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Abstract. In this paper, we establish a new theorem on the best approximation of a function of
two variables belonging to Holder class by double Karamata (K**) means of its double Fourier
series.
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1. Introduction

K*-method was first introduced by Karamata [7]. Lotosky [10] re-introduced the spe-

cial case A = 1. Only after the study of Agnew [1], an intensive study of these and
similar cases took place. Vuckovi¢ [19] applied this method for summability of Fourier
series. Kathal[8] extended the result of Vuckovic [19]. The approximation of a 27-periodic
function f(x) in different Lipschitz classes using Cesaro, Norlund and K* summability
methods of Fourier series and conjugate Fourier series has been studied by the researchers
[2, 5, 6, 12, 14-16].
The approximation of a 27-periodic function f(z) in Holder metric by different summa-
bility transforms of Fourier series has been studied by the researchers like [4, 11, 13]. The
approximation of a function f(z,y) (2m-periodic with respect to the variables x,y) of their
Fourier series has been studied by [17, 18]. Lal [9] studied the approximation of a function
in Lipschitz class by matrix means of its double Fourier series. But nothing seems to have
done to obtain the best approximation of the function f(x,y), a 2m-periodic with respect
to the variable x,y, of its double Fourier series. Thus, in this paper, we obtain the best
approximation of the function (¢, ©) in Holder class by K** method of its double Fourier
series.
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2. Preliminaries
Under usual assumptions, Fourier series of h(t) is defined as

1

h(t) ~ a0 + Z(ap cos pt + b, sin pt). (1)
p=1

Under usual assumptions, double Fourier series of h((, ©) is given by

oo o0

h(¢,©) ~ Z Z ay,play,, cos v( cos pO+b,, , sin v( cos pO+-c,, , cos v( sin pO-+d,, , sin v sin pO)],
v=0 p=0
(2)
where
i for v=p=0
Qup = 3 for v>0,p=0andv=0, p>0 (3)
1 for v>0,p>0.
and 1
Aup = —5 // h(¢,©) cos v cos p© d¢ dO (4)
T S2
with similar expressions for b, ,,c,, and d, , for v = 0,1,2,... and p = 0,1,2,..., where
S? denotes the fundamental square (—m, m; —, 7).
The partial sums of (2) can be denoted by
v.op
Su.p(h; (,0) = Z Z[aij 08¢ cos jO +b;; sin i¢ cos jO +¢;; cos i sin jO+d;; sini( sin jO].
i=0 j=0

We can also write
sin(v+ 3)osin(p+ 3)7
4sin(§).sin(%)

The number [;] for 0 <p <wvand v € NU{0} is defined by

do dr.

sy7p(§,®):7r12//32h(é+a,@+7)

TTiean - V] DCHY)
[Te+0=cc+nctv-1=3 "o =HE2,

=0 p=0

Let us also define for p € NU {0}, the number [ﬂ for 0 < ¢ < p, by

p—1 p
_ N [Plge - F©+0)
g(@+l)_@(@+1)---(@+p—1)_;)[q]@ =—Tg

The numbers [;] and [Z] are called the absolute values of Stirling numbers of first kind.
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Let {s,,,} be the sequence of partial sums of double infinite series 3 7 ;> °7¢  ay,, and

write )
| D Tu - [u} [p]
Ap p,,q
sk = X E MNuls 5
? T T(A+v)  T(u+p) p:Oq:ZO ollq K7 Sp,q (5)

to denote (v, p)!" KM -means of order (\, u) > 0. If

sﬁ:}j — s as (v,p) — oo, (6)

then the sequence s, , or the series > 2, Z;io ay,, summable to s by double Karamata
(KM*) method of order (X, ) > 0.
Thus,

51),‘7’5 — s(KM) as (v, p) — oo.

The method KM is regular for (X, 1) > 0. The regularity of the K** method is supposed
throughout the paper.

