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Abstract. A zero ring is a ring in which the product of any two elements is zero, which is the
additive identity. A zero ring labeling of a graph is an assignment of distinct elements of a zero
ring to the vertices of the graph such that the sum of the labels of any two adjacent vertices is not
the zero element in the ring. Given a zero ring labeling of a graph, if the cardinality of the set
of distinct sums obtained from all adjacent vertices is equal to the maximum degree of the graph,
then the zero ring labeling is efficient. In this paper, we showed the existence of an efficient zero
ring labeling for some classes of trees and their disjoint union. In particular, we showed that an
efficient zero ring labeling exists for some families of the following classes of trees: path graphs,
star graphs, bistars, centipede graphs, caterpillars, spiders, lobsters, and rooted trees. We also
showed results for other common classes of graphs.
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1. Introduction

Graph labeling is an assignment of labels to vertices or edges of a graph. Interesting
questions naturally arise from this topic, so there has been a vast amount of literature
that aimed to answer these questions while consequently introducing new problems.

In 2014, Acharya et al [1] introduced zero ring labeling. In this labeling, each vertex is
assigned a unique label from a zero ring such that the sum of any two adjacent vertices is
not zero, i.e., the additive identity of the zero ring. It was proved that every graph admits
a zero ring labeling with respect to some zero ring.

The zero ring index of a graph, which is the smallest order of a zero ring in which the
graph admits a zero ring labeling, was also studied for some well-known graphs. Pranjali
et al [6] determined a necessary and sufficient condition for a finite graph of order n to
attain an optimal zero ring index of n.
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Dela Rosa-Reynera [2] constructed optimal zero ring labelings for some classes of
graphs. Included are labeling schemes for trees and cactus graphs. Moreover, the zero
ring indices of graphs that result from some graph operations were also determined.

In this paper, we extend the notion of zero ring labeling further. Can a zero ring
labeling be constructed for a graph such that the number of distinct sums is equal to some
number? In particular, we want to determine a zero ring labeling where this number is as
small as possible.

2. Preliminaries

2.1. Basic definitions

We now present some definitions used in this paper. For graph theory, [3, 5] are
considered, while [4] is used for abstract algebra.

Definition 1. A graph G = (V,E) is a pair of sets V and E such that E is a set of
two-element subsets of V.. The elements of V are the vertices of G, while the elements
of E are the edges of G.

The vertex set of a graph G is denoted by V(G), while its edge set is denoted by E(G).
We say that e is an edge at v if v € e. An edge {u,v} can be written as uv; we say that
uv joins w and v, and u and v are the ends of uv. The number of vertices of a graph G is
its order, denoted by |G|.

The degree of a vertex v, denoted by d(v), is the number of edges at v. Two vertices
u and v in a graph G are adjacent if uv is an edge in G.

A graph G of order n is a complete graph, denoted by K,, if for any two distinct
vertices v and v in G, uv is an edge in G.

Definition 2. The mazimum degree of a graph G, denoted by A(G), is the highest
degree of a vertezx in G.

Definition 3. A path in a graph is a subgraph P = [vi,v,...,v,] such that V(P) =

{v1,v2,...,v,} and E(P) = {vive, vovs, ..., vn_10n}, where vi,va, ..., vy, are distinct.
The number of edges in a path is its length. In a path P = [v1, v, ..., v,], the vertices
vy and v, are the endvertices, while vy, vs,...,v,_1 are the inner vertices. Moreover, we

say that P is a path between v; and v,. The distance between two vertices u and v in a
graph G is the length of the shortest path between u and v.

Definition 4. A graph G is connected if for any vertices u and v in G, there is a path
between u and v.

A connected subgraph of a graph G is a component of G if it is not a proper subgraph
of any other connected subgraph in G.
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2.2. Trees

Definition 5. A tree is a connected graph with no cycle. The vertices of degree one in a
tree are its leaves.

Definition 6. A path graph P,, where n > 2, is a tree with two leaves and n — 2 vertices
with degree two.

Definition 7. A star graph S, where n > 1, is a tree with one vertex of degree n — 1
and all others with degree one.

The vertex with the maximum degree in a star graph is its center.

Definition 8. A bistar B,, where n > 1, is a graph formed by joining the centers of two
star graphs Sy,.

Definition 9. An n-centipede, where n > 1, is a tree with vertex set AU B, where
A = {a1,a9,...,a,} and B = {b1,be,...,b,}, and edge set E = {a;b; : 1 < i < n}U
{a;a;41:1 <i<n-—1}.

Definition 10. A caterpillar is a tree in which all vertices are within distance one of a
central path.

We define a hanging leaf of a vertex in the central path as a leaf that is adjacent to it
but not a vertex in the central path.

Example 1. The graph in Fig. 1 is a caterpillar with respect to any of the following central

paths" [C7d7€7f]’ [a7c?d’€7f]7 I:g’C?d?e’f:I’ [C7d7€7f7j]’ [a/7c?d’€7f’j]7 or [g7c7d’67f7j]'
The hanging leaves of d are i, b, and h.

ool
cd@f
ofoNo,

Figure 1: A caterpillar

Definition 11. A spider is a tree with a unique vertex of degree at least three and all
others with degree at most two.

We define the head of a spider as the vertex with the maximum degree and a leg as a
component of the graph that is obtained by removing the head; that is, a leg is a path.

Definition 12. A lobster is a tree in which all vertices are within distance two of a
central path.
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We define an elbow of a vertex in the central path of a lobster as a vertex that is
adjacent to it and whose distance from the central path is one. Moreover, we define a
hanging leaf of an elbow as a vertex that is adjacent to it and whose distance from the
central path is two.

Definition 13. A rooted tree is a tree in which a particular vertex is designated as the
T00¢.

