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Abstract. This paper deals with the blow-up phenomena for a type of nonlinear porous medium
equations with weighted source u; — Au™ = a(z) f(u) subject to Dirichlet (or Neumann) boundary
conditions. Based on the auxiliary functions and differential-integral inequalities, the blow-up
criterions which ensure that u cannot exist all time are given under two different assumptions, and
the corresponding estimates on the upper bounds for blow-up time and blow-up rate are derived
respectively. Moreover, we use three different methods to determine the lower bounds for blow-up
time and blow-up rate estimates if blow-up does occurs.
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1. Introduction

In this paper, we deal with the blow-up time and blow-up rate estimates of the solutions
to the following problem:

— A =a(z)f(u), x€Q, t>0, (1.1)

u(z,t) =0 or %:0, xed, t>0, (1.2)
ov

u(z,0) =g(x) >0, =€, (1.3)

where m > 1 and 2 C R™ (n > 3) is a smooth bounded domain, v is the outward normal
vector, g(z) is a continuous nonnegative function and satisfies the compatible condition.
Here, the nonlinear function f satisfies
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(f1): f(s) >0 for all s > 0;

And the weighted function a(x) € C1(Q) N CY(Q) satisfies

(a1): a(z) > C > 0 on Q for some constant C' or

(a2): a(z) > 0in 2 and a(z) = 0 on ON.

It is well known that the porous medium equations have extensive physical background
and rich theoretical connotation. They have been used to model the processes involving
the chemical reaction, heat transfer or diffusion, population dynamics and so on. We
refer readers to see [1, 26] and references therein, where a series of physical application of
Eq.(1.1) are also summarized. For instance, the nonlinear term f(u) of Eq.(1.1) describes
the nonlinear source in the diffusion phenomena, and it is called to be “heat source”. If
the “heat source” occurs, the solutions of Eq.(1.1) might be unbounded at finite time,
namely, the solutions might be blowing up in finite time.

The Eq.(1.1) includes many important physical models. If the exponent m = 1 and
weighted function a(z) = 1, the model (1.1) reduces to the semilinear heat equations

u— Au = f(u), €, t>0. (1.4)

About this model, many results about the blow-up phenomenon of the solutions have
been obtained, we refer to see [13, 16-19, 23, 25] and references therein. In [18, 19],
Payne and Schaefer obtained a lower bound on blow-up time of the solutions to the
Eq.(1.4) under null Dirichlet boundary condition and homogeneous Neumann boundary
condition, respectively. Later, Payne et al. [16, 17] studied the blow-up phenomenon
of the solutions for Eq.(1.4) with nonlinear boundary conditions. When the nonlinear
source term f(u) = [, uldx — ku®, Song [23] obtained the lower bounds for blow-up time
of the solutions with either homogeneous Dirichlet or homogeneous Neumann boundary
conditions in three dimensional space. Afterwards, Liu [13] studied the lower bounds for
blow-up time under nonlinear boundary conditions in three dimensional space. In [25],
Tang et al. extended the results of literature [13] in higher dimensional space.

When the exponent m # 1 and weighted function a(xz) = 1, the model (1.1) becomes
the following porous medium equations

up — Au™ = f(u), x€Q, t>0. (1.5)

This type of equations appears in several branches of applied mathematics [10, 12]. There
is large body of literature on the study of the Eq.(1.5), such as the existence and uniqueness
in [4, 5,9, 11, 26], blow-up in [5, 7-10, 26], asymptotic behavior in [3, 20, 21, 26] and other
interesting results in [2, 4, 12, 26] and references therein. For instance, in the case of
nonlinear source f(u) = uP, Galaktionov et al. [5] obtained the finite time blow-up of
the solutions for 1 < p < m + %, and proved the global existence of the solutions for
p>m+ 2. For the critical case, Galaktionov and Levine [6], Kawanago [9] revealed that
all nonnegative nontrivial mild solutions blow up in finite time. Jiang, Zheng and Song
[8] gave some sufficient or necessary blow-up conditions, and the blow-up rate estimates,

where f(u) =uP, m>1,p > 1.
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If the exponent m = 1 and weighted function a(x) # 1, the model (1.1) reduces to the
semilinear parabolic equations with weighted source

ur — Au=a(z)f(u), €, t>0. (1.6)

