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Abstract. Most unifications of the classical or generalized Bernoulli, Euler, and Genocchi polyno-
mials involve unifying any two or all of the three special types of polynomials (see, [1, 4, 9, 18, 19,
21, 24-26, 30, 31]). In this paper, we introduce a new class of multiparameter Fubini-type gener-
alized polynomials that unifies four families of higher order generalized Apostol-type polynomials
such as the Apostol-Bernoulli, Apostol-Euler, Apostol-Genocchi, and Apostol-Fubini polynomials.
Moreover, we obtain an explicit formula of these unified generalized polynomials in terms of the
Gaussian hypergeometric function, and establish several symmetry identities.
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1. Introduction

In recent years, extensive researches on various families of numbers and polynomials
such as the Bernoulli numbers and polynomials, Euler numbers and polynomials, Genocchi
numbers and polynomials, Fubini numbers and polynomials, and also their generalizations
and unifications (see, for instance the recent works of [1, 3, 4, 10, 11, 17, 25, 26, 28, 31])
have become popular due to the abundance of their applications in many branches of
mathematics such as in p-adic analytic number theory, umbral calculus, special functions
and mathematical analysis, numerical analysis, combinatorics and other related fields.
This motivates the author to obtain and explore a new unification of some of the recent
generalizations of these special types of polynomials.

In this section, we present some of the known generalizations of Bernoulli, Euler,
Genocchi, and Fubini polynomials of higher order. Throughout this paper, we use the
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usual notations N, Z, R, and C for the sets of natural numbers, integers, real numbers, and
complex numbers respectively. Also, we let Ny := NU {0}, Z7 := {-1,-2,-3,--- }, and
Zy =7~ U{0}.

The bivariate Fubini polynomials of order « is defined through the generating function

(e = 1] ZF ' (see 12, 13, 15, 17]). (1)
When o = 1, F{"(2,) := F,(x,y), the two-variable Fubini polynomials given by

@1 ZF xy (see [10, 11, 16]).

Moreover, setting z = 0 in (1), we obtain
F2(0,) i= F(y) and FO(1) = F)

where F,Sf") (y) and FT(LQ) are called the higher order Fubini polynomials and the higher
order Fubini numbers respectively (see [6, 14]). For o =1

FD(0,y) := Fu(y) and FV(1) := F,,

where F,,(y) are the classical Fubini polynomials or the ordered Bell polynomials, and F,
are the classical Fubini numbers or the ordered Bell numbers (see [2, 27]).
The classical Bernoulli polynomials By(z), Euler polynomials E,(z), and Genocchi
(o

polynomials G,,(z) together with their natural higher order generalizations Bl (x), Ep (),
and G%a(x) are usually defined by means of the generating functions (see [1, 3, 4, 29])

£\, o
<et—1> e’ = Z)Bé)(x)n! (Jt| < 2w, a € C),

2 \“ > n
(5g) @ = TEP@Y (d<mac0),
n=0 ’

et +1

2t \* , X
<et—|-1> e = Z;)G%)(x)n! (t| <m, aeC).

Hence,
BW(z) := B,(z) E{V(x):= E,(x) and GV (z):=G,(x).

The classical Bernoulli numbers B,,, Euler numbers FE,,, and Genocchi numbers G,, are
obtained by setting further x = 0. That is

B,(0):= B, E,0):=E, and Gu(0):=G,.
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In [9], Karande and Thakare obtained a class of polynomials D, (z;u, k) unifying the

classical Bernoulli, Euler, and Genocchi polynomials through the generating function

ol—kik o0 tn
——e" =Y Du(z;u,k) = (ueR—{0},k €2),
et —u = n!
in which
1,0) = Ey(x), and 2D,(0;—1,1) = G,.

Dn(x; 1, 1) = Bn(x)a Dn($; -

The higher order Apostol-Bernoulli polynomials BT(LO‘) (z; A), higher order Apostol-Euler
polynomials B! )(a: A), and higher order Apostol-Genocchi polynomials G%a) (z;A) (see

. (03 .
n I )
[18, 2024, 32, 33]) are defined through the generating functions

< ! >(a) ZB (3 )

(t+InA <2m1*=1,a € C),

Aet — 1
2 (a) N
2t \ o () o
1) - nZoG” (z;0) (t+In) <m1%=1,a€C)
For A =1,
B7(1a) (.Z‘; 1) = Bg(x)v E7(1a) (3?, 1) = E7(1a) (33), and ; Ggwa) (.%', 1) = G’gla)(x>7
where B (x), EX(z), ang G%(x) are the Bernoulli, Euler and Genocchi polynomials of
order «, respectively. Further setting o = 1, each reduces to its classical kind.