The level of a vertex in a rooted tree is its distance from the root, and the height of
a rooted tree is the maximum level of a vertex. A child (plural: children) of a vertex of
level n in a rooted tree is an adjacent vertex whose level is n + 1.

2.3. Common classes of graphs

We now define other common classes of graphs that are considered in this paper.

Definition 14. A cycle graph C, = [v1,v2,...,v,,v1] is a graph with vertex set V =
{v1,v2,...,v,} and edge set E = {viva,vous, ..., vp_10,} U {v10,}, where n > 3.

Definition 15. A complete bipartite graph K,,, is a graph with verter set V =
{z1,22,.. ., 2m} U{y1,%2,...,Yn}, where m > 1 and n > 1, and edge set E = {z;y; : 1 <
i<mand1l<j<n}.

Definition 16. A fan graph F, is a graph that is obtained by joining all vertices of P,
to another verter.

Definition 17. A wheel graph W, is a graph that is obtained by joining all vertices of
C,, to another vertex.

Definition 18. A friendship graph T, is a graph that consists of n copies of Cs having
exactly one common vertet.

2.4. Efficient zero ring labeling

We now define a vertex labeling of a graph which was introduced by Acharya et al
[1, 6] called zero ring labeling. Moreover, this paper introduces a variation of this vertex
labeling called k-zero ring labeling and efficient zero ring labeling of graphs. In this study,
the zero ring that will be used in the vertex labelings is the zero ring MY(Z,).

Definition 19. Let R be a ring with additive identity 0. If ab =0 for any a,b € R, then
R is a zero ring.

Let R be a ring with additive identity 0. We denote by MY(R) the set of all 2 x 2
matrices of the form
a —a
{ ] , a€R.

a —a
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It can be verified that MJ(R) is a ring under matrix addition and matrix multiplication
with additive identity
0 0
0 0|
Since for any a,b € R,
a —a||b —b| |ab—ab —ab+ab| |0 0O (1)
a —a||b —b| |ab—ab —ab+ab| |0 0|’

MY (R) is a zero ring. Since Z,, is a ring, it follows that M2 (Z,) is a zero ring. We use A;
to denote the matrix

Definition 20. Let G be a graph, and let R be a finite zero ring. An injective function
f:V(G) = R® is a zero ring labeling of G if f(u) + f(v) # 0 for every uv € E(G).

Given a zero ring labeling, if the order of the zero ring is equal to the order of the
graph, we say that the labeling is optimal.

Example 2. Figure 2 shows a zero ring labeling of Cs using M3(Zs). Since |Cs| =
|M3(Zs)| = 5, this labeling is optimal.

Figure 2: Zero ring labeling of Cs using M3 (Zs)

Given a graph G with zero ring labeling f, we consider the set K = {f(u) + f(v) :
wv € E(G)}. Since it was shown in [1] that every graph admits a zero ring labeling, we
are interested in finding zero ring labelings for G such that |K| is as small as possible.

Definition 21. Let G be a graph with zero ring labeling f, and let K = {f(u)+ f(v) : uv €
E(G)}. A zero ring labeling f of G is a k-zero ring labeling if |K| = k. If |K| = A(G),
then the zero ring labeling is efficient.

Example 3. Figure 3 shows a 4-zero ring labeling of the diamond graph using MY (Zs).
In this labeling, the set of sums is K = {A, Aa, As, A7} and thus |K| = 4. Figure 4 shows
an efficient zero ring labeling of the butterfly graph G using M3S(Z1¢). In this labeling, the
set of sums is K = {As, A, A7, Ao} and thus |K| = A(G) = 4.
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Figure 3: 4-zero ring labeling of the diamond graph Figure 4: Efficient zero ring labeling of the butter-
using M3 (Zs) fly graph using M2 (Z10)
3. Results

Theorem 1. Let G be a graph, and let f : G — R° be a zero ring labeling. If K =
{f(u) + f(v) : uv € E(G)}, then A(G) < |K| < |R% — 1.

Proof. Since f is a zero ring labeling, 0 ¢ K. Furthermore, R® contains every sum
f(u) + f(v) where uv € E(G), hence K C R" and |K| < |R%| — 1.

Let v € V(G) and let N(v) = {v1,v2,...,un} be the set of vertices that are adjacent
to v. Since f is injective, it follows that the number of distinct sums f(v) 4+ f(v;) for
i=1,2,3,...,m generated from edges that end at v is equal to |N(v)| = m, which is the
degree of v. Clearly, the maximum degree of G is the minimum number of elements of K.

Theorem 2. If G is a graph with an efficient zero ring labeling, then any edge-induced
subgraph H of G such that A(G) = A(H) has an efficient zero ring labeling.

Proof. Let G be a graph with efficient zero ring labeling f : V(G) — R, and let
H be an edge-induced subgraph of G such that A(G) = A(H). Consider the restriction
function f|g of f to the vertex set of H; that is, f|g(v) = f(v) for all v € V(H). Since
f is injective, f|m is injective. Also, 0 ¢ K = {f(u) + f(v) : uwv € E(G)} implies that
0¢ K ={fla(u)+ flg(v) : wv € E(H)}. It remains to show that |Ky| = A(H).

Since A(G) = A(H), there exists at least one vertex v in V(G) where d(v) = A(G)
such that v is also in H where d(v) = A(G). Then |Ky| = A(G) = A(H).

Theorem 3. Let G be a graph with n vertices, and let f : V(G) — RY be a zero ring
labeling. If f is optimal and A(G) =n — 1, then f is efficient.

Proof. Let K = {f(u) + f(v) : wv € E(G)}. To show that f is efficient, we need to
show that |[K|=n — 1.

Since f is optimal, |[R°] = n. By Theorem 1, A(G) < |K| < |R%| — 1. But A(G) =
|RY| — 1 =n — 1. Therefore, |[K| =n — 1.

