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1. Introduction

Throughout this paper, we assume that the set of n-dimensional row vector on the real
number field by R™. Let

Y ={x = (21,22,..7p) 1 x; > 0,i=1,2..n},
By Holders inequality [2], we have
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( | (¢<x>)”dw)i 2)

The Schur convexity of functions relating to special means is a very significant research
subject and has attracted the interest of many mathematicians. There are numerous ar-
ticles written on this topic in recent years; (see [3] , [6]) and the references therein. As
supplements to the Schur convexity of functions, the Schur geometrically convex functions
and Schur harmonically convex functions were investigated by Zhang and Yang ([15], [13]),
Chu, Zhang and Wang [14], Shi and Zhang ([8], [7]) , Meng, Chu and Tang [4] , Zheng,
Zhang and Zhang [17]. These properties of functions have been found to be useful in
discovering and proving the inequalities for special means (see [1] - [2], [11],[12]).

[ etarstonis < ( | (qb(x))“dx) "i

Here r; > 0,5, > 0,u> 1,2 +1 =1

Dong-Sheng Wang, Chun - Ru Fu and Huan-Nan Sh [10] investigated the Schur convex-
ity about related function of Holders inequality by using majorization inequality theory .
This result gives a full essential condition of Schur convexity for Holders inequality related
function, reached sharpen type of Holders inequality Under certain conditions and new
inequalities for Stolarsky mean estabilsihed. This paper motivates us to investigate Schur
geometric convexity about related function of Holders inequality by using majorization
inequality theory.

2. Preliminaries

To estabilish our main results, we need the following definitions and lemmas.

Definition 1. [[3], [9]] . Consider two arbitrary n-tuple elements A\, u € R"™
A= (A1, A2, ooy An) and p= (p1, 2, ..., in) € R™ .

(i) For the arrangements of A and p in descending order of the form if

t

t
DA <D np
p=1

p=1

for 1 <t <n-—1, X is said to by majorized by p, (in icon X < u) and
PR EDINIE
p=1 p=1

where Ajjp 2 -+ = Ay and ppy 2> - 2 pigy)

(it) Let W C R" (n>2)p=1,2,---,n A> p means \p > fip .
The function w : ¥ —R is declining if and just if —w is escalating.
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(i1i) For(,n € [0,1] with (+n =1, ¥ C R" is a convez set, if (A1 + np1, -+, (A + Npin) €
U for all A and pu.

(iv) the function w : ¥ — R is considered to be Schur-conver whenever X < pu on ¥
implies w(\) < w(p). w is Schur concave on ¥ if —w is Schur convex.

Lemma 1. [5]. Letw: ¥ — R be differentiable in ¥° and continuous on ¥ and ¥ C R"
be symmetric with non-empty interior WO, then w is Schur convex on U if and only if w
1s symmetric on ¥ and

ow Ow
= —— =] >0(£0 3
(p Q)<ap 8q>_ (<0) (3)
Definition 2. [8]. If (Alul,....,)\%uZ)G U for all X and p € ¥ and A\ = (A1, A2, ..., An)

and @ = (1, 2, ..., i) € R, then W C R" is identified as geometrically convex set,
where ¢,n € [0,1] with { +n = 1.

If (InA1, ... In,) < (Inp, ... Inpy) on ¥ implies w(X) < w(p) and ¥ C R, then the
function w : ¥ — R, s called as Schur geometrically convex function on V.

Lemma 2. [8]. Let w: ¥ — R be differentiable in ¥° and continuous on ¥ and ¥ C R"
be symmetric with non-empty interior WO, then w is Schur Schur-geometrically convex
(Schur-geometrically concave) function. If w is symmetric on ¥ and

(Inp —Ing) (pgz - qgt;) > 0(<0). (4)

Lemma 3. [16]. (Chebyshev’s inequality) If progressions r, > 0, s, > 0 we have

(i) When ry, s, have opposite monotonicity, then

Zﬁzsl >nzsm (5)

=1 =1

(ii) When ry, sy have same monotonicity, then

n

ZrlZsl < nZsm (6)
=1 =

Lemma 4. [16]. If ¢(z) is the convex (concave) functzon on the interval then

o(752) <ot [ otorte < (o (A0 2) -

Lemma 5. [9]. Let x = (z1,%2,23...7,) € R and Ay (z) = L 30 x;. then

u=(An(z), Ap(z), ..., Ap(2)) < (z1,22, ..70) = @

n
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Lemma 6. [2]. (Young’s inequality) Suppose r,s > 0,u > 1, % + % =1 then