|, Ozden et al. introduced a more general unification of Apostol-type Bernoulli

In [26],
Euler and Genocchi polynomials via the generating function
(|t +bIn(B/a)| < 2m; k € N;a,b € RT; 3 € C)

21—k‘tk‘
S =S stk
This was further extended by Ozarslan [25] to higher order type of polynomials through
this generating function:
(;jet’“jb)a an‘”) (z:k, a, b * (jt+bln(B/a)| < 2m; k€ N;a,b € RT;0,8€C).  (2)
Clearly,
=Y g(aik,a,b), P (2;1,1,1) = B (x; ),

P (23k,a,0) =
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(e} (67 1
P (2;0,-1,1) = B (2; 1), P (2:1, —5 1) = G (z;\).
) n7§

Finally, more generalized higher order Apostol-type polynomials of parameters a, b, ¢
are defined via the generating functions (see [1, 5, 7, 8, 28, 30, 31]):

t @ >
<)\bt t) ot = ZB,&O‘)(J:;Q,I), cA) (tln(b/a) +InA| < 27; a #b;1 =1, € C),
—a
n=0

2 “ X - (o] «@
(Abtﬂt) ¢ =>"EM(z;a,b,¢;)) ([tIn(b/a) + InA| < m; 1% =1,0 € C),
n=0

2t “ X - (e o
<)\bt-|-cbt> c t:ZG%)(x;a,b,c;)\) (ItIn(b/a) + InA| < 7; 1% =1,a € C).
n=0

In the next section, we try to unify all the previously mentioned special polynomials
using a more generalized generating function.

2. A new class of unified generalized polynomials of higher order

Motivated by the generating relations (1), (2), and the definitions of the higher order
Aposotol-type polynomials of parameters a, b, ¢, we consider the following unification of
the generalized special types of polynomials mentioned in the previous section.

Definition 1. Let a, b, ¢ > 0, we define a unified form of generalized polynomials S"flalz (x,y;a,b,c;\)
by means of the generating function

«

a” "tk FNS ) "
= ?na (x,y;a,b,¢;\)—, (3)
-y (A(®)' 1) ;—% g n!
b /\y + a
tn{ -] +In{ —— )| <2ma€eC;a,b,ce R";z,y e R,k e Nyg; 1% :=1 .
a y+1

Setting a = 1,b = e and ¢ = e in (3), we obtain new generalized Fubini-type polyno-

mials F T(LCZ) (z,y; \) given by the following generating function

t* Y et N pl t"
—_—— = F TA)—. 4
(l—y()\et—l)) ‘ 7;) e (095 )n! (4)
Taking k = 0, Frg%) (x,y; \) := fol (z,y; \), where
1 Y e tn
L N e LN p@ e

We call Féa) (z,y; A) as the bivariate Apostol-Fubini polynomials of order a.. Setting A = 1
in (5), we get the two-variable Fubini polynomials of higher order Fy(La) (z,y) given in (1).
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Remark 1. Setting y = —5 and k =0 in (3), we obtain
3",(103< Zsa,b,c N ) = EX(x;a,b,¢; ).
Remark 2. Setting y = —3 and k = 1 in (3), we have

P 1
5511) <x,—2;a,b,c; )\) = G (z;a,b,¢;N).
Remark 3. Setting y = —2 and k = 1, and replacing A by % in (3), we get

n,l

£ <x, —2:a,b,c; ;\) = Bff‘)(a:;a,b, cA).

ok—1

Remark 4. Settinga =1, b=c=¢, a=1, y = —(2¥tu+1), and A = 1o (u#0);

we obtain
k—1

(1) k—1 . .
?n,k (IL‘,—(2 u—l—l),l,e,e,m

):muwm.

Remark 5. Let a,b, 3 be the parameters used in (2). Setting y = —(2*"'ab 4 1) and

)\ . 2k715b

2k Tght1 in (4), we Obtain,

k—1 b k—1 b
() k-1, 28\ _ e k=1 b ). 28\ _ play,
Fn,k <$,—(2 +1) M) _SFTL,k’ <£L',—(2 a +1),1,€,6,m —Pn’ﬂ(l',k',(l,b).
Some of the basic properties and identities for F (02 (z,y;a,b,c; \) are given in the next
theorems and corollaries.