We now look at the efficient zero ring labeling of some classes of trees and other
common classes of graphs.

Theorem 4. Let G be a caterpillar in which each vertex in the central path has an equal
number of hanging leaves. Then G has an efficient zero ring labeling.
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Proof. Let [wy,wa,...,wy,] denote the central path of a caterpillar G and suppose that
each w;, 1 <7 < n, has r hanging leaves. Denote the hanging leaves of w; by wg , Where
j=1,2,...,r.

Case 1: Suppose n = 1. In this case, A(G) = d(w1) = r. Define a function f : V(G) —
M3(Zy+1) such that f(w) = Ap and f(w]) = A;.

Clearly, f is injective. Let K = {f(u) + f(v) : uwv € E(G)}. To show that f is an
efficient zero ring labeling of G, we need to show that |K| =r and Ay ¢ K. For the set of
sums, we obtain

Flwi) + f(w]) = Ao+ Aj = Aj # Ag (2)
for j =1,2,...,7. Then Ay ¢ K. Moreover,

K ={A1, Ao, ..., A} (3)

and thus |K| = r. Therefore, f is an efficient zero ring labeling of G.

Case 2: Suppose n = 2. In this case, A(G) = d(w1) = d(w2) = r+1. Define a function
f:V(G) = MY(Zgr19) such that f(w;) = Airiry and f(w]) = AG_1)rt1)4j-

Clearly, f is injective. Let K = {f(u)+ f(v) : uwv € E(G)}. To show that f is an
efficient zero ring labeling of G, we need to show that |[K| =7+ 1 and Ay ¢ K. For the

set of sums, we obtain

Fw;) + f(w!) = A1y T A=) r41)45 = A2ir42i—r—145 = Aj—r—1 (4)

forj=1,2,...,r, and

flwr) + flwe) = Apg1 + Agrgo = Azry3 = Ap1 # A (5)

It remains to show that A;_,_; # Ag for j = 1,2,...,r. By substitution, we obtain the
sums A_,, Ai_p, ..., A_1, which are equal to A, 2, Ay13, ..., Aory1, respectively. For
r+2<m<2r+1, we have 0 < m < 2r +2, hence m Z 0 (mod 2r + 2). Thus, A,, # Ao
form=r-+2,1r+3,...,2r+1. Then Ay ¢ K. Moreover,

K = {AT+1) AT+27 AT+37 e 7A21”+1} (6)

and thus |K| = r + 1. Therefore, f is an efficient zero ring labeling of G.
Case 3: Suppose n > 3. In this case, A(G) = d(w;), where ¢ # 1 and ¢ # n. Then
A(G) = r + 2. Define a function f : V(G) — M3(Zyy+n) such that

A 2n—i—1 if 7 is odd
r41)( ==5—
flwg =4 O ™
(T+1)(%) 1I 7 1S even
and
if 7 is odd

iy ) A (524
flwi) = A ‘ i1 :
(T+1)(2n72172)+j 1I 7 1S even
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Clearly, f is injective. Let K = {f(u)+ f(v) : uwv € E(G)}. To show that f is an
efficient zero ring labeling of G, we need to show that |K| = r 4+ 2 and Ay ¢ K. For
adjacent vertices in the central path, we obtain the sums

Fw) + 1 wi42) = Ay get) A ey = Aoy O)

if 4 is odd, and

2

Flwi) + flwip1) = Ay (iz2) + A(TH)(Zn—u;l)—l) = A1) (n—2) (10)

if i is even. Note that A(,41)(n—1) # Ao; otherwise, either r = —1 (mod nr + n), which is
a contradiction by definition of r, or n = 1 (mod nr+n), which is also a contradiction by
definition of n in this case. Similarly, A(41)(n—2) # Ao-

For pairs of adjacent hanging leaf and vertex in the central path, we obtain the sums

flw) + f(w‘Z) = A(r+1)(2n7i71) + A(T+1)(i73)+j = A1) (n—2)+j (11)

2 2

for j=1,2,...,rif i is odd, and

Flw) + f(w!) = Aprn(i52) T Api a2y 4y = Aet) -2+ (12)

2 2

forj=1,2,...,rifiiseven. We show that A, 41)(n—2)4; # Ao. Assume that A4 1)n_2)1; =
Ay for some j. But this implies that j = 2r + 2 (mod nr + n). This is a contradiction
since n is at least 3 in this case, and j cannot be greater than r by its definition. Then
Ay ¢ K. Moreover,

K = {AG11)(n-2) Ar41)(n-2)+15 - - » A1) (n—2)+r Ar41)(n—1) (13)

and thus |K| = r 4+ 2. Therefore, f is an efficient zero ring labeling of G.

Example 4. Figure 5 shows an efficient zero ring labeling of a caterpillar G with a central
path with four vertices, where each vertex in the central path has three hanging leaves,
using M3(Z16). In this labeling, the set of sums is K = {Asg, Ag, A10, A11, A12} and thus
|K| = A(G) =5.

Corollary 1. A path graph has an efficient zero ring labeling.

Proof. Let G be the path graph P,. Consider G as its own central path. Then G is a
caterpillar with a central path with n vertices, where each vertex in the central path has
no hanging leaf. By Theorem 4, G has an efficient zero ring labeling.

Example 5. Figure 6 shows an efficient zero ring labeling of Py using MY (Z1o). In this
labeling, the set of sums is K = {Ag, Ag} and thus |K| = A(Pjg) = 2.
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Figure 5: EfflClent zero ring labeling of a caterpillar using M3 (Z1s)

Figure 6: Efficient zero ring labeling of Pio using M2 (Z10)

Corollary 2. A star graph has an efficient zero ring labeling.