Recently, the studying on the blow-up phenomenon had some new development, where
more attention was paid on the parabolic equations with weighted source. These models
can be used to illustrate the processes of heat transfer arising in physical and engineering
applications, such as a model of phase separation in binary alloys [22]. The existence and
nonexistence of global solutions, bounds for blow-up time, blow-up rate, blow-up sets and
asymptotic behavior for this type of equations were investigated by many authors. We
refer the reader to see [14, 15, 24] and papers cited therein. For example, Song and Lv
[14, 24] studied the initial boundary value problem for the above equations with nonlinear
Neumann boundary condition, and they derived the upper and lower bounds for blow-up
time in three dimensional space [14]. In [24], they further investigated the estimates of
blow-up rate and the bounds for blow-up time in higher dimensional space. Ma and Fang
[15] changed the diffusion term Aw into ZZJ‘YJ‘:1 (a®I (UE)Ux,)z in Eq.(1.6), where the upper
and lower bounds for the blow-up time were derived in hig}ier dimensional space.

In the present work, we main study the blow-up phenomena for the porous medium
equations with weighted nonlinear source. As far as we known, there is little information
on the blow-up results of the solutions for problem (1.1)-(1.3). Obviously, the existence
and uniqueness of local solutions for this problem can be obtained by applying the classical
Faedo-Galerkin method or Contraction Mapping Principle. Naturally, we would like to
study the estimates of blow-up rate and the bounds for blow-up time of the solutions in
any smooth bounded domain Q@ C R™ (n > 3). Here, the appearance of the diffusion term
Au™ and weighted nonlinear source a(x)f(u) cause some difficulties in dealing with the
qualitative properties of problem (1.1)-(1.3). Hence, we shall use some modified auxiliary
functions and differential-integral inequality skills to over these difficulties.

In detail, this paper is organized as follows: the blow-up criterions are given under two
different assumptions, and the corresponding estimates on the upper bounds for blow-up
time and blow-up rate are derived in Subsection 2.1 and 2.2. In section 3, we will use three
methods to give the lower bounds for blow-up time and blow-up rate of the solutions if
the blow-up does occurs.

2. Upper estimates for blow-up time and blow-up rate

The purpose of this section is to establish some estimates about the upper bounds for
blow-up time and blow-up rate of the solutions to problem (1.1)-(1.3) under two different
assumptions, respectively.

2.1. The first method

To obtain the results of this subsection, we first assume that
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(f2): there exists a positive constant Cy > 2 such that

/Q a(z)s™ f(s)dz > Oy /Q o(2) F(s)da,

for any function s(z) > 0, where F(s) =m [ 6™ f(6)d6;
(g1): the initial data g(x) satisfies

/Q]ng|2dm < Z/Qa(m)F(g)da:.

Then, inspired by Payne et al. [16, 17], we further define the following auxiliary function

go(t):/ﬂuerldx. (2.1)

Theorem 1. Assume that the conditions (f1), (f2), (91), (a1), (a2) hold, and u is a
nonnegative solution of problem (1.1)-(1.3). Then, we conclude that the solution u becomes
unbounded in L™t'—norm at t = t*. Moreover, an upper bound for blow-up time t* is
given by

« o (m+1)p(0)
< 2.2
= (m—1)6(0) 22

and the upper estimate of blow-up rate can be given by
1
2m — T
(m+1)pO)m+ \™ 1

< t"—t) m-1 2.3

where ¢(0) = ||lg|["t] and ¢(0) = —(m +1) [, |Vg™[*dx + 2(m + 1) [, a(z)F(g)dz > 0.

