p?,r) of given length.

For the further study of codes over finite fields and finite rings, see [7, 12].

We will need the following lemmas, the proofs of which are known.

Lemma 1. [14] Let o4(n, k) be the number of self-orthogonal codes of even length n and
dimension k over Fq. If char F, # 2, then

k—1
(qn—k _ 6qn/2—k + 6qn/2 _ 1) H(qani _ 1)
=1
oq(n, k) = - : , k>2
1@ -1
i=1
where € = 1 if (—=1)? is a square and € = —1 if (—=1)™? is not a square.

Lemma 2. [15] Let V' be an n-dimensional vector space over Fy. The number (Z)q of
subspaces U C V of dimension k < n is given by

<n> (" = 1)(g" —q) - (¢" — ¢*1)

k), (P =1 —q) - (F —¢T1)

3. Codes over GR(p?,7)

Let C be a code of length n over GR(p3,7) and let G be a generator matrix for C. We
can write G in the following form:

A I, Ay Ay Ay
G=|pB|=1|0 pl; pBs pBy]|, (2)
pQC 0 O p2Im p204

where I, is the identity matrix of order r, and the other matrices have entries from
GR(p?,r) and are described as follows. We write A3, By and Ay in their p-adic expansions
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A3 = Aso + pAs1, By = Bag + pBa1, Ay = Ago + pAsy + p*Asp, and the matrices Ay, Bs,
Cy4, A;; and B;; have entries from 7,-. The columns are grouped in blocks of sizes k,l,m
and h = n — (k4 1+ m). The code C is said to be of type {k,I,m} and has p’3k+2+m)
codewords. The dual code C* is of type {h,m,1} and has p' Bh+2m+D) o dewords.

If the code C has generator matrix G in (2), then the residue code Res(C) has dimension
k and generator matrix

To=A (mod p) = [I;, Ay Azy Au], (3)
the first torsion code Tor;(C) has dimension k + [ and generator matrix

— A _ I’C ZQ Z30 Z40
1= ] tmoap = | 2 40 20, (@)

and the second torsion code Tory(C) has dimension k + [ + m and generator matrix

A I Ay Az Ay
T2 = |B (mod p) =10 Il B3 B40 . (5)
C 0 0 In C4

The following proposition gives a characterization of self-duality in GR(p?, 7).

Proposition 1. Let C be a code over GR(p3,r) with generator matriz G as in (2). Then
C is self-dual if and only if k = h,l = m and the following hold:

AA'=0 (mod p?) (6)
AB'=0 (mod p?) (7)
BB'=0 (mod p) (8)
AC'=0 (mod p) 9)

Proof. Suppose C is a self-dual code over GR(p?, 7). We then have GG =0 (mod p?),
that is,

AA'=0 (mod p?)
pAB! =0 (mod p?)
p’BB'=0 (mod p®)
p?AC* =0 (mod p?),

which is equivalent to the set of conditions (6)-(9). Now, C is of type {k,{,m} and its dual
code C* is of type {h,m,l}. Since C is self-dual, we then have k = h and | = m.
Conversely, let C be a code such that k£ = h,l = m and conditions (6)-(9) hold.
Now, conditions (6)-(9) imply that GG =0 (mod p3). So C is a self-orthogonal code, i.e.
C C C*. Moreover, since k = h and | = m, we then have |C| = |C*|. Therefore C =C+. O
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Corollary 1. A self-dual code C over GR(p®,7) of type {k,1,1} is of even length n =
2(k +1).

Corollary 2. Let C be a self-dual code over GR(p®,r) of length n and of type {k,1,1}.
Then Res(C) is self-orthogonal, Tori(C) is self-dual, and Tors(C) = Res(C)*.

Proof. Suppose C has generator matrix G as in (2). Then the torsion codes Res(C),
Tory(C) and Tory(C) have generator matrices Ty, 71 and 15 as in (3), (4) and (5) respec-
tively.