Proof. Let G be the star graph 5,,. Consider the center of GG as its central path. Then
G is a caterpillar with a central path with one vertex, and this vertex has n — 1 hanging
leaves. Vacuously, each vertex in the central path of G has an equal number of hanging
leaves. By Theorem 4, G has an efficient zero ring labeling.

Example 6. Figure 7 shows an efficient zero ring labeling of So using MY (Zg). In this
labeling, the set of sums is K = { A1, Ag, As, Ay, As, Ag, A7, Ag} and thus |K| = A(Sy) = 8.

Figure 7: Efficient zero ring labeling of Sy using M2 (Zs)

Corollary 3. A bistar has an efficient zero ring labeling.

Proof. Let G be the bistar B,,. Consider the path joining the centers of the two star
graphs S, in G as its central path. Then G is a caterpillar with a central path with two
vertices, where each vertex in the central path has n — 1 hanging leaves. By Theorem 4,
G has an efficient zero ring labeling.

Example 7. Figure 8 shows an efficient zero ring labeling of Bo using M3 (Zg). In
this labelmg, the set Of sums 1s K = {Ag,Alo,An,Alg,Alg,A14,A15,A16,A17} and thus
|K| = A(Bg) =9.
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Figure 8: Efficient zero ring labeling of By using M3 (Z1s)

Theorem 5. A centipede graph has an efficient zero ring labeling.

Proof. Let G be an n-centipede. By definition of a centipede, we can find a central
path in G such that each vertex in the central path has 1 hanging leaf. By Theorem 4, G
has an efficient zero ring labeling.

Example 8. Figure 9 shows an efficient zero ring labeling of a 6-centipede using M3 (Z12).

In this labeling, the set of sums is K = {Ag, Ag, A1o} and thus |K| = 3, which is the
mazximum degree of the graph.

Figure 9: Efficient zero ring labeling of a 6-centipede using M2 (Z12)

Lemma 1. Let G be a caterpillar with at least 3 wvertices. Then G is a caterpillar with

respect to some central path (w1, wa, ..., wy], where n > 3 and wy and w, have no hanging
leaf.
Proof. Let G be a caterpillar with at least 3 vertices, and let [v1,vs,...,v,,] denote

its central path. Suppose each vertex v; has r; hanging leaves, and let v!, where j =
1,2,...,r;, denote the hanging leaves of v;.

Consider vy, vg,...,v, as vertices in a central path P, along with v{ if 1 > 1, and

. . . . 1
vy if r,, > 1. Thus, P is one of the following: [vi,v2,...,vm], [v1,v1,02,...,0m],
[V1,V2, ..+, U, 07 ], [0, 01,02, ..., U, v0m]. In any case, the number of vertices in P is at

least three, and its endvertices have no hanging leaf. Clearly, each vertex in G is within
distance one from P and thus G is a caterpillar with respect to central path P.

Theorem 6. A caterpillar has an efficient zero ring labeling.
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Proof. Let G be a caterpillar with at least three vertices. By Lemma 1, G is a caterpillar

with respect to some central path [wy,ws,...,w,], where n > 3 and w; and w, have no
hanging leaf. For i = 2,3,...,n — 1, suppose w; has r; hanging leaves, and let wf , Where
7 =1,2,... r;, denote the hanging leaves of w;.

Suppose 7 is the maximum number of hanging leaves of a vertex in the central path;
that is, 7, > r; for i =2,3,...,n— 1. Then A(G) = ri + 2.

Consider a caterpillar H with a central path with n vertices, and where each vertex
in the central path has r; hanging leaves. Let [v1,ve,...,v,] denote its central path, and
let vf, where j = 1,2,...,r, denote the hanging leaves of v;. By Theorem 4, H has an
efficient zero ring labeling h.

Define a function f : V(G) — M3(Zpr,+n—r,) such that f(w;) = h(v;) and f(wg) =
h(wi ). Since h is injective, it follows that f is also injective. G is an edge-induced
subgraph of H, so Ay ¢ Ky = {h(u) + h(v) : wv € E(H)} implies that Ay ¢ K =
{f(u)+ f(v) : wv € E(G)}. To show that f is an efficient zero ring labeling of G, it
remains to show that |K| = A(G). Using the labeling in the proof of Theorem 4, we
obtain

K = {A(41)(n=2)> At 1) (n=2)+15 - - - s A1) (n—=2) 4110 A1) (n=1) }- (14)
Thus, |K| =1, +2 = A(G).
Example 9. Figure 10 shows an efficient zero ring labeling of a caterpillar G with

mazimum degree A(G) = 6 using MY(Zsz1). In this labeling, the set of sums is K =
{Ais, Ase, A17, Aus, Arg, Ago} and thus |K| = A(G) = 6.

A U‘A% | ’ As ! As

Ao

0

Figure 10: Efficient zero ring labeling of a caterpillar using M2 (Z3,)

Theorem 7. A spider has an efficient zero ring labeling.

Proof. Let G be a spider with n legs, where n > 3. Then A(G) = n. Let the head
of G be denoted by w, and let w%, w%, ...,w} denote the vertices that are adjacent to w.
Suppose each leg containing w; has r; vertices, and let [w},w?,...,w!’] denote the leg
containing wil.
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Suppose 1y = max{ry,ra,...,r,}. Define a function f : V(G) — MQO(Z(H_I)(QTHU)
such that f(w) = Ao,

f(w?) _ A(n_l)(Qrk;j+1)+i_1 if j is odd 5)
(n—1)(4)—i+1 if j is even
fori=1,2,...,n—1, and
A _ 2 +i+1 lf] is odd
gy =4 D) (16)