Proof. Firstly, differentiating (2.1) with respect to ¢ and using Eq.(1.1), then we have

S(t) = (m+1) /Q Wy
— (m+1) /Q (A" + a(@) f(u)) d
=—(m+ 1)/Q IVu™*dz + (m + 1) /Q a(x)u™ f(u)dx. (2.4)
By the combination of (2.4) and condition (f2), we obtain
Ot)>—(m+1) /Q \Vu™[*dz + Cy(m + 1) /Q a(z)F(u)dz > ¢(t), (2.5)

where

6(t) = —(m + 1) /Q V™ 2z + 2(m + 1)/Qa(z)F(u)dx. (2.6)
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On the other hand, a simple computation yields
&) = —2(m +1) / Vum - (Vum™)da
Q

+2m(m+1) /Q a(x)u™ Yuy f (u)dx

=2m(m+ 1) /Q u™ (A + az) f(u))d

= 2m(m + 1)/ u™ uZdz > 0.
Q

649

(2.7)

Here, we have used the fact that u(z,t) = 0 (or g—;f = 0) on 0N. Using Schwarz’s inequality,

we get,

2
(/ umutdl‘> §/um+1daz/u “luldaz.
Q Q Q

Hence, multiplying ¢(t) by ¢/(t), it follows from (2.5) that

o(t)¢'(t) :2m(m+1)/ um+1dx/ u™ uZde
Q

Q
2
> 2m(m + 1) </Q umutdx> = Tj_'_ml[sf?,(t)]Q
> 2 000)

Thus, the above inequality implies that

2m

(600) [0 75)" = oo~ {SO(t)cb'(t) - w’(t)¢>(t)} > 0.

m+1
Utilizing the assumption (g1) and (2.1), (2.7), we know that
0(0) = llglimit >0,

and

0(0) 2 6(0) = ~(m+1) | V9" Pdo+2(m +1) [ at@)F(g)dz >0

Integrating (2.10) from 0 to ¢, we obtain

(1) [p(£)] 75T > §(0) [(0)] T = M > 0.

By (2.5) and (2.13), we get

[un

T (1o 7) = O o) 2 60 [l 1 > 0

(2.8)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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Integrating (2.14) from 0 to ¢, we have

(PO < (O] - T, (2.15)

[

Clearly, the above inequality cannot hold for all ¢ > 0. Consequently, u blows up at some
finite time ¢t* and

. m + 1¢(0)
LS - 1e0)

Furthermore, from (2.5) and (2.13) again, we have

(1) > B(t) > 6(0) [9(0)] 5T [o(t)] i . (2.16)
Integrating (2.16) from ¢ to ¢*, we obtain
IO LA La—
o(t) < ( = 16 (0) ) (t* — )" m-1, (2.17)

which implies that the upper estimate of blow-up rate is given by (2.3).

2.2. The second method

We first assume that
(f3): there exists a positive function G(€) such that

/Qa(x)f(s)dx > GG [/Q sda,} with /Om Gfl(ee) < 400,

for any function s(x) > 0. Then, we define the following auxiliary function

cpl(t):/ﬂud:v. (2.18)

Theorem 2. Assume that the conditions (f1), (f3), (a1), (a2) hold, and u is a nonnegative
solution of problem (1.1)-(1.3). Then, we conclude that the solution u becomes unbounded
in L'—norm at t = t*. Moreover, an upper bound for blow-up time t* is given by

t*</+oode<+oo (2.19)
= Jor(0) G(9) ’ '

and the upper estimate of blow-up rate can be given by

ul|r <Y —t), (2.20)
where the function Y (s) := f:oo % for any function s(x) >0, and ¢1(0) = [, gdz.
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Proof. Integrating the Eq.(1.1) by parts, from the condition (f3) and (2.18) we have
/ urdr = / a(x) f(u)de > CoG [/ udx] , (2.21)
Q Q Q

gOll(t) > )G [@1(25)] > 0. (2.22)

Here, we have used the fact that u(x,t) = 0 ( or % = 0) on 09Q. It then follows from
(2.22) that ¢;(t) is a increasing function, so we have

which means that

w1(t) > ¢1(0) = / g(x)dx > 0. (2.23)
Q
Integrating (2.22) from 0 to t and using (2.23), (f3), we discover
210 dg oo dp
tS/ S/ — o~ < +oo. 2.24
) GO = a0 GO 2

Obviously, (2.24) cannot hold for all time ¢. Consequently, we can derive an upper bound

t* such that
< / T +o0
) G(9) ’

and

lim ¢ (t) = 400, (2.25)

t—t*

where (0,t*) is the interval of existence of the solutions u in L!'—norm. In fact, if the
equality (2.25) doesn’t hold, then there exists a time ¢; > ¢* such that ¢1(t*) < p1(t1) <
+o00 and t; satisfies the inequality (2.23),(2.24), which contradict the maximum existence
of t*.