From conditions (6) and (7), we obtain

AA'=0 (mod p) (10)
AB'=0 (mod p). (11)

It immediately follows from (10) that Tp7{ = 0 (mod p), and so Res(C) is self-orthogonal.
Conditions (8), (10) and (11) imply that 737} = 0 (mod p), so that Tor;(C) is self-
orthogonal. Since C is self-dual, then dim Tor;(C) = k +1 = §. Thus Tor;(C) is self-dual.
From Conditions (9)-(11), it follows that 737 = 0 (mod p), so Tora(C) C Res(C)*.
From Corollary 1, dim Tors(C) = k+2] = n—k = dim Res(C)*. Consequently, |Torz(C)| =
|Res(C)*| and so Tory(C) = Res(C)*. O

4. Codes over GR(p? r) from a code over F;,

We now use Proposition 1 to construct self-dual codes over GR(p?, ) with prescribed
first torsion code. We start with a self-dual [n,k + ] code C; over F,- with generator

matrix . . . .
Q' = A"l e Ay Azy Al
B|~ o 1, B, Bl
where the columns are grouped into blocks of sizes k, 1,1 and k. Note that 2(k + 1) = n.

We want to obtain the number of self-dual codes C over GR(p?,7) such that Tor;(C) = C;.
Since C; is self-dual, then G'G"" = 0 (mod p) and we obtain

I + Ab AL + Aby Ay’ + Al A" =0 (mod p) (12)
b+ Al By + AyBly' =0 (mod p) (13)
I+ BYBY' + BjyBly' =0 (mod p). (14)
_ A:’so ﬁ;o _ I _A/Q
Let H = [Bg Bl and J = —A’Qt I —i—A’gtA’z . Note that H and J are both square

matrices of order k + . From (12)-(14), we have
H(-H'J)=I14; (mod p).

Hence, H is invertible modulo p. By a permutation of columns of H, we can assume that
the k x k matrix A} is invertible modulo p.
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Let Cy be the k-dimensional subspace of C; with generator matrix
A= 1[I Ay Ay Al

From (12) and (13), Cp is a self-orthogonal code and Cy C C; C Cz. Now, the dual of Cy-
has dimension n — k = k + 2[. Hence we can write the generator matrix of COL as

A I Ay Az Al
B'|=|0 I, B, B,
' o 0 I C|

where C is an [ x k matrix over Fyr.
We wish to find matrices Ag, A3, A4, B3, By and Cy with entries from GR(p®,r) satis-
fying conditions (6)-(9), which are equivalent to

I+ Ag AL + A3AL + A4AL =0 (mod p?) (15)
Ay + A3Bi 4+ A4BY =0 (mod p?) (16)

I)+ B3B. + B4B, =0 (mod p) (17)

Az + A4CL =0 (mod p). (18)

The matrices Ao, Bs and Cy are considered modulo p, A3 and By are considered modulo
p?, and A4 modulo p3. As previously done, we write the matrices in p-adic expansion:
Az = Aso + pAs1, By = By + pBa1 and Ay = Ay + pAq1 + p*Ase, where Asy, By, As
and A4o have entries from 7.

Let Ao, Asg, Ay, B3 and Byg be the matrices over 7;)7« such that ZQ = AIQ, Z30 = Ag()v
Ay = Alyy, B3 = B} and By = Bjjy. From (12) and (13), there exist matrices (fi;) and
D with entries from GR(p?,) such that

As + A30.B§ + A4QBZO =pD (19)

and
I + A Ab + Ago Al + Ago Al = p(fij)- (20)

As in [10], B4y and Cj are uniquely determined by
Bl = —Ay (D + Az B + AnBjg)  (mod p) (21)

and
Ol = A Ay (mod p), (22)

which are sufficient conditions for (16) and (18). Since (14) is the same as (17), we only
have to look at (15). It then follows that the code C is self-dual if and only if