The following addition formulas are straighforward consequences of relation (3).

Theorem 1. For o, 8, A € C and z,z € R, we have

?(a)(af—i—z y;a,b,c;\) = Z(? (lnc)”*jff"( )(at yia,b,c;\)2"7 (2 £0)  (6)

) (ne)" T (2 yra b N (@ £0), (7)
”J"ila,z(:n + zyysa3b;00) = Z

S"(Bk)(x y;a,b,c; )\)972 )Jk(x,y;a, b,c; ), (9)

7

n a—
>"f b e N @ e b N, (@)
Sr(omLﬁ)(x yia;b;c; )\) — E >

?fla/:rﬁ)(anz;y;a;b;c;)\) = Z p ?( )(55 ?JaabCA)g() k(2 y50,0,¢)
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- <n> ?J(i)(xvya a, ba & )\)9'7(10‘_)‘7 k(zvy;aa bu & )\)
; J ’ ’
J=0

Replacing = by  — z in (6), (7), and (8); and replacing a by a — 8 in (9), we obtain
the next results.

Corollary 1. For o, 5,A € C and z,z € R, we have

T @ ya,,60) =Y (?) (Ine)"IF (@ — 2,y30,b,¢;3) 2" (2 #0),
j=0
= Z <n> (In c)”_jrfﬁ)(z, yia, b, N (z— 2)" 7,
=0
() ) ) — T\ (@) ) (@) I :
ffmk(l‘,y, a,b,c; \) Z i Fik (z,y;a,b,¢; )\)ffn_j’k(x z,y;a,b,¢,0) (2 # x),
§=0
a = n a—
T @ yab,e0) =Y <j>?§i) (2,y30,b, s VTR @, ysa,b,650)
=0

Setting z = (p — 1)z in (6), we obtain a multiplication formula for Sr?ga,g(x, y;a, b, c; \).
Corollary 2. Let p# 1 and x # 0. Then

n

Cﬂ&?‘,ﬂ(px,y; a,b,c;\) = Z (?) [(p—Daxlnd™™ ?J(.fz) (z,y5a,b,¢; ).
=0

Theorem 2. Let a and X be arbitrary real or complex parameters. Then

a a 11
9’“2713;(—% ysa, b7 (& )‘) = (_1)ka+n3r'7(1,k ('T?ya aa gv G )‘> 3

(03 [0 b
ff"n;z(:rJra,y;a,b,C;A):?fl,z (x,y;a, , G )
’ ’ C

C

c C

= (1) (v o ).

(0% 6% b
3:7(7,,12(05 —I,y;a, b,C; /\) = 975;,713 <—$7?J§ 977705 ) ’

Basic differential and integral identities of F 7(;)‘]2 (z,y;a,b,c; A) are given in the next the-

)

orem.
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Theorem 3. Let m,l € Ng. Then for any real numbers v and v, we have

|

l n !
9o T (@, y5a,b,¢;0) = o) (ne)" T, p(@,y0,b,6 ), (10)
PO . _ 1 0) . g . .
/J ?n7k(x,y,a, b,c; N)dx = i 1)ne [S'nH’k(v,y,a,b, c; ) fan,k(u,y, a,b,c; )\)} (11)

Expression (10) follows from standard arguments and induction. Moreover, (11) follows
from integrating both sides of (10) with respect to = (when m = 1).

3. Explicit formulas involving the Gaussian hypergeometric function

We now establish an explicit expression of &"22(30, y;a,b, c; ) in terms of the Gaussian
hypergeometric function 9 Fi(a, b; ¢; z) which is given by

oFi(abicz) = 3 A

|
= () n!

where ¢ ¢ Zg; 2| < 1;z =1 and R(c —a—b) > 0;z = —1 and R(c —a — b) > —1. Here,
(¢)o =1, and (¢)n = q(g +1)--- (¢ +n —1) for n > 0.

