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Abstract. Two vertices x,y of a graph G are adjacent, or neighbors, if xy is an edge of G. A set

S of vertices in a graph G is a neighborhood set if G = U (N[v]y where (N[v]) is the subgraph

vES
induced by v and all the vertices adjacent to v. If no two of the elements of S are adjacent, then

S is called an independent neighborhood set. The independent neighborhood polynomial of G of

order mis N;(G,z) = Z ni(G, 7)z? where n;(G, 5) is the number of independent neighborhood
7=ni(G)

set of G of size j and 7;(G) is the minimum cardinality of an independent neighborhood set of

G. This paper investigates the independent neighborhood polynomial of the Cartesian product of

some special graphs.
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1. Introduction

The history of graph theory may be specifically traced to 1735 when the Swiss Math-
ematician Leonhard Euler solve the koénigberg bridge problem. There are number of
applications of graph theory that have been widely studied. A graph polynomial is one
of the algebraic reperesentations for graph. In this paper, we study a new type of graph
polynomial called the independent neighborhood polynomial [10]. Throughout this paper,
we consider only a finite, simple, undirected graphs without loops and multiple edges.
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A graph G is a pair (V(G), E(G)) consisting of a nonempty finite set of vertices V(G)
and a set of edges E(G) of unordered pairs of elements of V(G). The cardinalities of V(G)
and F(G) are called the order and size of G, respectively. We write = uv and say that u
and v are adjacent vertices; vertex u and edge x are incident with each other, so are v and
x. The two vertices incident with an edge are its endvertices or ends, and an edge joins
its ends. Two vertices of a graph G are said to be neighbors if they are adjacent in G.

The neighborhood of a vertex v € V' is the set Ng(v) ={w : w € V and vw € E(G)}.
A vertex v is pendant if its neighborhood contains only one vertex; and edge e = wv is
pendant if one of its endvertices is a pendant vertex.

A graph H is called a subgraph of G, written H C G, if V(H) C V(G) and E(H) C
E(G). If H C G and either V(H) is a proper subset of V(G) or E(H) is a proper subset of
E(G), then H is a proper subgraph of G. A subgraph F of a graph G is called an induced
subgraph of G, denoted by (F'), if whenever v and v are vertices of F' and uv is an edge of
G, then uw is an edge of F' as well.

A path is a nonempty graph P = (V, E) of the form

V=Avi, -+ ,om} E = {viv, 0203, ,Um_1Um},

where the v; are all distinct.

In this research, we focused to determine the independent neighborhood sets of the
Cartesian product of some special graphs with path and represent them in a graph poly-
nomial called independent neighborhood polynomial. The readers may also read on the
following references: [1],[2],[3], [5],[9],[11] and [6].

2. Preliminaries

Definition 1. [7] A graph G is a bipartite graph, denoted by K, ,, if V(G) can be
partitioned into two subsets V,,, and V,, of order m and n, respectively, called partite sets
such that every edge of G joins a vertex of V,, and a vertex of V,,. If G contains every
edges joining V,, and V,,, then G is called complete bipartite graph. A star is complete
bipartite K ,, the vertex in the singleton partition class is called the apex vertex. A star
graph K ,—1 is also called an n-star graph.

u1
Uz
us

Ug

Figure 1: A star graph K 4 with apex vertex u and pendant vertices w1, u2, us, ua
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Definition 2. [6] The bistar graph B(m,n) is constructed by joining the apex vertices of
two stars K1, and K7, for m > 1 and n > 1 with disjoint vertex sets.

(51 U1
U2 u v

U2
us
Uy U3

Figure 2: A bistar graph B(4,3)

Definition 3. [4] The Banana tree graph B, is the graph obtained by connecting one

leaf of each m copies of an n-star graph with a single root vertex that is distinct for all
the stars.