Furthermore, integrating (2.22) from t to t*, it follows that

* +OO da «—
t —tg/pl(t)@.— Y (o1(1)). (2.26)

We note that Y is a decreasing function, which means its inverse function Y ~! exists and
is also a decreasing function. Therefore, we have

pr(t) SYTHE 1), (2.27)
which implies that the estimate (2.20) of blow-up rate holds.

Remark 1. This result can be generalized to the case of problem (1.1)-(1.3) subject to
% = b(z,t) > 0. In this case, it follows that

o) >m o u™b(x, t)ds + CoG [p1(t)] > 0. (2.28)

We also can obtain the inequalities (2.19) and (2.20).
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3. Lower estimates for blow-up time and blow-up rate

In this section, we will give three methods to establish the lower bounds for blow-up
time and blow-up rate of the solution to problem (1.1)-(1.3).

3.1. The first method

Firstly, let us assume that
(f1): there exists positive constants C3, C4 such that

a(z)f(s) < Cs+ C4sl+1,

for any function s(xz) > 0, where 0 < [ < w And then we introduce the
auxiliary function ¢(t) = [, v 'dz as (2.1).
Next, we shall state and prove the main results of this subsection as follows:

Theorem 3. Assume that the conditions (f1), (f1), (a1), (a2) hold, and u is a nonnegative
solution of problem (1.1)-(1.3) which becomes unbounded in L™ ' —norm at t = t*. Then,
we conclude that a lower bound for blow-up time t* is given by

+o0 d
t* > / % (3.1)
20 kyn + ko T

and the lower estimate of blow-up rate is

4ko . _ _me2 __ney
fullos > (52) 7580 ¢ — )70, (32)

where ki, ko and €5 are positive constants which will be given later.

Proof. Differentiating (2.1) with respect to ¢ and using the condition (fs) and (1.1),
we have

o' (t) = (m+ 1)/Qumutdx

_ (m+1)/ﬂum(Aum—|—a(x)f(u))dm
:—(m+1)/9|Vum]2dx—|-(m-i—l)/ﬂa(x)umf(u)dx
< —(m+1)/Q]Vum]2dac+(m+1)03/ﬂumdx

+ (m+1)Cy /Q um T g, (3.3)

From Hélder’s inequality, Young’s inequality and condition (f4), we have

[+1
/Umd$§m/um+l+ldl'++|9|, (34)



H.F. Di, L. Chen and Z.F. Song / Eur. J. Pure Appl. Math, 13 (3) (2020), 645-662

653
and
/umHHdac _ / um+1_€1ul_eldqj
Q Q
m+1—e (l4-€e1)(m+1) €
S (/ um+1daj) m+1 1 (/ u 161 dx) mil
Q Q
m+1l—e nm
_ (/um+1dl') m+11(/ui 2dﬂ?)m+1
Q Q
(m+1—ey)(eg+1)
P
1+ €2 0
€ 2nm €1(1+e2)
n—2( m+1 .
+1+€2(/ﬂu ) , (3.5)
where €; = #% >0, e = n(2m71)75372)(m+1) > 0, and € will be determined
later.
Noting that
/un 2dx < C’" 2 /|Vum| (3.6)
Q
where Cj is the optimal constant of the Sobolev embedding H'(£2) — L%(Q)
Furthermore, from the choice of €; and eg, it is easy to see that % = 1.
Inserting (3.4)-(3.6) into (3.3), it follows that
-+ 1)03(l + 1)
/ 1) < — 1 v m 2d (m o)
) < ~m+1) [ [vun s+ SR Do
m(m+1)Cy +i+1
_ 1 m d
o T )C‘*]/Q“ !
1)(mC: Cy+1C,+ Cy)C
§—[m+1 (m +1)(mCs +mCy + ICy + Cy) 56}/|Vum| d
(14+e)(m+1+1)
n (m 4 1)(mCs +mCy + ICy + Cy)eaC(€) (/ W) %
(I+e)m+1+1) Q
(m+1)C5(1+1)
mrir1 ok (37)
Taking e small enough such that
1 2
1 — (m+1)(mCs +mCy + 1Cy + C4)Cse 0. (3.8)
(1+e)(m+1+1)
Hence, we have
, (m+1—cy)(1+ep) 142
@ (t) <k +kaolp@)] D2 =k + kalp(t)] 2, (3.9)