1 1
—r' 4+ =" >rs (8)
u v

Lemma 7. Supposer,s > 0,u > 1, % + % =1 then

1 1 r? 4 52
< Z(pu U T (Y vy T2 9
rs_u(r —i—s)—i—v(r + sY) 5 9)
Lemma 8. when1>r>s>0,u>v>1 then
1 1 1 1
—rt S < gt (10)
U v U v

3. Main Results

In this paper, by using the principle of majorization as an example, combined with
majorization inequality, the Schur-geometrically convexity of Related Function for Holder’s
Inequality gives sharpening inequality of the Holders under certain conditions.

Our primary outcome is as follows:

Theorem 1. Let r, > 0 and s, > 0 be any two progressions and let u and v be two
non-zero arbitrary real numbers. Let

o - S = ($50)

=1

=

(Zl) (11)

=1

If w > 1, then Hi(r) is Schur-geometric convexr on Ry with r1,...,ry and if u < 1, then
H(r) is Schur-geometric concave on Ry with 11, ...,7p.

Proof. : Here Hy(r) is obviously symmetric with r» = ry,...,r, on R,.
Let us assume r1 > ro.
Now by differentiating (11) partially with respect to 1 and ra, we get

9 AN
o = (%) (Z)

and

1
aHl - U 5_1 = v\’ u—1
Ory :(l rl) <ZSI> "

Consider,
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n l_]_ n 1
= A1 = (Inr; —Inry) (Zr}“‘) (Zs}’) (rf —ry)

=1 =1

It is easy to see that, when v > 1, then A; > 0 and when u < 1, then A <0.

Hence, by Lemma 2, if v > 1, then H;(r) is Schur-geometric convex on R, with
T1y .o, and if w < 1, then Hy(r) is Schur-geometric concave on Ry with 71, ..., 7.

This completes proof of Theorem 1.

Theorem 2. Let r, > 0 and s, > 0 be any two progressions and let u and v be two
non-zero arbitrary real numbers. Let

1

v

Hy(s) = niAn,T<l§;37> (12)

If v > 1, then Hy(s) is Schur-geometric convex on Ry with s, ..., s, and

n
if v <1, Hy(s) is Schur-geometric concave on Ry with si,...,s,. Here Ay, = %Zrl.
=1

Proof. : Here Ha(r) is obviously symmetric with s = s1,..., s, on R,.
Let us assume s; > s9.
Now by differentiating (12) partially with respect to s; and sa, we get

1
0H, 1 = v
one ~nn (3

and

OH. "NE

2 1 v v—1
=nuvA,, s s

oy =1

Consider,
oOH OH
AQ = (hlSl — 11'132)(81@11 — 82@21)

n 1
= Ay =(Ins; —In SQ)niAn,T< 8?) (s] — s3)
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It is easy to see that,when v > 1, then Ay > 0 and when v < 1, then Ay < 0.

Hence, by Lemma 2, if v > 1, then Hs(s) is Schur-geometric convex on Ry with
S1, ..y Sy and if v < 1, then Hy(s) is Schur-geometric concave on R4 with s, ..., sp.
This completes proof of Theorem 2.

Theorem 3. Let ¢(x) and 1p(x) be two continuous functions with ¢(x) > 0, ¥(x) > 0 and
let [ p(x)y(x)dz # 0, [*(¢(x))"dz #0, [ (¥(x))"dz # 0,

where u and v are arbitrary real numbers. Let

[Jme»%xr{wa@»er if T4 s

Hs (T‘, S) — frs ¢($)@/)(I’)dl’ er ¢($>¢($)d$ 7 (13)
(P ()™, if r=s

Then Hg (7‘, s) is Schur- geometric concave(convex) with r, s if and only if:

o0 +6°) | n(0(s) 00 _ (0966 + 30 a0 "

7 o(x)dx J7 v (z)de 7 o) (w)da

Proof. : Here Hj (r, s) is obviously symmetric with r = r1,r9, ...,7, and s = s1, So, ..., Sn
on R,.
Let us assume s > r.
From (13), we have