Theorem 4. Forn,k,r € Ny and y — \y # —1, we have

n—kr . b\1¢
(r) ) ) o n—kr\(r+:—1 [—)\yln (5)]
EFn,k('ra y; a, b7 G )‘) (k‘?“) <k7“) ; < i > < i <y +1— )\y)r—‘ri

i . n—kr—i
, b
X g (=1)™m’ (%) [xlnc —rlna+mln <a>} o F (—n +kr+1,01414;
m=0

Proof: Note that the left hand side of (3) can be written as

_ Ay In(t - N
11—\ r 1_7< tn(a)_1> tk?‘ zlne rlna.
(y+1=2) [ y+1—ay\ ¢

Let D; := 4. Thus,

(r) : ) — N (1 n—s
Fpi(@yia,b,cA) = (y+1 - Ay) Z_; <8> (xlnc—rlna)

)\ T
« D3|t (11— — Y [e“n(%) - 1}
y+1—Ay o

— g+ 1=y Zn: <Z> (zlne—rlna)" = (kr)! (1:7«)

s=0

zlnc—rlna

Inb—Ina

) |
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CDpe [(1 L L) 1})'"]

o0

(A+w) Zz(’”“‘l)frr i(—w)i, (o] < |A]

t=0

Using

and
PR N
(et_l) :l!ZS(]al)m)
j=1

where S(7,4) is the Stirling numbers of the second kind, we obtain

(r) - n n—s s
F ja,b, e \y) = Inc—rl kr)!
AR NP g <S)({L‘ nc—rlna)" %(kr) (k >

r
s=kr

S S Ot

=0

Using the explicit formula

and the identity

we get

&f,(:i(ﬂc,y;a,b,c; A) = i ( ) ( > Z]; (7’-1-2— 1> y+§)\_y>;y)r+i

s=kr

< (zlnc—rina)" [m (Z)] o Z (—1)i~m <:n> mskr

m=0

() S S () TR

(_)‘y)l _ n—s—i—kr i _1\m i s+1
(y+17)\y)r+i(xlnc rilna) Z( 1) )

m=0

Using the identity
(=1)*(n — kr —1)!
(—n+kr+1)s

(n—s—kr—i)l=
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gives
n—kr ; b)1
) n n—kr\ /r+i:—1 [—)\yln (E)]
mk(:va Y; a, 0, C; ) ( T) <k’l“> ; < ’L > < 7/ (y + 1- )‘y)T—H

rzlne—rlna

! ' . , —m1n (&
X E (—1)m<z>mz(xlnc—rlna)”_z_k7" o F <—n—|—/£7“+i,1;1+i;(a) .
m
m=0

Finally, applying Pfaff-Kummer hypergeometric transformation

oFi(a,b;c;2) = (1—2)"%9F (a,c—b;c;zi1> (c¢ Zy;larg(l—2)| <m—€ (0<e<m),
yields
n—kr . ANK
(r) n n—kr\[(r+i—1 [—)\yln (5)]
F sa, b, \) = (kr)! A
n7k($7y7 a’? 7C7 ) ( T.) <k7,) Z% < Z > < 7] <y + 1 _ )\y)r+z
i . i ; b n—kr—i o . m
XZ(—l) m' |zlnc—rlna+mln | — oFy | —n+kr +i,i 1+ i ————— | .
=0 m a M+ e
O
Setting y = —% and k£ = 0 in Theorem 4, we obtain an explict expression for Er(f) (x;a,b,c;\)
(see Theorem 6 [31]).
Corollary 3. Forn,r € Ng and A\ # —1, we have
- +i—1\ [Aln(2)]'
ED(zia,be;0) =275 () (" ket Y718
n (z,a, ) 6 ) §<Z>( g ()\+1)r+z
: m il b\]" " . ) m
XZ(—l) m rzlnc—rlna+mln | — o [ —n i, i1+ i ——— | .
=0 m a M+ T

Setting y = —2 and k = 1, and replacing A by % in Theorem 4, we obtain an explicit
formula for BY"” (z;a,b,¢;\) (see Theorem 6 [30]).

Corollary 4. For n,r € Ny and X\ # 1, we have

s (SR

=0

[ . n—r—i
) b
X E (—1)mml<;> [xlnc—rlna—FmIn <a>} oI <—n+i,i;1 + 1 M) '
m=0

Inb—Ina
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Setting y = —% and k = 1 in Theorem 4, we obtain an explicit formula for Gg)(x; a,b,c; \)
(see Theorem 9 [31]).