“Since h(() is continuous and 27-periodic function then the Holder class for h(() is defined
as

Ho = {h € Cor : [n(¢) = h(O)| < K[ - O},

where K is a positive constant. It can be verified that H, is a Banach space with the
norm ||.|lo defined by

Rl = |Ihllc + sup A%h(¢, ©), (7)
#0
where "
A*h((,0) = W for ¢ # ©.

By convention A%h(¢,0) = 0 and ||h]l¢ = sup¢e(—r - |2(¢)]. The metric induced by the
norm (7) on H, is called the Holder metric [13].”

Since h((,O) is continuous and 27-periodic function then the Hélder class for h((, ©) is
defined as

Huop = {h: |h(¢,0;z,w) := |h((,0) — h(z,w)| < Cy (K LTS —w\ﬁ)}

for some a, 8 > 0 and for all {,0,z, w. In above class of function, C] is some positive
constant, which may depend on h, but not on ¢,0,t. H, g class of function is identical to
Lip(«, B) class of function.

H, s is a Banach space, whose norm ||.||4,3 is defined by

12lla,s = [[2llc + Sup AYPh(¢, ©; 2, w) (8)

O%w

i.e.

1Pllas = [[Rllc + sup

1f(C,0) — f(z,w)|
2, =2+ |0 —w
OF£w

B for ( # 2,0 £ w
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where A“Ph(¢, 0; z,w) = % (C # 2,0 # w).

By convention A%°h(¢,0;2,w) = 0 and

|hllc = sup |h(¢,O)]. 9)
(¢€,0)es?

“The n-order error of approximation of a function h € Co, is defined by

By(h) = ipf [ =t

where ,, is a trigonometric polynomial of degree n (Bernstein [3])”.

“If E;(h) = 0 as 1 — oo, then E,(h) is said to be the best approximation of h ([20])”.
We write

¢(t) = h(C + 1) + h(¢ = 1) = 2h(().

/r¢

®(o,7) =D((,0;0,7)

= i[h(C—FU,@—FT)+h(C+U,@—T>+h(C—O’,@+T>
+h(¢—0,0—7)—4h(¢,0)]
where ¥ (o, 1) 1= V(z,w;0,7).
Since h(¢,0) € H, g, then |F(o,7)] = O(|¢ — 2|* 4+ |© — w|?).
g0 AP sin(p + )0

A _
Ky(o) = LA+ v)sin($)
w20 [gnsin(a + 5)7
Ky (r) = F(u + p)sin(%)

3. Main Theorem

Theorem 1. The best approzimation of a 2mw-periodic function h(¢,©) of two variables ¢
and © and Lebesgue integrable over S*(—n,7; —m, ) in H,p,0<a,B <1 class by double
Karamata (KM) method of its double Fourier series is given by

15074(¢, ©) = h(¢,0)]ay

o[ (e )]

M TAT'u Inm(p+1)
+O{(V+1)F(M+p) (” v+ 1)e “”“””)]
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N TAT' Inm(p+1)
" {<p+1>m+u>< (h+ 1)
Al
o {m T+ )

(1) )|

(In((v+ 1)(p+ 1)) + {Inw(v + D) Hnm(p + 1)})
where M = AIn(v+1)+1 and N = pln(p+1) + 1.

4. Lemmas

Lemma 1. “([19]). Let A >0 and 0 <t < 5 then

ImI(\e' + p) |sin(Aln(p + 1).sint)|
EA 7 +0(1)
I'(Acost + p)sin(%) sin(%)

as p — oo uniformly in t”.

Lemma 2. “([12]). For 0 <o < V%_l,

KXo)=0[An(v+1)] +0(1)

1
andf0r0<7'<m,

K!(r) = O[uln(p +1)] + O(1)

”

Lemma 3. For <oc<m

1
v+1
KMo) =0 |——| .
v o T\
Proof. Using sin § > 2 and |sin(po)| <1

|ZZo [ sin(p + 3)o
(A +v)sin(%)

v

<t S Ve

g
p=0 2

:o[glm].