—_—~

fij + Aso ALy + AgAly + p(Az1 Ay + Agr Al + AgAly) =0 (mod p?) (23)

Our goal is to count the number of matrices As;, A4 and Ayo satisfying (23).
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For the remainder of this paper, we assume that p is an odd prime. Following the
. . rk(k—1)
"k possible choices for Asj, p~ 2z for A4 and

argument in Section 2.1 of [10], there are p
rk(k—1) n . . .
p~ 2 for Ays. Therefore, we have p"™*(3=1) possible choices for the matrices As;, Aq;

and Ago. We have proved the following result, which is analogous to Proposition 2.2 of
[10].

Proposition 2. Let p be an odd prime. A self-dual code over GR(p3,r) can be induced
from a self-dual code C1 over Fyr. There are ka(%fl) self-dual codes over GR(p®,r) of
length n corresponding to each subspace of C1 of dimension k, where 0 < k < 5.

For the sake of completeness, we describe the matrices Az, A4y and Ays. Aszp is an
arbitrary k x [ matrix with entries from 7,-, A4 is determined by

—_—~

fij + Aso Ay + AgAY; =0 (mod p), (24)

while A4o is determined by

P

(hij) + AgALy, =0 (mod p), (25)

where

—_~

(fij) + A30A§1 + A40Ai1 + p(A31A§1 + A41Afu) = p(hij)- (26)

5. Mass Formula and Classification

Recall from Lemma 1 that o,-(n,k) is the number of self-orthogonal codes of even
length n and dimension k£ over IF,-. Also, from Lemma 2, (Z) , is the number of k-
dimensional subspaces of an n-dimensional vector space over [F,r, where 0 < k < n. The
following theorem gives the mass formula for self-dual codes over GR(p?, 7).

Theorem 1. Let p be an odd prime and let Nys .(n) denote the number of distinct self-dual
codes of even length n = 2m over GR(p®,r). Then

m m B
Ny p(n) = opr (n,m) > ( k) prkm/2=1),
p?"

k=0

Proof. From Lemma 1, there are o,r(n,m) self-dual codes of length n over Fy-. Let
C1 be one such self-dual code. Lemma 2 tells us that there are (Tg)pr subspaces Cy C Cq of

dimension k, where 0 < k < m. Finally, from Proposition 2, there are pFm=1) gelf-dual
codes over GR(p3,r) corresponding to Cy. The result immediately follows. O

When r = 1, Theorem 1 coincides with the result in [10] for Z,s.

We now give a classification of self-dual codes over GR(p?,2) of length 4 for p = 3, 5.
Our goal is to find a representative for each equivalence classes of codes. In defining the
equivalence of codes over GR(p3, 2), we allow permutation of coordinates and (if necessary)
multiplying certain coordinates by —1. All computations for this paper were done with
the computer algebra package MAGMA [2].
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5.1. Building-up

Using the construction method discussed in Section 4, a general way to construct self-
dual codes over GR(p3,2) of length 4 can be described. Note that a self-dual code of
length 4 over GR(p?,2) has one of the following three types: {0,2,2},{1,1,1} or {2,0,0}.

We start with a self-dual code C4» over [F2 of length 4 with generator matrix [I5 A,
where A is a 2 x 2 matrix over Fj2 and AA" = —I, (mod p). Let CHHr be a self-dual
code over GR(p?,2) of length 4 and type {k,[,1} induced from Cr, where k = 0,1,2 and
l=2—k.

For a € F),r, we denote by & the element in 7, such that a = a. Given a matrix
M = («yj) over Fpr, we denote by M the matrix (Qiij) over Tyr.