Figure 3: The Banana tree graph Bs 5

Definition 4. [4] The Firecracker graph Fy, , is the graph obtained by the concatenation
of mn-stars by linking one leaf from each.

o

Figure 4: The Firecracker graph F3 5

Definition 5. [8] The n-centipede graph or simply Cen,, is the tree on 2n vertices obtained
by joining the bottoms of n copies of the path graph P» laid in a row with edges.
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L] LT

Ceny Cens

Figure 5: The Centipede graphs C'ens and Cens

Definition 6. [5] The Cartesian product of two graphs G and H, denoted GOH, is the
graph where V(GOH) = V(G) x V(H) and (g1, h1)(g2, h2) € E(GOH) if and only if either

(i.) g1 = g2 and hihg € E(H) or
(ii.) h1 = hg and g192 € E(G).

A S

Figure 6: Cartesian product of G and H

Definition 7. [11] A set S C V(G) is an independent neighborhood set of G, if S is a

neighborhood set and no two vertices in S are adjacent.
Definition 8. [11] Let G = (V, E) be a graph with m vertices. Then the independent

neighborhood polynomial of G of order m is

m

J=ni(G)
where n;(G, j) is the number of independent neighborhood set of G of size j and 7;(G) is the

minimum cardinality of an independent neighborhood set which is called the independent
neighborhood number of G.

Example 1. Consider the graph H below
V1 V2 V3

e

Us V4

The only independent neighborhood sets of H are {vy,v4} and {v1,v3, v5}. Therefore,
the independent neighborhood polynomial of H is N;(H,z) = x? + 3.
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3. Independent Neighborhood Polynomial of the Cartesian product of
Some Special Graphs with Path Graph

In this section, the independent neighborhood sets of the Cartesian product of some
special graphs with path are determined and represented in an independent neighborhood
polynomial.

Theorem 1. For any path Py and star K,

elalmt 3] 4 2[5+ 5] ks 0dd
235(%)’”(%), k is even
for any k,n € 7.

1 t
Proof: Label V(P;) = {1,2,--- ,k} and V(K1) = { ,  apex vertex

2n  pendant vertices

Then

V(POK ) ={(z,y):x=1,2--- k,y=1,2,4,6,--- ,2n}

and
E(POK: ;) ={(z,y)(w,2) : 2 = w and yz € E(K1,) or zw € E(P;) and y = z}.

Observe that for any (z,y)(w, z) € E(P;0K) ;), we have the following cases:

case 1: {(z,y), (w,2) : x = w is odd while y is even and z = 1}.
case 2: {(z,y), (w, z) : x = w is even while y is even and z = 1}.
case 3: {(z,y), (w, 2) : y =z =1 while x is even and w is odd}.
case 4: {(z,y), (w, z) : y = z is even while z is even and w is odd}.

Now, let S = {(p,q) € V(P:OK,,,) : p and ¢ are both even or p and ¢ are both odd}
and T = {(r,s) € V(P,OK;,) : ris odd and s is even or r is even and s is odd}. We
claim that S and 7" are the independent neighborhood sets of P,[1K7 , that is, we show
that
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a. no two vertices in S are adjacent and U (N[u]) = P,OK, , ; and
ucs

b. no two vertices in 7" are adjacent and U (Nv]) = P,OKq .
veT

a. Let (z,y), (w,z) € S. We consider the following cases:

Case 1: If z,y,w, z are all odd, then (x,y)(w,2) ¢ E(P,OK, ;). Thus, (z,y), (w,2)
are not adjacent.

Case 2: If z,y,w, z are all even, then (z,y)(w, z) ¢ E(P,0K;,). Thus, (z,y), (w, 2)
are not adjacent.

Case 3: If x,y are even and w,z are odd, then (z,y)(w,z) ¢ E(Py0OK;,). Thus,
(z,y), (w, z) are not adjacent.

Case 4: If x,y are odd and w,z are even, then (z,y)(w,z) ¢ E(PyOK;,). Thus,
(z,v), (w, z) are not adjacent.
Hence, in all above cases, none of the vertices of S are adjacent.