K (0)| =

Lemma 4. For - <7<
p+1

Ki(r) =0 [T ;M] |

Proof. This can be proved along the same lines of Lemma 4.3.
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5. Proof of the Main Theorem

Let s,,,(¢, ©) denote the (v, p)* partial sum of the series (2), we have

Sln V+ o sin(p+ 37
su,p(¢,0) — h(¢, O 71_2/ / ) . (_p 72) do dr.

sm(2) Sln(i)

Denoting K** means of {s, ,(¢,0)} by sy (¢, 0), we get
505(¢,0) = (¢, )
v p
o S [ st 0) - nic )

F(A+v) (u+p)p L

mm UT”rTmmm-ai[me+)dMT
= p]T(A +v)sin (%) = LalT(n+p) sin(%)
TAD
— K "o, 7K 0)KH(7) do dr

=1,,(C,0) (say). (10)

Let us estimate

’I 7,D(C7 )_ yp(Z w)‘ .
g%p =zl +]|©@—w[f o). (11)

Now,
11,,p(C,©) = I, p(z,w)|
@ '/ /W F(o,7) KM (0)K!(r) do dr

ATy [ (o1 (70 [o7 [T R
= 2 / / +/ / +/ / +// | (U’T) 3(0)K5(7)|d0d7—
Q 0 0 o J 1y 1 1 K
p+1 v+1 v+1 p+1

rar
= [ (T T+ s+ J4)} (12)
Using the fact that |F(o,7)] = O(|¢ — 2|* + |© — w|?) and Lemma 4.2 for 0 < ¢ < u+1’
we obtain

11
7= / a8 / " F (o, ) KXN0) Kb (r)| do dr
0 0

— (OO In( + 1)} + O(1)] [0 uIn(p+ 1)} + O(1)] /”“ /p“ (o, 7)| do dr

OM)[{Aln(v + 1)} + 1[{pn(p + 1)} + 1[(I¢ — 2 + |0 — w]|”)] /”“/p+1 o
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_ 0(1) { [{)‘ln(l;":_?} + 1] ~ HHID(?I_ ?} + 1] } (’C _ Z|a + |@ _ w|ﬁ)' (13)

For 0 < o, 8 < 1, by using Lemmas 4.2 for 0 < 0 <
O(I¢ = 2[* + 10 — w|?), we get

/”“/ F(o,7)K) (0)K"(7)| do dr

— O\ og(v + 1) 1}/ / F(o,7)|| KA (r)| do dr

{Aog(v +1) + 1}

—+1, 4.4 and the fact that |F(o,7)| =

=0(1) | F(o,7)||K}(T)|dr
:O{{Aln(Zill)}+1}(K—z|°‘+|@—fw|ﬁ)/j7_Flud7'

B {An(r+1)}+1 e ol

—o{ BRI (ot 4o~ wl) (o + 1), (1)

Similarly by changing the order of integration in J3 and using Lemmas 4.2 for 0 < 7 < p +1
and 4.3, we obtain

 {{emp+ 1
"3‘0{ (o + A

}(|C2\a+\@w|5)ln((u+1)7r). (15)
Now, using Lemmas 4.3 and 4.4, we get

Jy = / / |F (o, T)Klf‘(a)K;f(T)] dodr
1
—+1 p+1

/ K)o </ Md7>|F(a,T)|da

= {Fu}/ K)o)In((p + 1)7)|F(o,7)| do

B In((p —I-VB ). In((v + 1)m)
=0 { TALp

(Ic— ="+ 0 w|ﬂ>}. (16)
Combining (12) to (16), we obtain

1) (C,0) = I (2, w)

(=2 716 —wl?)