[4,0] T [p& pA ] _

Proposition 3. C*"» has generator matriz m,(A) = 0 L

Proof. This immediately follows from the construction method discussed in Section 4,
where we take £k =0 and | = 2. 0

We now describe the generator matrix of Cl*!r. Let a; € F,2. By adding a; times
the second row of the matrix [Io A] to its first row, and permuting the last two columns
whenever necessary so that the (1,4) entry is nonzero, we obtain a matrix over F,2 of the

form
o 1 al bl C1
G - |:0 1 dl 61:| ’

where a1,b1,c1,d1,e1 € Fpr and ¢ # 0. The code cllr s equivalent to the code with
generator matrix G. Let
G [1 a b c]

0 1 d e

Since ¢; is nonzero, then ¢ is a nonzero element of T,r. Thus, ¢ is a unit of GR(p?, 2).

[4,1]

Proposition 4. C'*» has generator matriz

1 a b+pxr c+py+p’z
my(G,x)= 0 p  pd  pe+piq |,
0 0 p? p?r
where x is an arbitrary element of Tyr and y,z,q,7 € Ty such that

= —(2¢)7Y(F +2bx) (mod p)
—(2¢)7'H  (mod p)

= —c Y(D+dr+ey) (modp)
= —c'b (mod p),

= Q2 v w
11l

with

_ 1 2 2 2
Fo= J(1+a®+0"+c)
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%(F + 2bx + 2cy + px? + py?)
D = %(a—i—bd%—ce)
Proof. Let Ay = (a), Asp = (b), A0 = (c¢). From (20), we obtain
pF = (1+a® + b+ ¢?),
where F' = (fi;). The matrices Az = (z) and A4 = (y) satisfy (24). Hence, we have

F+2bx+2cy = 0 (mod p)
y = —(2¢)7Y(F+2bz) (mod p).

Next, we obtain
pH = (F + 2bz + 2cy + px? + py?)
from (26), where H = (hj;). The matrix Ay = (z) satisfies (25), which gives us

H+2cz = 0 (mod p)
z = —(2¢)7'H (mod p).

Now, let Cy = (r). From (22), we have » = ¢ !b (mod p). Finally, let B3 = (d),
Byo = (e) and By = (q). We compute

pD = (a + bd + ce)

from (19). Then from (21), it follows that ¢ = —c¢~}(D + dx + ey) (mod p). O

We now describe the generator matrix of C42l». We permute the columns of the matrix
[Io A] whenever necessary, so that the (1,1) entry of A is nonzero. We write

L=y 3.

0 1 u v

where s1,t1,u1,v1 € Fpr and s1 # 0. Let

~ t
A= [3 } .
u v
Since s1 is nonzero, then s is a nonzero element of 7,2, and thus, is a unit of GR(p?,2).

Also, since A has an inverse modulo p, then det A = s1v; — tju; # 0, which implies that
sv —tu # 0 and (sv — tu)/s = v — tus~! has an inverse modulo p.

(4,2]

Proposition 5. C'*“l» has generator matriz

mp(A\a Y12, z12) = [I2 A+pY +p*Z),
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where y12 and z12 are arbitrary elements of T2 and Y = (yi;) and Z = (2;) are matrices
over T2 satisfying

F+AYt = 0 (mod p)
0

H+ AZt = (mod p),

with F = L(I, + AA") and H = 1(F + AY' + py'Y?).
Proof. Let Ay = A. From (20), we compute
pEF =15 + A\A\t,

where F' = (f;;). Note that F' is a symmetric matrix. The matrix Ay =Y = (y;;), with
entries from 7,2, satisfies (24). We then have I + AYt =0 (mod p), that is,

S fiz s t] [y yx v el [s u]
[fu f22]+[u v] [y12 y22]+[y21 ygz} [t v] =0 (mod p).