Corollary 5. Forn,r € Ny, and A # —1, we have

i=0
Z' (i b\ m
X -1)"m’ $lnc—rlna—|—mln<>} B l—n+idiil4+i— .
Taking a = 1 and b = ¢ = ¢ Theorem 4, we get an explicit formula of FT(LTIZ (z,y; N).
Corollary 6. For n,k,r € Ny and y — Ay # —1, we have
n—kr . ;
—kr\(r+i—1 (—Ay)"
FO @,y ) = (k) " :
n (2245 A) = (kr) (kr Z; i i Jly+1— Ayt
X Z (=)™ (m) mi(z +m)" R <—n +kr+14,4;1+14; s x) .
m=0
Setting y = —(2¥"1a® + 1) and )\ = 2,3%;5; in Corollary 6, we obtain an explicit
formula of Py(f/)g (x;a,b) (see Theorem 2.1 [25]).

Corollary 7. Forn,k,r € Ny, a,b€R", B+#a,
n—kr . bi
), _ o(1=k)r n n—kr\ (r+i—1 I}
P =2 ! —_
an =20umi(0) S () (T e

7 .
7 . . m
X -1Hm ! n—kr=i gy — k i L+ — ).
7;0( ) <m>m(w+m) 9 1< n+kr+i,i1+i m+x>

4. Symmetry Identities
)

In this section, we derive and investigate some symmetry identities for ?f:k(a:, y;a, b, c; N).

n—1
For each k € Ny, the sum of integer powers Si(n) is defined by Sk(n) = ij and has
§=0

the exponential generating function

S k nt

t e —1
> Sk =
k=0
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In [19], Lu and Srivastava defined the generalized sum of integer powers Sj(n;\)
through the generating function

> th Ne™ —1
k=0
Clearly, Si(n;1) = Sk(n).

Definition 2. Let A\ be any real or complex paramete and b > 0, we define a more
generalized sum of integer powers Si(n; b, \) using the generating function

> th ot —1
Sp(n;bA\)— = ————.
kzzo k(n7 ) >k' )\bt—].

Obviously, Sk(n;e, \) = Sk(n; \) and Sk(n;e, 1) = Sk(n).

Now, we establish some symmetry identities involving these new class of unified gen-
eralized polynomials. The techniques used in here are parallel to the methods in [25, 33].
Thus, we also include some results in [25] as corollaries.

Theorem 5. For u,v,m € N; n € Nyg; and y # —1, we have

r

r=0 a y+1

a y+1

- m . b oA e
Z (n) u"_"vr+k9’£_3n’k(vx — %logC a,y;a,b,c; \) (;) S (u -1, y) Srr(,_lJ:)(uz, y;a,b,c;\)
=0

- n n—r, r m u r r b )\y (m—1

=0

Proof: Let
t2kmfkafm(u+v)tcuvmt (1 —y ()\ (g)uvt - 1>> vzt

(v (@ -0) (e (@ -1)

Grouping factors and expanding G(t) into series, we obtain

G(t) :=

— 1 a‘_Ut(Ut)k : vz (ut) ,—vt
G(t) = wkmyk(m—1) 1y ()\ (é)ut - 1) c a
Ay (b)uvt 1 —uvt k ml
o [ 21 (0) - a”"(vt) e (wt)
vt ot
(07 -1 1*y<>\(§) —1)
~ uFmyk(m—1) > T (vx —, logca,y3a, 6,65 A) p

n=0
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= b (vt)™
XZSn (U_lva.y_{_1> Tl Zg:nk UZ,y;a,b,C;)\)T
1 o0 n m
= ) kg _) VT — —log a,y;a,b, c; A\
( )km n—rk c
uv r
r

b Ay (m—1) [
1,2, ca,b,eN)| 12
Z>Sl <U 7a7y+1>3~7«[’k (UZ,y7CL,b,C,)\)] n! ( )

n m—1

=) N (A () 1)
1 (vt)"
= D Z‘Tnk (ux——logca y;a, b, c; /\)

|
n:
n=0

XZS”< _lb)\y>(ut Z&”n"}gl vzy,abc/\)(t)

n!
Z <Z> " T'H“S’fl )Tk (u:v — %logc a,y;a,b,c )\)

n

" /r b Ay (m—1) t
X > (l S ( 1 +1>9’r e Wz ysa, bc)\)] prt (13)

Comparing the (12) and (13) yields the desired result. O

Setting y = —% and k = 0 in Theorem 5, we have a symmetry identity for E,(La) (z;a,b,c; ).

Corollary 8. For u,v,m € N and n € Ny, we have

- n n—r, r(m) . B . . - r é _ (m 1) . .
Z (T)u v E, " (vr ” log,a;a,b,c; \) Z (l)Sl ( -1, )\> E, (uz;a, b, c;\)

r=0 =0
r

n NN n—r, r(m) u ) r b (m—1 . .
- z% <r>v u’ B (ux — 5 logcaia bycA) > <Z>Sl (v -1 —/\) E™ ™V (vz30,b, 65 0).