m+1)Cs(1+1 m~+1)(mCs+mCy+IlC14+Cy)eaC
where ky = (4 tnzl—li-lL Q] and ky = (2 (fi@)(fnilﬁs 2eacld,
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Integrating (3.9) from 0 to t, we get

e(t) d
/ % <t. (3.10)
00 kyn+ ko' ez
If u blows up in the measure ¢(t) as t — t*, then we can obtain the lower bound
—+00 d
t* Z / %'
0 kyn+ ko' e
Moreover, integrating the inequality (3.9) from t to t*, we obtain
+o0 d
ot > / —”HL = Yi(p(t)). (3.11)
() kyn + kom T ez

We note that Y7 is a decreasing function, which means its inverse function Yfl exists and
is also a decreasing function. Therefore, we have

p(t) > Yt 1), (3.12)

which gives the lower estimate of blow-up rate. In fact, if ¢ closes t* enough such that
2
o(t) > 1 and kzgnH"‘z > k17 in the inequality (3.11), then we have

neo __2

> = ne 1
vtz [p(t)] e, (3.13)
which means that
4k2 __nea __ neg
t) > (— 2 (" —t . .14
o) > (52) 7% (¢ 1) (3.14)

Thus, the estimate (3.2) of blow-up rate also holds.

3.2. The second method

Firstly, we need the following assumption:
(f5): there exists positive constants Cg, C7, ¢ and @ such that

Q
a(x)f(s) < Cg + Crs? </Q sq+1dx> )

for any function s(z) > 0.
(e1): we also assume that

0<p<1, 0<¢<m, and (¢+1)Q+p>1.

To obtain the main results, we define the auxiliary function ¢(t) = [, u™Hdx again.
Next, we will state our results below:
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Theorem 4. Assume that the conditions (f1), (f5), (e1), (a1), (a2) hold, and u is a
nonnegative solution of problem (1.1)-(1.3) which becomes unbounded in L™ —norm at
t =t*. Then, we conclude that a lower bound for blow-up time t* is given by

“+o00 d

* Ul

b= / _m_ mipt(grDQ (3.15)
P(0) kgnm+T 4 kyn~ m+1

and the lower estimate of blow-up rate is

2s((q+1)Q+p—1)
m+1

wllms1 > | }_(fﬁ-l)é-ﬂ?—f (t" — t)_(CH—l)éi-kp—l, (3.16)

1 1-p+(m—q)Q
where k3 = Cg(m + 1)|Qm+1, kg = Cr(m + 1)|Q] 7 mFT .

Proof. Under the assumption condition (f5), we have from (1.1) and (2.1) that

cp/(t):(m+1)/gumutdx
=(m+ 1)/Qum(Aum + a(z) f(u))dx
=—(m u™2dz + (m a(x)u™f(u)dx
= —(m-+1) [ [V dz+ (1) [ oo fud

< 06(m+1)/

Q
umd:c+C7(m—i—1)/ ™ Pdy (/ uq“dx) . (3.17)
Q Q Q

Applying Holder’s inequality and condition (e ), we know that

AT
/umda? < </ um+1dx> |1 (3.18)
Q Q
SR
m —p
/um+pdaj < </ um+1d1:> |QmFT, (3.19)
Q Q

q+1

/uq+1dfc§ </ um+1dx> o, (3.20)
Q Q

Inserting (3.18)-(3.20) into (3.17), it follows that

and

/ 1 m+1 mL-H
¢ (t) < Cg(m + 1)|Q|m+1 u" T dx
Q
m+p+(g+1)Q

1—p+(m—q)Q m+1
+ C7(m+1)|Q] ST (/ um+1dx> , (3.21)
Q
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where from the condition (e1), it is easy to see that %&?#)Q > 1.