Next, we will show that U (N[u]) = PyOKj ;. Assume to the contrary that U (Nu]) #

u€esS u€esS

P,OK, ,,. Then there exists (z,y)(w, 2) € E(P,OK; ;) such that (z,y)(w, z) ¢ E <U (Nu])

u€esS
particularly, both (z,y) and (w, z) are not in S. It follows that both = and y are not odd

or both z and y are not even. Similar case for w and z. Now, if z is odd, y is even,
w is odd and z is even, then (z,y)(w,z2) ¢ E(P,OK;,). This is a contradiction. If we
consider z is odd, y is even, w is even and z is odd, then (z,y)(w,2) ¢ E(P,O0Ky).
Similar case when x is even, y is odd, w is odd, z is even and for x is even, y is odd, w is
even, z is odd. Hence, in either cases, (z,y)(w, z) ¢ E(P,0OK,) which is a contradiction
to the assumption. Therefore, U (N[u]) = PyOK, ;. Consequently, S is an independent

ucsS
neighborhood set of P;0Kj ;. Following the same argument in (a) for (b), we can show

that 7' is also an independent neighborhood set of P,UK1 .

Now, if we let S; = {(z,y) : = and y are odd}, S2 = {(x,y) : x and y are even},
Ty = {(z,y) : zis odd and y is even} and To = {(x,y) : z is even and y is odd}, then
S1USUTyUT, = V(POK; ) and that S;USe = S and T' = T; UT5. Notice that when

k is odd,
151] = {J |S2| = {QJ n, |T1| = [J n, |Ts| = {QJ )

Hence, |5] = |4 n-+ [4] and 7 = [5]n + [£].
Thus, N;(P,OK . x) = zl3ln+5] + 21217+ 2] when k is odd. For k is even, observe
that |5] = (%) = [£]. It follows that |S| = |T| and so, N;(P,0K1,,,z) = 22(2)n+(3).

)
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Consequently,
iR [T
’ 225 ”+(5), k is even.
Theorem 2. For any path Py and Bistar graph B(m,n),
Ni(PyOBpp, ) = ol 2 1m+D+[5 04D 4 o[ 5[ mtD)+[5] (D)
for any k,m,n € Z™.
Proof: Label the vertices of B(m,n) as iy, jy, 0y, 0y, i =1,--+,m, j=1,---
0, and 0, are the apex vertices.
Then
V(PyOB(m,n)) = {(r,ia), (1, jv), (r,04), (r,0,) :r=1,--+ k, i=1,--- ,m, j=1,---,n
and E(P,OB(m,n)) = {(w,z.)(y, zp)

w = y,a = band eitherx = 0orz =0, w =
y+l,a=band z =2, and w=y,a =u,b=v and x =0 = z}.
Consider the following sets of vertices.

AT:{(raiu):r:L"

,k,zzl,m}U{{(r,Ov)}
Bs={(s,jo):s=1,-k, j=1--,npU{{(s,0u)}.
Let
S = A, U By such that r is odd and s is even and
T = A, U Bs such that r is even and s is odd.
(ryiy): risodd,i=1,---,m (ryiy): riseven,i=1,---,m
Then S — (s, Jv) : siseven,j=1,~~,nandT: ($,jp): sisodd,j=1,---,n
(r,0,): risodd (r,0
(s,04): s is even

p) @ T is even
(s,04): sisodd
We claim that S and T are the independent neighborhood sets of P,[1B

(m,n). First,
we show that no two vertices in S are adjacent. Observe that for any (r,i,), (s,0,) € S
(ryiy)(s,0,) ¢ E (PyOB(m,n)) since r is odd in (r, ji,,) and s is even in (s,0,). Similarly,

,n where

179
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(1,10)
Qi{i\\\gggpu) (1,0,

(1, ) ¢

(1,14)

(1,24)

S (ko)

(8,7v)(r,0,) ¢ E (P,OB(m,n)) for any (s, j,), (r,0,) € S. Hence, none of the vertices of S
are adjacent.
Next, we show that U (N[v]) = PyOB(m,n). Assume to the contrary that U (Nv]) #

vES veS
P,OB(m,n). This implies there exists (w, z4)(y, 25) € E(PyOB(m,n)) such that (w, z,)(y, z») ¢