_0 <[{/\ln(u + D} +1[{pg In(p+ 1)} + 1]TAT'w N {Aln(r+1)} + 1]TA In7(p + 1))
B (v+1)(p+1) v+1
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Hpln(p+ 1)} +1Tplnnw(v+1)  In(p+ 1)m) In((v + 1)m)
O < p+1 - TAL > ‘

(17)

Now, from (10), we have
111,0(¢, ©)]
P 1—‘ ™ ™
= # ’/ / P(o, T)K;\(U)Kg(T) do dt

“F“[// /+/ // // 3o, DIKN@)IKE()| dordr

T2
=03

—_

(Il +[2+I3+I4) (18)

Now,

I = /+/ (0,7 (0) | KK (7)| dor dr

I =0

(Mog(v +1) + 1)(plog(p+1) +1) /OVJrl /OPH(Ua—i-T’B) dO’dT]

MN/ / dr ; do MN/ T / do p dr
0 0

where M = {AIn(v + 1)} +1and N = {pln(p+1)} +1

1 1
M /VH oc%do MN /ple P dr
0 7/"—1 0

p+1
MN [ 1 1 ]

=0 +0

+

=0(1) (19)

wv+1Dp+1) [(v+ 1) + (p+1)8

I = /*/ (0, DK 0)|| K2 (7)| do dr

=0 [{/\log(wrl)Jrl}/”+1 /T 7{{(0&+75)d0dT]

[Fu/ / ~o%dodr Fu/ / BdadT]

B In(p+ 1)m
=0 (v + 1)Fu ( (v+1) * 1) (20)

+0

Similarly,

In(v+1)7 N 1> (21)

N
I =0 s ( (05 1)?
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and

n= [ [ ekl ) do dr

v+1 p+1

v ™ 1 o ﬂ
/1 /1 oAl 0% +77] do dr
v+1 p+1

1 T og¢ Todr
— — — > do
T'Tw J 1 o 1T

pHT

v+1

=0

-0 +0

1 (1P
AL /10{/176”} dg]'
v+1 pt+

1
=0 [F)\Fu In(p + 1)77] +0 [F)\F,u In(v + 1)%]

=0 [mlru In(v +1)(p+ 1)#] (22)

Combining (18) to (22), we get

Lpy=0 [Pﬁ“ {(y ﬁf& 1) ((VJrll)“ " (p+11)6) + (v Jﬁ)m (1+ W) H

+0 [Fg” { v ﬁ - <1 + hzi)”:&”) T AlFu log(v + 1)(p + 1)#}] S (23)

By (17) and (23), we obtain

o - [ MNDATu 1 1
gl = 1235(6,0) = 16Ol = 0 | A 2 (L s 1)

NTATu log((p + 1)7)
o (1 s+ ) )|

A'u
i [F(A +v)0(p+p)

where M ={Aln(r+ 1)} +1and N ={puln(p+1)} + 1.

(log (v + 1)(p + 1)7m?) + {log((v + 1)m) Hlog((p + 1)7T))}]

6. Verification

We calculate error by putting some values of v, p, a, 5, A, .

6.1. v=p=10,a=0=05A=2,u=3
error Iy ~ 1.25827
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6.2. v=p=20,a=8=05A=2,u=3
error F5 ~ 0.46798

6.3. v=p=50,a=0=05A=2,u=3
error F3 ~ 0.111632

6.4. v=p=500,a=06=05 =2, u=3
error F4 ~ 0.0011456

6.5. v=p=1000,a=F=051Ax=2,u=3
error Es ~ 6.83193 x 1074,

6.6. v =p=10000,a=0=05,A=2,u=3
error Fg ~ 1.13411 x 107°.

6.7. v=p=100000,00 =B =05\A=2, =3
error E7 ~ 1.1191 x 1077,

68. v=p=10"0a=8=05 1=2,u=3
error Fg ~ 5.36301 x 1071,

7. Conclusion

576

From above verification, we observed that error estimation approaches to zero rapidly

as v, p increase infinitely. Thus, we arrive at the best approximation of the function.
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