(o) = [ |

(57 ovae) (o)
(7 oterstoras -

LNM@VM}“
J; o(@)y(w)da

u

= Hg(T‘, s) =

Now by differentiating this partially with respect to s and r, we get

u

on, ¢u<x)d$>”1 00 1 (wo30s) 1 (stapsions)
" (ffaﬁ(:c)w(x)dx)mﬂ)
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u+v

u<1f¢wcwdx>u1¢W@>Lf(¢v@»dx)uﬁf(¢@»¢cwdx>
(ﬁ¢@m@mﬂﬂww

w+w(ﬁ¢@wquWMA%@w@(ﬁ¢%wmy<ﬁ¢%@my‘

(ﬁ¢@wwmﬁﬂww

mh:v(ﬁW@MO%Q%mﬁ(wumﬁuﬁ(mmw@m)
(sroemwa)

+

u+v

or

u-+v

1L(Lﬁf¢v<x>dx)u_l¢ﬂwr>1f <¢“<x)dx)1)jf (¢<w>¢«x>dm)
- 2(utv)
(ﬁwwwmm)
(u+v) < I <Z>(:L‘)1/J(x)dx> (u+v_1)¢(r)¢(r) ( Ik ¢u(g:)dx> ' ( 5 ¢v(x)dx> ’

(ﬁ¢@wumﬁﬂwm

+

Consider,

O0H. OH.
Az =(Ins—Inr )( 8—;’— 87“3>

This implies that,
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~uto) [ (olonviorie) o ([ o) ([ or@as) < (s rote)]
_ <m8—mfkwﬂgk/f(wwwmwwy”“ﬂ([iwww{fq

(7 otar(ora)

(v [ somteronmsion- ([ i) oomirss)}
+u/< > </¢ )
() [ st [ ) (sstasmon)|

(L) ([ ) ([ )

e

{t/w [/¢ M- [ o wss +¢Hwﬂ
v [Co ] [ o ) [ v @rsone) sromi)]

Since
(lns — Inr) - (/ s > (/ o d$> 1(/:1!}@ @dx)“—l >0

tren

So A3

o [fur da:[ [ o 0'0) - [ " @)dn(s0(s)(5) + rolr)otr)]
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—|—u/ o (x)dx [/ o(x)(x)dx sw“ )+ rt(r / ¥ (x dm sgb ))+7‘¢)(7“)1,Z)(r)}

_ / ¢<x>¢<x>dx{u / ¥ (@)de(s9"(s) + ré™(r)) +u / ¢v<x>dx(s¢”<s>+rwv<r>)]

_ /s " (z)dx /s V¥ (x)dz(sp(s)Y(s) + ré(r)v(r)) (u +v)

have the same symbol.

Hence, we have Hs (7“, s) is Schur- Geometric concave (convex) with r, s, if and only if:

/TS o(x)p(x)dx [U /Ts PP (x)dz (59" (s) + ret(r)) +u /rs ¢ (z)dz (s¢* (s) + ryp*(r))

<(2) / g4 (2)da / (@) (s0(s)b(s) + ré(r(n) (u+ v)

vf P (z dm(s¢“( )+ ro¥(r )—i—uf (b” da:(3¢”( )—i—mb”(r))
JP o (@)dz [ (@

54

(sp(s)1(s) + ré(r)v(r)) (u +v)

<(2) [ (@)b(a)da

v(s¢"(s) +r¢"(r)) . (s (s) + rg (r)
I ¢ (x)dz [T o0 (w)dz

This completes proof of Theorem 3.

(sp(s)(s) + r(r)i(r)) (u + v)
J7 ¢(@)i(x)dx

<(>)

Corollary 1. Let ¢(z) and ¢ (x) be two continuous functions and let their second order
derivatives exists with

d(x > 0,9(z) > 0) / o(x)(x)dx # 0, / (op(z))"dx # 0,/ Y(x)dz # 0.
If u,v > 1 and ¢(x),(x) are convex functions of opposite monotonicity and

@'+ "6+ 26 <0

then Hs(r,s) is Schur-geometric conver with r = ri,79,...,Tn, and s = $1, S2, ..., on R.
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Corollary 2. Let ¢(z) and ¢ (x) be two continuous functions and let their second order
derivatives exists with

o> 0).6() >0, [ $(a)b(a)dz £0, / (6(x))"dx #0, / " p(x)dz £ 0.