=0

Setting y = —2 and k£ = 1, and replacing A by % in Theorem 5, we have a symmetry
identity for BT(LQ) (z;a,b,c; ).
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Corollary 9. For u,v,m € N and n € Ny, we have

- n n—r, r+1 p(m) _ B ) ) r r B é (m—1) . .
;) <r>u v anr (U.T ulogca7 a, b7 C; )\) Z <Z>Sl <u 1, a,)\) B (UZ,G,, b, c; )\)

r—I
1=0
n . , b -
= ; <:> UnfrurJran—)r (ux - %logC a;a,b, ¢ /\) ZZ; <;> Sy <v -1, = )\> Bv(“—l 1) (vz3a,b,¢;0) .

Setting y = —% and k£ = 0 in Theorem 5, we have a symmetry identity for Gﬁf“) (x;a,b,c; )

Corollary 10. For u,v,m € N and n € Ny, we have

T

" /n n—r,r+1 (m) v T B 9'_ (m—1), .
Tz::()(r)u G, (vx logcaabck)z<l>5‘l<u 1’a’ A)Gr (uz;a,b, c; \)

l
1=0
n . ! b m—
= Z (n) vnfru”ng_)r(ux v log.a;a,b,c; \) Z (r> S (U -1, _)‘> Gi—z 1)(023 a,b,¢; A).
r=0 " v =0 l !

Setting b = ¢ = e and @ = 1 in Theorem 5, we obtain a symmetry identity for the
higher order generalized Fubini-type polynomials F T(LO;) (x,y; N).

Corollary 11. For u,v,m € N and n € Ny, we have

—(n n—r, r — (r Ay m—1
Z()(r)u +I"’FT(L 2k(vm,y; A) Z (l)Sl (u —1; > Ff_”c )(uz,y;)\)

Py y+1

r

"\ o, T Ay m—
— z_:o (r) +kF( ) (ux Y; A) Z <Z)Sl <v -1; > Fr(_l,kl)(vz,y; A).

1=0 y+1

k 12b
Setting y = —(28"1a’+1) and A = 21f1 in Corollary 11, we get Theorem 3.1 of [25].

Corollary 12. For a,b € R—{0};5 € C; u,v,m € N and n € Ny, we have

n

Z<Z> u”_TUTJrkPTS@qﬂ (vz; k,a,b) Z (l)sl < <ﬂ> ) P(mly_ﬁl) (uz; k,a,b)
r=0

=0

n r b
_ Y\ n—r r+k (m) . (m—1)
—ZO (T) P™) 5 (uzsk, a,0) l§_0j <l>sl ( ) )PT D (02 k,0,0).

Theorem 6. For u,v,m € N and n € Ny, we have

u—1v—1 i+j
SR e

(0o + Zilog, (b/a) yia,b,es ) T (wz + = jlog (b/a) ,yia,b,c: A)
=0 j=0

v—1u—1 i+j
—ra(m) u. . ) (m v, ) )
> < )ZZ (y—|—1> v u" T&"T,k (ux—i—;zlogc (b/a),y;a,b,c; )\) iTn ok (Uz—i_ﬂj log, (b/a),y,a,b,c,)\).
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Proof: Consider

$2km o —t(utv)m uvat (_()\y)u (g)uvt 4+ (y + 1)u) (_()\y)v (%)“”t + (y + 1)1)) cuvat

(- (@ =) (e (A1)

Expanding H(t) into series, we have

H(t) — (y + 1)u—1(y + 1)11—1 ( a_ut(ut)k )mcvx(m) <<;\+y1) b(z)uvt B 1)

H(t) =

(uv)kzm

y ( —vt(vt) )m w(ot) ((yAyl U(Z)uvt1>
() HH )

IR R e =2 VI 2l SR S L LI R

Y (uv)gm ;(yfl) <a) (1y<)\(2)ut1>) cve(ut)

v—1 iy dut vty vk "
% < Ay : ) <b> a (’Utzt i (vt)
o\ “ 1—y(/\(§) —1)