E (U (N[v]) |. Consider the following cases:
vesS

case I. w=1y,a=">0and either x =0ory =0
WLOG, let z = 0.

i If (r1,44)(r2,0,) ¢ E (U <N[v]>>, then both (71,1y), (r2,0,) ¢ S. It follows

veS
that r9 is odd and so is r1. But (r1,4,) € S for r1 odd. This is a contradiction.

ii. If (s1,40)(82,0,) ¢ E (U(N[v]>>, then both (s1,jy), (s2,0,) ¢ S. It follows

veS
that s is even and so is s because (s1,j,)(s2,0,) € E (P,OB(m,n)) when

s1 = s9. But (s1,7,) € S for s even which is a contradiction.

case II. w=y+1l,a=band x =z
Assume that x = z # 0.

i. When (r1,14)(r2,424) ¢ E (U (N[U])), then both (71, 414), (r2,i2,) ¢ S. This
veS
implies 71 and 7o are odd. But (71,714)(r2,924) ¢ E (POB(m,n)) which is a
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contradiction.

ii. When (s1,j14)(s2,jou) ¢ E (U <N[v]>>, we will arrive contradiction similar

veS
to 1.

Next, we assume x = z = 0.

i, If (r1,0,)(r2,0,) ¢ E (U (N[v]>>, then both (r1,0,), (r2,0,) ¢ S. This im-

veS
plies r1 is odd and r9 is even. But (r2,0,) € S, a contradiction.

iv. If (s1,0,)(82,0,) ¢ E (U <N[v]>>, then both (s1,0,), (s2,0,) ¢ S. Note that

veS
whenever s is odd, s is even. But (s,0,) € S for s even. This is a contradic-

tion.
case IIl. w=y,a=u,b=vand x =0=2z2

If (r,04)(s,0,) ¢ E <U<N[v]>>, then (r,0,), (s,0,) ¢ S. This implies 7 is odd.
vES
But r = s and thus, s is also odd. This is a contradiction.

Hence, in either of the above cases, we arrived at a contradiction. Thus, (w,z4)(y, 25) €

E (U(N[v])) Consequently, U(N[v]} = P;0OB(m,n). Hence, S is an independent
veS veS
neighborhood set of P,[0B(m,n). Following the same argument in S, we can also show

that T is an independent neighborhood set of P,LB(m,n)
Now, observe that for each A; and B,, |A;| = m+ 1 and |B,| = |n + 1|. Thus,

1S|="> lAl+ > [B

4 is odd r is even

:[ﬂ (m+1)+ V;J (n+1)

and
TI= > |Al+ > |B]
i is even r is odd
k k
== 1 — 1).
{QJ (m+1)+ {J (n+1)
Therefore,

]\],L(Pk[IB(yn7 n)7 gj) = x"g" (m+1)+ I_gJ (n+1) + xth (m—i—l)—i—"%—‘ (n—l—l)‘
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Theorem 3. For any path P, and Banana graph By, »,

No(BeO By, ) = a5 Ime=D[51m41) | o [5]m(n=1)+ [ 5 om)

for any k,m,n € ZT.

Proof: Label the vertices of each star in B, , by ¢j, i =1,---,m, j=1,---

as the root vertex in By, .

13 23

m3

Then V(P,OB,,n) = {(e,1j),(e,0) : e = 1,--- |k, i
shown in the figure below:
Observe that

a. (e1,i171)(e2,9272) € E(P,OBy, ) if

i. e1 = eg,11 = 19 and either j; = n or jo = n; or

ii. e =eg+ 1,71 =19 and j1 = jo.
b. (e1,il)(e2,0) € E(P;OB,,) if e; = ez, and
c. (e1,0)(e2,0) € E(PyOByy, ) if e =ex+ 1.

Consider the following sets:

B, =
Bq:{€7

(

A, ={(e,ij)reiseven,i=1,---,m, j=1,--- ,n—1},
{(e,0) : e isodd} U{(e,in) :eisodd, i =1,--- ,;m},
(e,0)

ceiseven}U{(e,in):eiseven, i =1,--- ,m}.