If u,v < 0 and ¢(x),(x) are concave functions of opposite monotonicity then Hs(r,s) is
Schur-geometric concave with r = 11,79, ...,Tn, and s = $1, S2, ...S, on R4.

Corollary 3. Let ¢(z) and ¢ (x) be two continuous functions and let their second order
derivatives exists with

oo > 0.6 >0, [ " $(a)b(a)dz £0, / (6(x))"dx #0, / () dz £ 0.

If-1<u<0,0<v<1l,ut+v>0 and ¢(z),¥(x) are concave functions of opposite mono-
tonicity then Hs(r, s) is Schur-geometric conver with r = 11,72, ..., 7y, and s = 81, 82, ...Sp,
on Ry.

4. Application

The following applications are established by using our main results.

Theorem 4. Let r, > 0 and s, > 0 be any two progressions and let u and v be two
non-zero arbitrary real numbers. Then

(i) if u>1,0>1 then

(ii) if u < 1,v <1 then

7N
1 M:
—

<

~g
~__
N
m 3
-

<

~c
~__

S

IA
N

3

e[~

+

-

~_—

S

3

3

o

3

»

Here n
Anﬂ‘ — Zl:l(rl)’
n
A?us — Z?:l(sl)
n

Proof. : (i) By Lemma 7 has a majorization inequality:

T Fry oty 7‘1+7”2+T3+...+rn)

(7'1,7’2,...,7"71) > ( PRARD]

n n
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and by Theorem 1 and by definition 1, we have

if w> 1, then Hi(r) > Hy1(Ap,r), that is

(Zl) : (ZZ) > (a4, : (ZZ) — Ay (A >”)i

=1 =1

By majorization inequality, we have

(51,52 S)><51—|—52+83+...+Sn 81+52+83+...—|—8n>
M 3t n 3ty

n n

and by Theorem 2 and Definition 1, we have
if v > 1, then Ha(s) > Ha(Ay, s), that is

& v v u+v>
niAn,r(ZS§> > n%An,r (n(An,s)U> = n( Apyr Anys

=1

From the above relations, we have

n % n % <1+1>
<Zrl”> (Zs;’) >n ‘o Ap Ans

exactness.
By Similar method the following inequality is also established,

(5)

=1

g |-

n % <1+1>
(ZS;}) <n Anar Anas (15)

=1

The proof of Theorem 4 is complete.

Theorem 5. Let r, > 0 and s, > 0 be any two progressions and let u and v be two
non-zero arbitrary real numbers . Then

1 1
(i) When u > 1, if — 4+ — =1 and {r,}, {sn} have the opposite of monotonicity, then
u v

(ZT?) <ZS;> > nAnar Anst Zrlsl
=1 =1 =1
. L1 1 . .
(ii) When 0 <u<1,if —+— =1 and {r,},{sn} have the opposite of monotonicity, then
u v

n % n % n
(zr,u) <Zs§> <y Ay > S i
=1

=1 =1
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1 1
Proof. : (i) When v > 1, if — + — = 1 and by Theorem 1, we have
u v

n 1 n 1
<ZT?> ’ (Z 53) ’ > nAnyr Anys = Anpyr Anss

=1 =1

and by Lemma 5, we have

n n

A nZl:;(Tl) Zz:;(sl) _ D1 (r1) Dt (s51) > nlel "1S1 ZT181
=1

From the above relations, we have

n % n % n
<ZT?> ( 33) > nAnv’r ATL7S > Zrlsl
=1

=1

exactness.
By Similar method the following inequality is also established

n % n % n
(zr,u) (zs;) <y Ay > S iy
=1 =1 =1

The proof of Theorem 5 is complete.

5. Conclusion

In this paper, by using of majorization inequality theory we investigated the Schur
geometrically convex about related functions of Holders Inequality, giving a complete
critical condition of Schur geometrically convex function to Holders Inequality and some
applications were established. Despite of these results, the authors are also interested to
investigate the results of Schur harmonically convex and m-power convexity about related
functions of Holders inequality in future research work.
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