Then, integrating the above inequality from 0 to ¢ yields that

@(t) dn
/ <t
_m m4p+(g+H)Q — 77
e(0) kgnmtT 4 kyn~  mtl
1 1-p+(m—q)Q
where k3 = Cs(m + 1)|Q|7+T, ky = C7(m + 1)|Q »FT .
If u blows up in the measure ¢(t) as t — t*, then we can obtain the lower bound

P dn
t Z/ m m+p+(g+1)Q °
e(0) kgnpmtT + kyn~  mt1

Furthermore, integrating the inequality (3.21) from ¢ to t*, we obtain

+oo d

* 77

! = / _m_ m+p+(g+1)Q : 2(* (t)) (3.22)
»(t) ksnm+i + kyn~ mt

We note that Y5 is a decreasing function, which means its inverse function Y2_1 exists and
it is also a decreasing function. Therefore, we have

p(t) > Y, Lt —1), (3.23)

which gives the lower estimate of blow-up rate. In fact, the auxiliary function ¢(t) becomes
m+p+(g+1)Q
unbounded at time ¢ = t*, so we know that ¢(¢) > 1 and the inequality k4n s >

kgnmLJrl as t — t*~. Hence, when ¢ is close to t*, inserting the above inequality into (3.22)
and then a direct calculation yields that
m+ 1 _(g¢+1)Q+p—1

Utz e e Tt (324

which means that

2ks((¢+1)Q +p — 1)}‘(411”)157%—1 (t" — t)‘(w’)”eﬁ_ (3.25)
m—+1

p(t) > |

Hence, the estimate (3.16) of blow-up rate holds.

3.3. The third method

This subsection is devoted to the estimates of the lower bounds for blow-up time and
blow-up rate of the solutions to problem (1.1)-(1.3) by utilizing the method appearing in
[18, 19].

For this purpose, we need to assume that

-
(fe): s> (f;roo %) , for any function s(x) > 0, where «, 7 are positive

constants and 0 < v < 1;
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. : s 4(n—2)—ny
(f7): there exist positive constants k and 3 such that k > ="—"—,

40 d?] nk+1 N
f(s)(/s M) — 400, ass— 0T,

and

ey [ dn _
f(s)/s f(n)ﬁnk—i—l B,

for any function s(z) > 0. Then, we define the following auxiliary function

Lpg(t)—/QV"k(u)dw, V(u) = (/:OO %)1. (3.26)

Next, we will state our results below:

Theorem 5. Assume that the conditions (f1), (fs), (f7), (a1), (a2) hold, and u is a
nonnegative solution of problem (1.1)-(1.3) which becomes unbounded in s (t)-form at
t =t*. Then, we conclude that a lower bound for blow-up time t* is given by

+00 d
t* 2/ — (3.27)
©2(0) ks + kgn3n—3

and the lower estimate of blow-up rate can be given by

3n—8

pa(t) > (3316_68> NG (3.28)

—nk
where ks, ke will be given later, and 2(0) = [, [f;oo %} dr.

Proof. Under the assumptions (f7), we have from (1.1) and (3.26) that
Salt) =k | V()]
Q
= nk / VL ()] T AU™ + alz) £ (u)da
Q

= —mnk(nk + 1) /

V”k+2[f(u)]_2|Vu|2um_1d1:—|—nk‘/ Vnk+1a($)dx
Q

Q
+ mnk /Q VR ()] 72 (w)u™ V) da.