182

,nand 0

-,n} as

Let S = AU B, and T = A; U B,. We claim that S and T are the independent
neighborhood sets of P,[1B,,,. First, we show that no two vertices in S are adjacent.
Observe that for any (e1,i171), (€2,i2j2) € S such that e; = ey and i3 = iy, we have
j1 # n and jy # n. For the case when either j1 = n or jo = n, e; # es. Also, for
(el,iljl), (eg,igjg) S S such that er = ey + 1 and il = ig,jl 7é jz. This implies (el,iljl)
and (eq, i2j2) are non-adjacents. Note that for any (e1,i1), (e2,0) € S, e; is odd while e is
even and so, (e1,11), (e2,0) are non-adjacents. Hence, none of the vertices in S are adjacent.
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\ \ \
\ Qv \ N

\
v \ (219)\\‘\\ \ AR
N v 13)Y N N (k23)Y \ v \(kym3)
\

\
vyt \ Vool

(K, \l\n - '\ (k, Q\n) (k,22) (k,mn —="1)\

Now, we will show that U (N[v]) = P,OByy, 5,. Assume to the contrary that U (Nv]) #
vES veS

PyOB,, . Then there exists zy € E(P,0B,, ;) such that zy ¢ E U (N[v])
veS

case I z = (e1,i171),y = (e2,1272)

i. Consider e; = e9,71 = 19 and either j; = n or jo = n. When e; = ey is even,
(e,in) € By C S while when e; = ey is odd, (e,ij) € A, € S. This implies
either (e1,i1j1) € S or (eg,igje) € S and follows that (e1,i171)(e2,iz2j2) €

E U (Nv]) | which is a contradiction.
veS
ii. Consider e; = es + 1,41 = 4o and j; = jo. Then either e; is odd and ey is even
or ey is even and ey is odd. But in either cases, (e,ij) € S when e is odd and

consequently, (e, i171)(e2,i2j2) € U (N[v]) |. This is a contradiction.
veS

case II: = = (e1,41),y = (e2,0)
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Since (e1,i1)(e2,0) € E(PyOBy, ), €1 = e2. Then ey must be odd. But (ey,i1) € S

when e; is odd and so, (e1,i1)(e2,0) € E (U (N[v]>> which is a contradiction.
veS

case III: = = (e1,0),y = (e2,0)
Clearly, when e; is odd, es is even and vice versa. But (e,0) € S when e is even.

This implies either (e1,0) € S or (e2,0) € S. So, (e1,0)(e2,0) € E (U(N[v]))
vES
which is a contradiction.

In either of the above cases, we arrived at a contradiction. Thus, zy € E <U (N [v]>>
veES
Consequently, U (N[v]) = POBy, . Following same argument in S, we can easily show

vES
that 7' is also an independent neighborhood set in P15, ;.

Now, observe that

|Ap| = {(e,ij) reisodd,i=1,--- ,m, j=1,--- ,n—1}

o |

= m(n — 1),

|Aq’ :{

,ij) reiseven,i=1,--- . m, j=1,--- ,n—1}

IRy

m(n — 1),

’Bp’ =

—~
o

0):eisodd} U{(e,in) :eisodd,i=1,--- ,m}

[+[z]

(m+1)

1 T

N T N

and

(e,0):eiseven}U{(e,in):eiseven, i =1,--- ,m}

Il
e i st
>N
[

+
—

o | F
I

Thus,
1= 1450+ 1Bl = | § [ min = 1)+ | 5| Gt 1)
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and
k k
171 = 140+ 1Byl = | & [ m(n = 1)+ | & m 1),
Therefore,

Nz(PmDBm,nax> _ ngJm(n71)+[%—|(m+l) + x[gw m(nfl)JrL%J (erl)'

Theorem 4. For any path Py, and Firecracker graph Fy, ,,

for any k,m,n € Z".