J

(+ 1" 2 N (M) N ) v, o
—Wg go ZOJZ yH w0 (vr -+ Zilog, (b/a) 0, b6 \)
m . tn
< T (uz + %J log. (b/a),y;a,b,¢; A)} ol (14)
Similarly,
-1 -1 —vt(, p\k " (ﬂ)v (Q)Wt -1
H(t)= (y+1)" (y+1)° a”""(vt) cua(vt) y+1 a
(o) (M=) ()" -1

( a—wut)k )mmw((ﬁ)u@{ml).
-y (A (5" 1) (@) -1

O R~ o et
Y (uv)i’/m Z<y+1> (a) 1y</\(2)vt1>) cue(vt)

=0
Sy ey )
=AM 1—y(A<z>“ -1)
1 utv—2 -1 i+J
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(m) v, ¢
x F, - Tk(vz—l—Ejlogc(b/a),y;a,b,c;)\)} prt (15)
Comparing (14) and (15), we get the desired result. O

Setting y = —5 and k = 0 in Theorem 6, we obtain the following corollary.

Corollary 13. For u,v,m € N and n € Ny, we have

n u—1v—1
Z ( ) Z Z+j urvn_TEﬁm) (vx + %z log. (b/a);a,b,c; )\) E™

n—2~ (UZ + %] 1Ogc (b/a) ;a,b, ¢ )\>
r=0 =0 j

n
r=0 =0 57=0

v—1 1
( )ZZ N o E (ua 4 ilog, (b/a)sa,b,e \) BV (vz+ S log, (b/a)a.bciA)

Setting y = —2,k = 0 and replacing A by % in Theorem 6, we obtain the following
corollary.

Corollary 14. For u,v,m € N and n € Ng, we have

n u—1v—1
Z ( > Z )y B (vx + %ilOgc (b/a);a,b,c; >‘) By~

) . ) .
S (uz+ S jlog (b/a) s a,b,c: )

r=0 =0 j
n v—1u—1 ' u v

= ( > Z Z A)H T BIM) (ua: + ;z’logc (b/a);a,b,c; )\) BnT)T (vz + Ej log. (b/a) ;a,b,c; )\) .
r=0 =0 j=0
Setting y = —5 and k =1 in Theorem 6, we obtain the following corollary.

Corollary 15. For u,v,m € N and n € Ny, we have

u—1v—1
Z ( ) Z Z Hj uTv"_TGﬁm) (vm + %ilogc (b/a);a,b,c )\> G\"

o (uz+gj log, (b/a);a,b,¢; A)
v
r=0 =0 7=0

v—1u—1
B r=0 ( ) Z Z A)H G im) (ux + %ilogc (b/a);a,b,c; )\) G,

n—)r (UZ—Fleogc (b/a);avb’c; )\>
=0 j=0 u

Setting a = 1 and b = ¢ = e in Theorem 6, we obtain another symmetry identity for
the higher order bivariate Fubini-type polynomials Féo;ﬁ) (z,y; ).
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Corollary 16. For u,v,m € N and n € Ny, we have

S () () v b (o L) Fe (4 )

r=0 =0 j=0
n v—1u—1 i+j
S (TR () v (s B ) B (e i),
AN e e AN v u
ok—13b
Taking y = —(2F"1ab+1) and \ = 75 in Corollary 16, we get Theorem 3.5 of [25].
2k=1 41

Corollary 17. For a,b> 0;58 € C; u,v,m € N and n € Ny, we have

u—1v—1 (i+5)
Z;( )2%2()( ) +j r”nJPr(fg) (vx+—z k,a b) é Zﬁ(uz—k%j;k,a,b)
r= 1=0 j
n v—1u—1 b(i+j5)
= <:> Z(f) +J oTU TP(m) (uw+—zkab> iz)rk(vz—i_%j;k’a’b)‘
r= =0 5=0
Theorem 7. For u,v,m € N, n € Ny and y # —1, we have
n u—1v—1 i+
Z( >Z <y+ 1) Jurv"*’"ffffz) <vaf—|— (2— +]> log.(b/a),y;a,b,c; )\> CT’"( ) (uz y;a, b, c; \)
r=0 i= Oy
n v— i+j
= Z (7,) Z <y+ 1> UTUH_TFSZ) <um+ (Z* +]> log.(b/a),y;a,b,c; )\) 97( ) x Wz yia,b e A).
r=0 =0 j=0

Proof: Consider
$2km o —t(utv)m uvat (_()\y)u (g)“”t + (y + 1)u) (_(}\y)v (g)“”t + (y + 1)1}) vzt