< —mnk(nk + 1)/

V”k+2[f(u)]_2]Vu\2um_ldac—i—nk/ Vnk+1a(w)dx
Q

Q
+ mnk(nk +1— B) / VR £ ()]~ 20m | Vda
Q
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:nk/ V"k+1a(:n)d;v—mnkﬁ/ V2 (0)] 7 2um V) 2d. (3.29)
Q Q
Since
2
|V 2 = <nk2+7> VIR f ()] 72| Va2 (3.30)

In view of assumptions (fs), (3.29) and (3.30), we discover that

dnkaf nkty
L) < nk ko (z)d / de. 31
Ph(t) <n /QV a(x)dr — nk:+'y |IVV 2 | T (3.31)

For convenience, we denote

3nk(n —2) +n(nk +~) —4(n —2)(nk+1)
3nk(n —2) + n(nk +7)
4(n —2)(nk +1)
3nk(n —2) +n(nk +~)’

€3 —

)

€4 =

where the assumptions (f7) implies that e3 > 0, ¢4 > 0 and €3 + €4 = 1. So by Hoélder’s
inequality, we have

1 3nk(n—2)+n(nk+~) €4 1 €3
/V” Ha(z)dz < /V 1(n-2) dx /a(x)%d:c . (3.32)
Q Q

Using Holder’s inequality again, it follows that

3nk(n—2)+n(nk+vy) k % n(nk+~) %
/V 4(n-2) dx < /V” dx /V =2 dgr| . (3.33)
Q Q Q

Furthermore, applying the Sobolev’s inequality, we obtain that

1—2

n—2 n—2
(/ Vn(zk;wdx> - (/ (Vnk;w)"zgda:> - < Cjs </
0 Q

where Cj is the optimal Sobolev’s embedding constant defined as (3.6). Substituting (3.34)
into (3.33) yields that

3 n
3nk(n—2)+n(nk+vy) R 4 n 4(n—2)
/ Voooamn o dr < oY < / V”k’dx) ( / vV ”\%m) . (3.35)
Q Q Q

By Young’s inequality, (3.32) and (3.35), we obtain

/ Vit (z)da
Q

)1 530
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3 n €4
n 1 n I(n—2) 1 €3
<|oi? </ V"kdx> </ \VV k2ﬂ|2dx> </ a(x)es dx)
Q Q Q
n 3 o2y 1
< e ( / V”kdx> ( / Mian ”\%m) +e3 / a(z)sdv.  (3.36)
Q Q Q
Applying Young’s inequality again, we have
i ECes)
() (fverea)
Q Q
3n—6

< 4(n”f2) /Q YV 2da + W (/Q V"'%lx) T (34

3n—8 : n—-8 __
Where 4(nn_2) > 1, 4(2_2) > 1 Wlth ﬁ + m =1.

Consequently, it follows that

nk

21 6471(5 +v
Vg (z)de < e /axésdx—l—/ VvV 2 [Pdx
| vtar < e [ awas 20 [ ove)

3n—6

€4(3n — 8)C(9) / i 3n—8
—_ Vnhd . 3.38
T amoy Uy (3:38)
Substituting (3.38) into (3.29), we get
3n—6
Bl eank(3n — 8)C(0) / i 3n—8
5(t) < sd V™id
A0 < e [ o)+ CEEZEO ([ vk
dnkaf ean?kd nk+y o
— — %4 dx. 3.39
e A (339
Now, we can choose § small enough to make the coefficient (fj,;i";[)@ — i‘ég‘i’;‘i > 0. Hence,
we have
3n—6
oh(t) < ks + kg ®, (3.40)
where ks = €3 fQ a(w)%(m and kg = W.
Then, integrating (3.40) from 0 to t yields that
w2(t) d
©2(0) k5 + kgn3n—2

If u blows up in the measure po(t) as t — t*, then we can obtain the lower bound

+o0 d
t 2/ —
©2(0) k5 + kgn3n—3
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Similar to the above derivation of (3.14) and (3.25), it is easy to get

_3n—8

4kg 2 _3n-8
> * .
p2(t) = <3n—8> (" —1)" 2
This completes the proof of Theorem 5.
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