Proof: Label the vertices of F,, by i¢j, i =1,--- ,m, j = 1,--- ,n as shown in the
figure below:

13

1n
In—1 12 2n—1

11

Then V(P,.OF,.) = {(e,ij) : e = 1,---,k, i = 1,---,m, j = 1,---,n} and
E(PkDme) = {(el,iljl)(eg,igjg) €1 = €9 and iljligjg € E(me) or ejes € E(Pk) and il =
i2,j1 = jo} as shown in the figure below:

Observe that for any (eq,i171)(e2,22) € E(PyOF, ), either

i.) e1 = ez, i1 =12, j1 =norjp=mn;
ii.) e1 =eg, i1 =idg+1, j1 =1=jgor

iii.) e; = ez + 1, i1 =iz, j1 = jo.
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(1,13) (1,23) (1, m3)

(1,1n — 1) ,1n) (1,12) (1,2n—1) ymn) (1, m2)

2.1y (2.12) (2%

Ap = {(p,ij) B, = {(p,in) : p is odd, ¢ is odd}
Ay ={(g,ij) :qiseven,iisodd, j=1,---,n—1}, B, ={(g,in) : q is even, i is odd}
Cp=A{(p,ij) :pisodd, iiseven, j=1,---,n—1}, D, ={(p,in) : p is odd, i is even}
Cqy={(q,1j) : qis even,iiseven, j=1,--- ,n—1}, Dy, ={(q,in) : q is even, i is even}

Let S=A,UD,UB,UC; and T = A, U D, U B, UC,. We claim that S and T are the
independent neighborhood sets of P,UF,, ;. First, we show that no two vertices in S are
adjacent. Since each A, and C; consist of the pendant vertices in each star, A, and Cj,
are independent sets. Also, since each B, and D), consist of apex vertices in each star, B,
and D), are independent sets. We note that elements of A, and D), are not adjacent since
¢ is odd in A, and i is even in D,. Similarly, elements of B, and C, are non-adjacent.
Hence, the set A, U D, U B, U C, have non-adjacent vertices.

Next, we show that U (N[v]) = PyOF,, . Assume to the contrary that U (N[v]) #

ves vES
PkDme. Then there exists (61, iljl)(eg, izjz) eFE (PkDme) such that (61, i1j1)(62, igjg) ¢

E (U <N[v]>> . This implies (e1,i171), (€2,9252) ¢ S.
ves

case 1: e] = ey, i1 = 19, either j; =n or jo = n.
WLOG, we may assume j; = n. Since (e1,i1j1) ¢ S, either either e; and i; are odd
or e; and i are even. Consider e; and 47 are odd. Since e; = ey and i; = i9, €
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and iy are odd. But (ez,iz2j2) € Ap C S. This is a contradiction. Similarly, if we
consider e; and i1 to be even, then (ez,i2j2) € Cy C S

case 2: e] =eg, 11 =19+ 1 and j; =1 = jo.
Since (e1,7171) ¢ S, either e is odd and 7; is even or e; is even and 71 is odd. When
e1 is odd and i is even, ez and iy are odd. But (eg,izj2) € A, C S. This is a
contradiction. Similarly, a contradiction will arrive when e; is even and #; is odd.

case 3: e = ez + 1, i1 = i3 and j; = ja.
Since (e1,i171) ¢ S, we consider the following cases: For j = 1,--- ,n—1, if e is
even, 41 is odd, then it follows that e and iz are odd. But (eg,i2j2) € S. This is a
contradiction. Similarly, when ey is odd and 47 is even, then es and 49 are even for
which (e2igja) € S, a contradiction. For j = n, if e; and i; are even, then es is odd
and 7 is even. So, (e2,i2j2) € S, a contradiction. Also, for if e; and i1 are odd, e
is even and iy is odd and that (eg,i2j2) € S which is a contradiction.

Thus, in either of the above cases, we arrived a contradiction. Hence, (eq1,i171)(e2,i2j2) €
E (U <N[v]>> . Consequently, U (N[v]) = PyOF,, . Following the same argument in S,

veS veES
we can verify that 7" is also an independent neighborhood set of P,[1F;, .