(nfl)(‘“'kgj“) if j is even

Clearly, f is injective. Let K = {f(u)+ f(v) : uwv € E(G)}. To show that f is an
efficient zero ring labeling of G, we need to show that |K| = n and Ay ¢ K. For pairs of
adjacent head and vertex in a leg, we obtain the sums

flw) + f(wil) = Ao + A(n_l)(QTk;1+1)+i_1 = A(nfl)(rk)Jrifl (17)
fori=1,2,...,n—1, and
f(w) + f(wwlz) = Ao+ A(nfl)(rk+l) = A(nfl)(r;ﬁrl) = A(nfl)(rk)Jrnfl' (18)
Thus, we have the sums
An-1)r)s A=) )+ 1 An=1)(rp) 25 - - -+ A1) (r) 412> A(n—1)(ry ) tn—1-
For adjacent vertices in a leg, we obtain the sums
A 1
f(wg) + f(U)‘Z ) = A(n—l)(%k;j+1>+i—1 + A(nfl)(%)f’ﬂrl
= Ap-1)(ret1) = Ap-1) )41
if 7 is odd, and
F) 7wl = Ay ()i + Ay gy g = Aoy (20)
if j is even, for i = 1,2,...,n — 1. Moreover, we have
f(w%) + f(wﬁrl) = A(n_l)(wki";j*l) + A(n—l)(‘"k*@;l)*Q) = A(nfl)(3rk+1)

(21)
= A@m-1)(rp)

if 7 is odd, and
fwh) + f(with) = A(n71)<4rk;j+2) + A(n71)<2rk+<g2‘+1>+1) = A(n—1)(3rp+2)

= Am-1)(r+1) = A(n—1)(rg)+n—1
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if j is even. Then

K ={Am-1)trp)s An=1)(ro)+1> - - - » An=1)(r) +n—25 A(n=1)(rp)+n—11 (23)

hence |K| = n. For m = 0,1,2,...,n — 1, it is clear that (n — 1)(rx) + m > 0 and
m=1)rg)+m < (n—=1)(rg) + (n—1)(rg +1) = (n —1)(2rp + 1). Then Ay ¢ K.
Therefore, f is an efficient zero ring labeling of G.

Example 10. Figure 11 shows an efficient zero ring labeling of a spider with 4 legs using
MY (Zs33). In this labeling, the set of sums is K = {A1s, A1s, A17, A13} and thus |K| = 4.

Figure 11: Efficient zero ring labeling of a spider using M2 (Z33)

Lemma 2. Let G be a lobster with at least three vertices. Then G is a lobster with respect

to some central path [vi,ve, ..., vn], where m > 3 and v1 and vy, have no elbow.

Proof. Let G be a lobster with at least three vertices, and let [wy,ws,...,w,| denote
its central path. Suppose each vertex w; has r; elbows, and let w; ;, where j =1,2,...,r;,
denote the elbows of w;. Suppose each elbow w; ; has s; ; hanging leaves, and let w; ;,
where k = 1,2,...,s; ;, denote the hanging leaves of w; ;.

Consider w1, wa, ..., wy, as vertices in a central path P, along with wq 1 ifr1 > 1, wy1,1

if s910 > 1, wy1 if v, > 1, and wy 1,1 if 5,1 > 1. Thus, P is one of the following:

o [wy,wa,... wy]

o (w1, Wi, W, ..., W]

o (w111, W1, W, W2, ..., W,

o [wi,wa, ..., Wy, Wn1]

o [wi1, W1, W2, ..., Wy, Wn1)

o (W11, W11, W, W2, ..., Wn, Wn1]

° [wh w2, ..., Wn, Wn,1, wn,l,l,]
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® [wl,l,whwz,---7wmwn,1,wn,1,1]

° [w1,1,17 w11, W1, W2, -« ., Wn, Wn 1, wn,1,1]

In any case, the number of vertices in P is at least three, and its endvertices have no
elbow. Clearly, each vertex in G is within distance two from P and thus G is a lobster
with respect to central path P.

Theorem 8. Let G be a lobster in which each elbow has at most one hanging leaf. Then
G has an efficient zero ring labeling.

Proof. Let G be a lobster with at least three vertices in which each elbow has at
most one hanging leaf. By Lemma 2, G is a lobster with respect to some central path

[wy, w2, ..., wy], where n > 3 and w; and w,, have no elbow. Clearly, each elbow has at
most one hanging leaf with respect to this central path.
Suppose each vertex w; has r; elbows, and let w; ;, where j = 1,2,...,7;, denote the

elbows of w;. If it exists, let w; ;1 denote the hanging leaf of w; ;.

Suppose rj is the maximum number of elbows of a vertex in the central path; that
is, rg > r; for ¢ = 1,2,...,n. Then A(G) = ry + 2. Define a function f : V(G) —
MS(Z2nm+n72rk) such that

A on—i—1y if 7 is odd
2rp+1)( ———
fwi) = A( D) .y : (24)
@re+1)(152) if 7 is even
Ao 1) (=34 if ¢ is odd
flwgy) =4 ot : (25)
(2rer1)(2nsiz2)y; 1 @ 1s even.
and
A, on—it1y_ . if ¢ is odd
flwiga) =4 )25 (26)

A(zrk+1)(§')—j if 7 is even

Clearly, f is injective. Let K = {f(u)+ f(v) : uv € E(G)}. To show that f is an
efficient zero ring labeling of G, we need to show that |K| = r, + 2 and Ay ¢ K. For
adjacent vertices in the central path, we obtain the sums

Flwi) + f(wir1) = A gy )2zt + A@THI)((H?—z) = Agar+1)(n-1) (27)

2
if 7 is odd, and
F0) 4 F0042) = Ay + A (o) = s (29

if 7 is even. Thus, there are only two distinct sums obtained for adjacent vertices in the
central path. For pairs of adjacent elbow and vertex in the central path, we obtain the
sums