Hence Y satisfies

fir +2sy11 + 2ty = 0 (mod p)
fo2 + 2uyo1 + 2vyo2 = 0 (mod p)
fi2 4+ sya1 +tyo2 +uynn +vyiz = 0 (mod p)

Observe that y11, y21 and y22 can each be expressed in terms of y12. Thus y11, y21 and yoo
are determined by A and yis.
Next we compute

pH = F + AY! 4+ pYY?!
from (26), where H = (h;;). The matrix Ays = Z = (2;;), with entries from 7,2, satisfies
(25). Hence Z satisfies H + AZt =0 (mod p), that is,

hit hio st |z 22 211 212| |8 w
+ + =0 od p).
[hw h22} [U U] [212 222] [221 222] [t U} (mod p)

Using a similar argument as earlier, we see that z11, 291 and z99 are determined by A and
Z12- ]

5.2. Self-dual codes over GR(27,2)

We consider GR/(27,2) = Za7|w], where w? + 5w + 26 = 0 and w® = 1, and Fg = Z3[w],
where @? + 2w +2 =0 and @® = 1.
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From [4], there exist two inequivalent self-dual codes of length 4 over Fy: C[ 15 and Cs [1]s
with generator matrices

10 @ 0 10 1 1
2 Asa] = [0 1 0 @2} and [y Ag] = [0 1 o 1] ’
respectively. The matrices
10 0 11 @ o 1 @ @ &
Gap0 = [0 1 @? 0] Ga11 = [0 1 0 wQ} and Gy1.0 = [0 1 0 @2
generate codes which are equivalent to C; 4] , while the matrices
1 o & @°
G320 = [I2 A3s] and G324 = [O 1 ot 1 ]
generate codes which are equivalent to Cs 4.
Table 1: Self-dual Codes of Length 4 over GR(27, 2).
Type | Generator Matrix No. of Codes | |Aut(C)|
{0,2,2} m3(A371) 1 32
m3(A32) 1 48
{17 17 1} m3(G3,1,07 O) 1 16
m3(G3.1.1,0), m3(G315,0), m3(G320,0) 3 8
mg(Ggylyo, ) where x € {1 w} 11 4
m3(Gs1.1,7), where x € {1,w,w? w3}
m3(G3,2,0,0),
m3(G320,2), where z € {1,w? w? w®}
m3(G3.10, ), where z € {1,w}, 3 2
m3(G32,0,w)
{2,0,0} m3(A371,0,0) 32
m3(A372, 0, 0) 1 16
m3(A3 1,0,2), where z € {1,w} 33 8
mg(Ag 1,1,2), where z € {0, 1,w,...,w"}
m3(A3,1,w z), where z € {0, l,w W'}
m3(As2,0,2), where z € {1,w,w? w3}
m3(Asz2,w, z), where z € {0,1,w,. L w'}

In Table 1, we give the list of inequivalent self-dual codes over GR(27,2) of length 4.
Using the mass formula in Theorem 1, we make the following computations, confirming
that Table 1 gives a complete classification.

4!

24
32k—20+1800—|—1620_2’ alk

k=0 9
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Hence there are 55 self-dual codes of length 4 over GR(27,2).

5.3. Self-dual codes over GR(125,2)
We consider GR(125,2) = Zj25]w], where w? + 89w + 57 = 0 and w** = 1, and
Fo5 = Zs[w], where @? + 4w + 2 = 0 and @** = 1.
From [4], there exist three inequivalent self-dual codes of length 4 over Fas: C][L4]5, Cglk)
and Cz[,)4]5 with generator matrices [l As 1], [I2 As 2] and [Iy As 3] respectively, where
w0 o @t 1 @
A5,1 = [0 w(jil A5,2 = I:wlﬁ ws] and A5,3 = [wg 1 :| )

respectively. C£4}5 is equivalent to codes with generator matrices
11 &% o

10 0 &b
Gs10 = [0 1 o6 1] , G511 = {0 1 o w6:| , Gs10 = [0
6 o8 6
0 1 O @6:| and G5717@3 -

el i equivalent to codes with generator matrices
11 o2 &
G520 = [I2 As2), G521 = [O ;