Finally,

|51 = [Ap] + [Dpl| + [ Byl + ||

- [3] 510+ H 3]+ 13
-l (e [3]) {’SJ e Bl

171 = 1441 + Dyl + 1B, + ICy
=53] [Fle-v+ 3] 5]+ 3] [51+]5] [5]@-v
-3} (Fle-0+[5) +[5] (51 + 5] -)

N;(P,OFy 0, 2) = 2515 1e=D+[3 )+ 5]([F]+]%5 ] (-D)
1250310+ [3 D513 ]+ 5] D),

Theorem 5. For any path P, and Centipede graph Cen,, N;(P,OCen,,z) = 22" for
any k,n € 7.
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1a 2a 3(1 na
1y 2p 3p ny

Proof: Label the vertices of Cen, by ja,jp @ J

E(Ceny) ={jajp:j =1, ,nfU{i(G+1)p:j
below:
Then V(P,OCen,,) = {(i,ja), (i, 5p) : it =1,--- Jk, j=1,--- ,n}.

(1,24)

(‘2\, 1) <‘2¢ %)

= 1, ---,n and define its edges by
1--+,n — 1} as shown in the figure

\

k 2a) : (k73a) \‘\ \ (kana)

(k, 1a)
I k 1(, \\ k’ 2b) \\\ (k‘, 3b) \\\ (k,nb)
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Observe that
o (i1, j1a)(i2, j2) € B(P,OCeny,) if i1 = is and ji = jo,
o (i1,71a)(i2, j20) € E(PyOCen,,) if iy =iy + 1 and j; = jo and
o (i1, j1p)(i2, jop) € E(POCen,,) if either
i.) i1 =id2,j1 =j2+1or
ii.) iy =iz + 1,71 = jo.

Consider the following sets:

A, ={(4, o) : ¢ and j are odd}, By = {(4,jq) : ¢ is odd and j is even}
A, ={(4,Jq) :  is even and j is odd}, B, ={(4,jq) : © and j are even}

cp = {(4,J») : 7 and j are odd}, D, = {(i,7p) : 7 is odd and j is even}
Cq ={(4,7) : 7 is even and j is odd}, Dy = {(i,7) : i and j are even}.

Let S=A,UD,UB,UCy and T = A, U D, U B, U C), that is,
i, ja) : ¢ and j are odd (i,ja) : 7 1is even and j is odd
(i,ja) : 7 1is odd and j is even

and T' =
i is even and j is odd (i,Jp) : ¢ and j are odd

)
i,Jq) : i and j are even

)

i,7p) : 1 is odd and j is even (i,jp) : ¢ and j are even .

We claim that S and T are the independent neighborhood sets of P,0Cen,. First,
we show that no two vertices in S are adjacent. Observe that for any (i1, j14), (72, J24) €
S, (il,jla)(ig,jza) §é E(PkDCenn) since jl 7& jg. AISO7 for any (il,jla),(ig,j2b> S S,
(il,jla)(ig,jgb) ¢ E(PkDCenn) since when il = ’iQ,jl 75 j2 and when jl = jQ,’il 7& ig.
Furthermore, any (i1, j1s), (42, j2b) € S, (i1, J1p) (32, j2p) ¢ E(PxOCen,,) since both iy # io
and j; # jo. Hence, no two vertices in S are adjacent.

Next, we will show that U (N[v]) = PyOCen,,. Assume to the contrary that U (N[v]) #

vES vES

P,.OCen,,. Then there exists zy € E(P,0C),) such that zy ¢ E (U (N[U])) . This implies

veS
both z,y ¢ S.

case 1: x = (i1, J14) and y = (i2, jop)
Since (i1,j14) ¢ S, either i1 is even and j; is odd or i; is odd and j; is even.
If i1 is even, j; is odd, then iy is even and js is odd. But (ig,jo) € S. This is a
contradiction. For i; odd and j; even, iy is odd and js is even. Similarly, (ig, jop) € S
which is a contradiction.