(R o o

Expanding L(t) into a series, we get

L(t) =

m A u b\ uvt
P Ve Vi Vet Vil B (01 e () ("1
(uv)F -y (A" 1) ()1
m v uvt
a v (ut)* e [((G5) () =1
X vt by by ut
-y (A@" 1) EIORES

u— _1u—lv—1 i+ Ww+ju —U
_ (y + 1) l(y + 1)1} ! § : 2 : )‘y = é (o)t cvx(ut) a t(Ut)k
(uw)km — y+1 a byut _
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m

a_”t(vt)k

-y ()" 1)

u— vl |u—1v—1 it+j 0 "
e [ i )

|
0 n:

% uz(vt)

( (vt)"
XZH’ (uz,y;a,b,c;\) o
(y+1>u+,u,2 0o n u—1v—1 i+7 e(m) v .
- (uv)km Z Z < > <y + 1> uv gjr,k (Ul‘ + (Za +]> IOgc(b/a)v Y;a, ba G )\>
n=0 | r=0 1=0 j=0
tn
X 3’7(1 )rk; (uz,y;a,b, ¢ /\)] ok (16)
Similarly,
m by v b\ uvt
(D) y 1)t a”Vt(vt)* o (rﬁﬁ) (¢) -1
1—y<)‘(a) —1) (@) -1
My \ Yo pyuvt m
<y7—31> (E) -1 a_Ut(Ut)k vz(ut)
A b\ vt vt
S (5" -1 1—y(A<s> -1)
utv—92 O n v—1u—1 i+j
- M r, n—rq{m) U . .
= ) nz:o ; 2.2 y+ — IRV R (uw+ (Zv +]> log.(b/a),y;a,b,c; )\>
tTL
xS’"ﬁL lk(vz y,abc)\)}a (17)
Combining (16) and (17) gives the desired identity. O
Setting y = —35 and k = 0 in Theorem 7, we obtain the following corollary.

Corollary 18. For u,v,m € N and n € Ny, we have

lv—-1
3 ( > 3 Z N uro" B (va + (i + ) log,(bfa);a, b, e A) BT (uzia,b, )
r=0

1=0 j=
= < > ZZ A) Ty B (uaH— (zf +]> log.(b/a);a,b,c; >\> nml (vz;a,b,c; ).
r=0 =0 j=0
Setting y = —2,k = 1 and replacing A by in Theorem 7, we obtain the following
corollary.
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Corollary 19. For u,v,m € N and n € Ny, we have
n u—1v—1 A
Z ( > ZZ Zﬂ urv”_rBﬁm) (vx + (z— —i—]) log.(b/a);a,b, c; /\) Bnmzq (uz;a,b,c;\)
r=0 =0 j
n v—1u—1
=3 (D) S e (e (1 4 5) om /e ) B (v s
r=0 =0 j=0
Setting y = —5 and k =1 in Theorem 7, we obtain the following corollary.

Corollary 20. For u,v,m € N and n € Ny, we have

i ( > “21 ”21 ’+j urv"_TG,(ﬂm) (vm + (z% —i—j) log.(b/a);a,b, c; )\> G

(™) (uz;a,b,c; )
r=0

=0 j=0
n v—1u—
= < > ZZ z+j yrun—rGgm) (ux + <’L% + j) log.(b/a);a,b, c; )\) ng)r (vz;a,b,c;\) .
r=0 =0 j=0

Setting a = 1 and b = ¢ = e in Theorem 7, we obtain another symmetry identity for
the polynomials Féak) (z,y; A).

Corollary 21. For u,v,m € N, n € Ny and y # —1, we have

T‘UTL*TF’,’(’ZL) ('Ux + Z% + j7 y7 A) FTETB‘)k (UZ7 y7 A)

N
<
HE
—_
~_
+
<
IS

k 12b
Taking y = —(2F"1a?41) and A = 21f1 in Corollary 21, we get Theorem 3.9 of [25].

Corollary 22. For a,b>0;6 € C; u,v,m € N and n € Ny, we have

n u—1v—1 b(i+j)
g <n> g E <5> urv"*’”Pr(tg) (va:+z'— Jik,a b) P( )ﬁ(uz k,a,b)
r) 4 a ’ ’
r=0 =0 7=0
n v—1u—1 b(i+7)
N n /6 o (m) _ ( )
= 0(7’),0,20((1) P (uac—i—z —|—],kab) ok (vzika,b).
r= =0 j=
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