2 2

f(wl) + f(wi,j) = A(Qrk+1)(i*2) + A(Qrk+1)(i*3)+j = A(2rk+l)(n72)+j (29)
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for j=1,2,...,r; if i is odd, and
fwi) + flwij) = A(2rk+1)(%) + A(Qrkﬂ)(%)ﬂ' = A(?rk+1)(n—2)+j (30)

for j =1,2,...,r; if i is even. Since rj is the maximum number of elbows of a vertex in the
central path, the obtained sums for pairs of adjacent elbow and vertex in the central path

are A2p, 41)(n-2)+1s A@r+1)(n=2)42> - - - » A@rp+1)(n—2)4r,- FOr pairs of adjacent hanging
leaf and elbow, we obtain the sums

flwig) + flwiji) = A(Qrk+1)(i*3)+j + A(Qrkﬂ)(%)fj = A(27'k+1)(n*1) (31)

2

if 4 is odd, and
Flwig) + flwijn) = Ay, 1y (2nziz2y gy + Ay (i) = Aerntnm-1  (32)

if ¢ is even. Thus, the sum of any pair of adjacent elbow and hanging leaf is equal. Then

K = {A@2r41)(n—2)s A@ret+1)(n—2)+15 - - - » A@rp+ 1) (n=2)+ris A2+ D) (n=1) ) (33)

hence |K| = rg + 2.

To show that Ay ¢ K, it is sufficient to show that (2ry + 1)(n —2), (2rx +1)(n — 2) +
1, 2rg+1)(n—2)42, ..., (2rg+1)(n—2)+rg, (2rp+1)(n—1) are greater than 0 but less than
2nri +n —2r,. The central path has at least 3 vertices, so n > 3, and ry, is at least zero by
its definition. Then (2r;+1)(n—2)+m form =0,1,...,r; and (2ry+1)(n—1) are greater
than zero. Moreover, (2ry+1)(n—2)+m < 2rpy+1)(n—2)+ (2ry+1) = 2rpy+1)(n—1)
form=0,1,...,r. Since 2ry+1)(n—1) = 2rg+1)(n) —=2rp, —1 < 2r +1)(n) — 21, =
2nrg +n — 2ry, it follows that A ¢ K.

Example 11. Figure 12 shows an efficient zero ring labeling of a lobster G in which
each elbow has at most one hanging leaf. In this labeling, the set of sums is K =

{As4, Ass, Asg, As7, Asg, Aez} and thus |K| =6 = A(G).

Theorem 9. Let G be a rooted tree whose root has the mazximum degree. If the height of
G is at most two, then G has an efficient zero ring labeling.

Proof. Let G be a rooted tree of height two and with root w such that d(w) = n =
A(G) = n. If n is one or two, then G is a caterpillar. Thus, by Theorem 6, G has an
efficient zero ring labeling.

Suppose n is at least three, and there exists at least one vertex of level two. Denote the
children of w by wi,ws,...,w,. Since w has n children and A(G) = n, every child of w
has at most n — 1 children. Suppose w; has r; children, and let w; j, where j = 1,2,...,r;
denote the children of w;.

Define a function f : V(G) — MS$(Zynt1_1) such that f(w) = Ao, f(w;) = Agit1_s,
and

A21+j+1,2i+1 ifi+j<n+1
flwiz) = Aognt1_git1yg ifi+j=n+1. (34)
Agni1_giv1ggitj-nt1_1 ifi4+j>n+1
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Figure 12: Efficient zero ring labeling of a lobster using M2 (Zs4)

Clearly, f is injective. Let K = {f(u)+ f(v) : uv € E(G)}. To show that f is an
efficient zero ring labeling of G, we need to show that |K| = A(G) =n and Ay ¢ K.
For pairs of adjacent root and vertex of level one, we obtain

f(w) + f(wz) = Ag + Agit1_3 = Agit1_5 (35)

for i = 1,2,...,n. Then we have the sums Aj, A4s, ..., Agnt+1_3. For pairs of adjacent
vertex of level one and vertex of level two, we have three cases.
Case 1: Suppose i + j < n + 1. Then we obtain

f(wz) + f(wf) = A2i+1,3 + A2i+]‘+1,2i+1 = A2i+j+1,3. (36)
Since each of i and j are at least one, we have the sums Agm+1_5 for m = 2,3,... n.
These are As, A3, ..., Ayn+1_3. Note that these sums are same with those from pairs of

adjacent root and vertex of level one, only that Ay is not included.
Case 2: Suppose i+ j =n + 1. Then we obtain

f(w,) + f(wf) = A2i+1_3 + A2n+1_2i+1+3 = A2n+1 = Ajy. (37)

Thus, in this case, there is only one possible sum, which is A;.
Case 3: Suppose ¢ + 7 > n + 1. Then we obtain

flw) + f(wf) = Agit1_g+ Agn+1_git1 giti—nt1_1 = Agnt1gitj—n+l_y4 (38)

= A2i+]’—n+173.

Since i + j > n + 1, it follows that i + j is at least n+2. Also, i is at most n and j is at
most n— 1, 0 i+ j is at most 2n — 1. Hence, 2iT7—n+1 _ 3 > 2(n+2)—n+l _3_93 _3_5
and 20+t 3 < 9@n—1)-n+l _ 3 — 9n _ 3 Then we have the sums As, Ais, ..., Agn_s.
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It can be observed that these sums are same with those from pairs of adjacent root and
vertex of level one, only that Ay and Agn+1_3 are not included.

Therefore,

K == {A17A5,...,A2n+1_3}, (39)

hence |K| = n. For m = 1,5,...,2""! — 3 it is also clear that m > 0 and m < 27! — 1.
Thus, Ay ¢ K.

Example 12. Figure 13 shows an efficient zero ring labeling of a rooted tree G with
a height of two. In this labeling, the set of sums is K = {Aj, As, A13, Aa9} and thus
|K|=4=A(G).