case 2: x = (i1, j1a) and y = (i2, joq)
When (i1, j14) € 5, it follows that either 41 is even and j; is odd or 7; is odd and 7 is
even. Consider i; to be even and j; to be odd. Since (i1, j14)(i2, j2o) € E(PyOCen,,)
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if i1 = io+1 and j; = jo, it follows that i and jo are odd and this is a contradiction
for (ig,j2q) € S. Similarly, when i; is odd and j; is even, i3 and jo are even and this
is a contradiction since (42, joq) € S.

case 3: x = (i1, J1p) and y = (i2, jop)
Since (i1,71p) ¢ S, either i; and j; are odd or even. Similarly, (is, jop) ¢ S implies iy
and jy are odd or even. But if i1, j1, i2, jo are all odd, (i1, j1p)(i2, jop) ¢ E(PrOCen,,).
Also, when 11,19, j1, j2 are all even, (i1, j1p)(i2, jop) ¢ E(POCen,). If we consider
i1, j1 to be odd and ig, jo to be even, clearly, (i1, j1p)(i2, jop) ¢ E(POCen,,). Hence,
all possibilities yield a contradiction.

Thus, zy € FE (U(N[v])) Consequently, U(N[v]) = P,0Cen,. Thus, S is an in-
veES vES
dependent neighborhood set of Py[1Cen,. We can also verify that T is an independent

neighborhood set of Py[JCen,, by following the same argument in S.
Lastly, observe that [ A,| = [£] [3]. 1Dyl = [5] 3], 1By| = |5 13116 = (5] 1] 144l =
12 [51. 104 = [5] [5], 1Byl = [3] [5] and |Gyl = [5] [5]. Hence,

|51 = [Ap| + [Dpl + [By| + |C
- 2|51+ [3] (5] |3] 15+ |2 3]
= [3] (51+[3) + 3] (51+ 5D)
SERGIHEE)

IT| = [Ag] + [ Dg| + | Bp| + |Ch|
- 2|51+ 2] 15)+ 2] 13)+ [2] 5]
SERBIERE)

Therefore, N;(P,OC,,,x) = 2z"F.

Ni(PyOFyp, ) = zl 2 1[0 B D+ ]33] 1) o Ls] ([T B )+ 2 [(T3 1+ 18] (1)

[SIESE ST

=l
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— oo([5]+[5))
— 2xnk
= N;(P,OCeny,, ).

Acknowledgements

This research is funded by the Department of Science and Technology (DOST), Min-

danao State University II'T, Department of Research, Office of the Vice Chancellor for
Research and Extension(OVCRE), and Mindanao State University Main Campus (MSU
Main).

1]

[9]

[10]

[11]

References

A. Alwardi and P.M. Shivaswamy. On the neighbourhood polynomial of graphs.
Bulletin of the Society of Mathematicians Banja Luka, 6:13-24.

F. Buckley and F. Harary. Distance in Graphs. Addison-Wesley Series in Mathemat-
ics, 1990.

R. Diestel. Graph Theory. Springer Nature, 2017.

M.S. Sardar et.al. Computing topological indices of the line graphs of banana tree
graph and firecracker graph. Applied Mathematics and Nonlinear Sciences, 2:83-92,
2017.

R. Hammack et.al. Handbook of Product of Graphs. CRC Press Taylor and Francis
Group, London and New York, 2011.

S. Ganesh and R. Revathi. Analysis of some bistar related mmd graphs. International
Journal of Pure and Applied Mathematics, 118(10):407-413, 2018.

F. Harary. Graph Theory. Addison-Wesley Publishing Company, 1969.

M. Khasif. Chromatic polynomials and chromaticity of some linear h-hypergraphs.
1969.

V.R. Kulli. The neighborhood graph of a graph. International Journal of Fuzzy
Mathematical Archive, 8(2):93-99, 2015.

V. E. Levit and E. Mandrescui. The independence polynomial of a graph-a survey.
In Proceedings of the 15t International Conference on Algebraic Informatics, pages
233-254, 2005.

K.B. Murthy and Puttaswamy. On the independent neighbourhood polynomial of
graphs. Indian Streams Research Journal, 5(12):1-7, 2015.