[a—
€l

>
&l

1 @ @ ®°8
G5,2,w=[0 1 o6 ws} and G572,w2:|:0 1 o

while C:[;% is equivalent to codes with generator matrices

Gs30=[I2 As3], G531 = {0 Lo 11 Gse2=|g 1 & 1|
1 &% @2 &8 1 % &% &9
:| and G5’3’wl5: |:0 1 @9 1

Coaae = [0 1 & 1

Let J; and Js be subsets of 725, with
2 4 5 7 9 10 11 13 17
J1 {0,1, w,w”,w*, w’,w" W, w" W w? w '}
2 4 5 6 7 10 11 15 16
Jy = {0,l,w,w*,www ww ww P w )

Table 2 gives the list of inequivalent self-dual codes over GR(125,2) of length 4.
Using the mass formula in Theorem 1, we make the following computations, confirming

that Table 2 gives a complete classification.
24 4!

2
2
52F = 52 + 33800 + 32500 = _,
() e 2 TAw(C)

Niz52(4) = 025(4,2) Z
k=0

Hence there are 904 self-dual codes of length 4 over GR(125, 2).
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Table 2: Self-dual Codes of Length 4 over GR(125, 2).
Type | Generator Matrix No. of Codes | [Aut(C)|

{0,2,2} m5(A571) 1 32
ms (A5 2) 1 24
m5(2573) 1 16

{1,1,1} m5(G510, ) 1 16
m5(G51.1,0), m5(Gs4.03,0), ms(Gs3515,0) 3 8
ms5(G520,0), m5(Gs21,0) 2 6
m5(G5 1,05 ) m5(G571@2, O),m5(G57370, 0), 83 4
m5(G5 10,), where z € {1, w,...,w’},
m5(G5 1,1,2), where z € {1, w, ... ,wll},
m5(G52w, x), where x € {0, 1,w,...,w?},
m5(G5737w6 z), where x € {0,1,w,...,w?},
m5(@5,3@15 x), where x € {1,w, 11}
m5(G5,17w, x), where z € {1, w, ..., 11} 133 2
m5(G5717w2,x), where x € {1,w,...,w'}
m5(é5717w3,x), where x € {1,w,...,w’}
m5(@5,2,0,x), where z € {1,w,...,w"}
m5(@5,271,:v), where z € {1,w,...,w"}
m5(@572@2, r), where z € {0,1,w, ...,w?}
m5(é57370,x), where z € {1,w,... ,wu}
m5(@5,3,1, ) where x € {0, 1,w 23}
ms (G 302, 2), where 2 € {0,1,w,...,w*}

{2,0,0} m5(A571,0,0) 32
m5(A572,0, 0) 24
m5(A5,3,w21,w3) 16
m5(A5 1,0, 2), where z € {1,w,...,w%} 676 8
m5(A5 1,9, %), where y € {1,w,...,w’}, 2 € Tas
m5(A5 2,0,2), where z € {1,w,...,w"}
m5(A5,2,y, z), where y € {1,w,...,w'}, 2z € Tos
ms(As 3 ?/, ) where y € Ji, 2 € Tas,
m5(2573, 1 2), where z € Jp

6. Conclusion

We discussed a method to construct self-dual codes over GR(p?,7) from a self-dual code
over [F,r, where p is an odd prime and r is a positive integer. This construction method
led to a mass formula and classification of self-dual codes of length 4 over GR(p?,2) for

p=3,5.

In this study, we only dealt with the case when p is an odd prime. Letting p = 2 in
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(24), we obtain

—_—

fij + AgQAgl + A40A21 =0 (mod 2).

Since the diagonal entries of X are all 0, then we must have f;; = 0 (mod 2) for each i.
Hence, from (20), the diagonal entries of Ij, + A3 AL + Asg Al + Aso Al = 2(fi;) must be
doubly even.

Thus, in the case of p = 2, the construction algorithm becomes more complicated
because we need an additional property for the self-dual codes over Far. We are still
investigating the mass formula for self-dual codes over GR(8, 7).
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