Figure 13: Efficient zero ring labeling of a rooted tree with a height of two using M2 (Z31)

Theorem 10. Let G be a disjoint union of a finite number of caterpillars. Then G has
an efficient zero ring labeling.

Proof. Let G be a disjoint union of p caterpillars. We show that G has an efficient
zero ring labeling.

Case 1: The order of each caterpillar is one or two; that is, each caterpillar is either
the trivial graph or Ps.

If all p caterpillars are trivial, then A(G) = 0. We label the vertices by Ag, A1, Aa, ..., Ap_1.
Clearly, the labeling is injective. Moreover, the set of sums is empty and thus Ay ¢ K.
We are done.

Suppose at least one caterpillar is not trivial. Then A(G) = 1. Let G1,Ga,...,Gp,
denote the caterpillars with two vertices, and let G,,11, G2, ...,G)p denote the trivial
caterpillars, where 1 < m < p. Let V(G;) = {wi—1,wom—i+1} for i = 1,2,...,m, and let
V(Gi) = {witm} fori=m+1,m+2,...,p.

Define a function f : V(G) — M(Zmips1) such that f(w;) = A;. Let K =
{f(w) + f(v) : uwv € E(G)}.

Clearly, f is injective. To show that f is an efficient zero ring labeling of GG, we need
to show that |[K| = A(G) =1 and Ay ¢ K.

We obtain the sums

fwi—1) + f(wam—iy1) = Ai—1 + Aom—it1 = Aom (40)
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fori=1,2,...,m. Then K = {Ay,,} and thus |K| = 1. Also, Ay, # Ap since m > 0 and
m<m+p+l1<m+m+1=2m+1.

Case 2: The order of at least one caterpillar is at least three. Applying Lemma 1, we
denote the vertices of each caterpillar such that the endvertices of the central path have
no hanging leaf.

Let G1,Ga,...,G, denote the caterpillars. Suppose the length of the central path of
G; has s; vertices. Denote the central path of Gy by [w1,ws, ..., ws,], and the central path
of G by [wgt1, Wgt2, ..., Wets,) for i =2,3,...,p, where ¢ = s1 +s2+---+5;_1. Suppose
the number of hanging leaves of w; is r;, and denote the hanging leaves of w; by w{ , where
i=1,2,...,m.

Suppose the maximum number of hanging leaves of a vertex in G is r;. Since the
endvertices in the central path of each caterpillar in G have no hanging leaf and there is
at least one caterpillar with at least three vertices, it follows that A(G) = ry + 2.

Consider a caterpillar H such that V(H) = V(G) and E(H) = E(G)U{{wg,,wy +1} :
i=1,2,...p— 1}, where ¢; = s1 + s2--- + s;. By Theorem 6, H has an efficient zero ring
labeling h.

Define a function f : V(G) — MY(Zpry+n—r,) such that f(a) = h(a) for all a €
V(G). Since h is injective, it follows that f is also injective. G is an edge-induced
subgraph of H, so Ay ¢ Ky = {h(u) + h(v) : wv € E(H)} implies that Ay ¢ K =
{f(u)+ f(v) : wv € E(G)}. To show that f is an efficient zero ring labeling of G, it
remains to show that |K| = A(G) =, + 2.

Using the labeling in the proof of Theorem 4, we obtain

K ={Ap41)0-2) A+ 1)(q=2)+10 - - - At 1) (g=2) 0 A1) (-1 1> (41)

where ¢ = 51+ so + -+ - + 5p. Thus, |[K| =r; +2 = A(G).

Example 13. Figure 14 shows an efficient zero ring labeling of a disjoint union of three
caterpillars using MY(Zeg). In this labeling, the set of sums is K = { Ao, Ae1, As2, A3, Asa, Ags}
and thus |K| = 6, which is the maximum degree of the graph.

Theorem 11. Let G be a disjoint union of a finite number of lobsters in which each elbow
has at most one hanging leaf. Then G has an efficient zero ring labeling.

Proof. Let G be a disjoint union of p lobsters. We show that G has an efficient zero
ring labeling.

If the order of each lobster is one or two, then by Theorem 10, G has an efficient zero
ring labeling. Suppose the order of at least one lobster is at least three. Applying Lemma
2, we denote the vertices of each lobster such that the endvertices of the central path have
no hanging leaf.

Let G1,Ga, ..., G, denote the disjoint lobster graphs. Suppose the length of the central
path of G; has s; vertices. Denote the central path of G; by [wy,ws,...,ws ], and the
central path of G; by [wg41, Wg+t2, ..., Wets,;] fori =2,3,...,p, where ¢ = s1+s2+- - -+5;_1.
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Figure 14: Efficient zero ring labeling of a disjoint union of three caterpillars using M3 (Zes)

Suppose the number of elbows of w; is 7;, and denote the elbows of w; by wj; ;, where
j=1,2,...,7. If it exists, denote the hanging leaf of w; ; by w; ;1.

Suppose the maximum number of elbows of a vertex in G is ri. Since the endvertices
in the central path of each lobster in G have no elbow and there is at least one lobster
with at least three vertices, it follows that A(G) = + 2.

Consider a lobster H such that V(H) = V(G) and E(H) = E(G) U {{wg,, wq, + 1} :
i=1,2,...p—1}, where ¢; = s1 + s2--- + 8;. By Theorem 8, H has an efficient zero ring
labeling A.

Define a function f : V(G) = M(Zonr,+n—2r,) such that f(a) = h(a) for all a €
V(G). Since h is injective, it follows that f is also injective. G is an edge-induced
subgraph of H, so Ay ¢ Kg = {h(u) + h(v) : uwv € E(H)} implies that 49 ¢ K =
{f(w)+ f(v) :uv € E(G)}. To show that f is an efficient zero ring labeling of G, it
remains to show that |K| = A(G) = r; + 2.

Using the labeling in the proof of Theorem 8, we obtain

K = {A(2Tk+1)(q—2)7 A(2Tk+1)(q—2)+1> s 7A(2rk+1)(q—2)+’rka A(27‘k+1)(q—1)}7 (42)
where ¢ = 51+ s + -+ - + 5p. Thus, |[K| =r; +2 = A(G).
Example 14. Figure 15 shows an efficient zero ring labeling of a disjoint union of two

lobsters using MY(Zsz). In this labeling, the set of sums is K = {Aug, As0, As1, A2, Ase}
and thus |K| =5, which is the maximum degree of the graph.

Theorem 12. A cycle graph with n vertices has an efficient zero ring labeling if n is even.
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Figure 15: Efficient zero ring labeling of a disjoint union of two lobsters using M3 (Zs7)
Proof. Let C), = [wy,wa,...,wy, w], where n is even. Clearly, A(C),) = 2. Define a

function f : V(C,) — MY(Zy,) such that

fwi) =

{Ai_l if 7 is odd (43)

Ap—iys if i is even '
Clearly, f is injective. Let K = {f(u) + f(v) : wv € E(Cy,)}. We obtain
flwi) + flwig1) = A1 4+ Ap_(i41)43 = Ant1 = A1 # Ao (44)
if 7 is odd, and
flwi) + fwig1) = An—its + Ajpy—1 = Ants = A3 # Ao (45)

if 7 is even. Thus, K = {A;, A3}, hence |K| =2 = A(C,,). Therefore, f is an efficient zero
ring labeling of C,.

Example 15. Figure 16 shows an efficient zero ring labeling of Cs using MY (Zs). In this
labeling, the set of sums is K = {A1, A3} and thus |K| =2 = A(Cs).

Figure 16: Efficient zero ring labeling of Cs using M2 (Zs)



D. Chua, F. Campeinia, F. Franco / Eur. J. Pure Appl. Math, 13 (3) (2020), 674-696 694
Theorem 13. A cycle graph with n vertices has no efficient zero ring labeling if n is odd.

Proof. Let C,, = [w1,ws,...,w,,w;|, where n is odd. Clearly, A(C,) = 2. Assume
that C,, has an efficient zero ring labeling f : V(C,) — R°.

Since wy and we are adjacent, f(w1) + f(w2) € K = {f(u) + f(v) : wv € E(Cy)}.
It follows that f(wsa) + f(ws) # f(wi) + f(we); otherwise, f(wi) = f(ws), which is not
possible since f is injective. K has only two elements, so K = {f(w1) + f(ws2), f(w2) +
)

Similarly, f(ws) + f(ws) £ f(ws) + fws). Then f(ws) + flws) = f(wr) + f(ws).
Continuing in this manner, f(wy,) + f(w1) would be equal to f(wi1) + f(w2) since n odd.
But this implies that f(wz) = f(w,). This is a contradiction since f is injective.

Theorem 14. A complete bipartite graph has an efficient zero ring labeling.

Proof. Let G = K, ,, be a complete bipartite graph with vertex set {x1,z2,...,zpn} U
{y1,y2,...,yn} and edge set {z;y; : 1 <i <m and 1 < j < n}. Without loss of generality,
suppose m > n. Then A(G) = m. Define a function f : V(G) — M3(Za,,) such that
f(x;) = Agi—o and f(y;) = Agj_1.

Clearly, f is injective. Let K = {f(u) + f(v) : wv € E(G)}. We obtain

f(xi) + f(yj) = Azi—a + Agj1 = Azitj-3 (46)

fori=1,2,...,mand j =1,2,...,n. Then K = {A1, As,..., Aopm_1}, hence |K| = m.
Moreover, since m is at least one, Ag ¢ K. Thus, f is an efficient zero ring labeling of G.

Example 16. Figure 17 shows an efficient zero ring labeling of K54 using M3 (Z10). In
this labeling, the set of sums is K = {A;, A3, A5, A7, Ag} and thus |K| =5 = A(K54).

Figure 17: Efficient zero ring labeling of K5 4 using M2 (Z10)

Theorem 15. A fan graph F,, has an efficient zero ring labeling for n > 3.

Proof. 1t was shown in [2] that F,, has an optimal zero ring labeling for n > 3. By
definition of F,,, it has a vertex with degree |F,,| — 1. Thus, by Theorem 3, F,, has an
efficient zero ring labeling for n > 3.

Theorem 16. A wheel graph Wy, has an efficient zero ring labeling for n > 3.



D. Chua, F. Campeinia, F. Franco / Eur. J. Pure Appl. Math, 13 (3) (2020), 674-696 695

Proof. It was shown in [2] that W,, has an optimal zero ring labeling for n > 3. By
definition of W,,, it has a vertex with degree |W,| — 1. Thus, by Theorem 3, W,, has an
efficient zero ring labeling for n > 3.

Theorem 17. A friendship graph T,, has an efficient zero ring labeling for n > 2.

Proof. It was shown in [2] that T,, has an optimal zero ring labeling for n > 2. By
definition of T, it has a vertex with degree |T;,| — 1. Thus, by Theorem 3, T}, has an
efficient zero ring labeling for n > 2.

Example 17. Figure 18 shows an efficient zero ring labeling of Fy using MY(Zg). Figure
19 shows an efficient zero ring labeling of Wy using M3(Zg). Figure 20 shows an efficient
zero ring labeling of Ty using M3(Zg). In these labelings, the set of sums is the difference
of the zero ring used and {Ap}.

Figure 18: Efficient zero ring labeling of Fs using Figure 19: Efficient zero ring labeling of Wy using
M3 (Zo) M3 (Zs)

Figure 20: Efficient zero ring labeling of T4 using
M3 (Zo)
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