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Abstract. A set S of vertices in a connected graph G is a resolving hop dominating set of G if S
is a resolving set in G and for every vertex v € V(G)\ S there exists u € S such that dg(u,v) = 2.
The smallest cardinality of such a set S is called the resolving hop domination number of G.
This paper presents the characterizations of the resolving hop dominating sets in the join, corona
and lexicographic product of two graphs and determines the exact values of their corresponding
resolving hop domination number.
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1. Introduction

Domination in graphs was first introduced by C. Berge in 1958 [3]. There are now many
studies involving domination and its variations. Natarajan and Ayyaswamy [9] introduced
and studied the concept of hop domination in graphs. Hop domination in graphs were
also studied in [6, 10, 11].

Slater [12] introduced and studied the concept of resolving set. Resolving sets and
resolving dominating sets were studied in [1, 2, 4, 7, §].

This paper combines the idea of resolving and hop domination sets by introducing the
concept of resolving hop domination in graphs. Resolving hop dominating sets in graphs
can have real world applications. One possible application is in the minimization problem
with specific conditions. For example, a company that makes electric cars with a smart
navigation feature, wants to build the least number of charging stations in a given city,
such that any car with a low charge, from any area, can reach a charging station before
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running out of either or both its remaining charge and auxiliary power. However, fully
charging a car takes time, which at some point can overwhelm a station’s capacity. To
reduce the chance of this from happening, the company may require, as much as possible,
that no such two cars from different areas arrive at the same station at about the same
time. Assuming that both the remaining low charge and auxiliary power can each cover the
same travel distance d, the graph-theoretic model for this scenario could be that vertices
represents the areas, and adjacency of vertices represent a connected route of distance d.
Resolving hop domination in graphs can be used to determine the minimum number of
charging stations and where to build them in such a manner that cars from different areas
have relatively distinct distances from these stations.

In this study, we only consider graphs that are finite, simple, undirected and connected.
Readers are referred to [5] for elementary Graph Theory concepts.

Let G = (V(G), E(G)) be a graph. Ng(v) = {u € V(G) : wv € E(G)} is a neighbor-
hood of v. An element u € Ng(v) is called a neighbor of v. Ng[v] = Ng(v) U {v} is a
closed neighborhood of v. The degree of v, denoted by degi(v), is equal to |[Ng(v)|. For
S CV(G), Na(S) = | Ne(v) and Ng[S] = | Ne[v].

vES vES
A connected graph G is said to be point determining if distinct vertices have distinct

neighborhoods, that is, Ng(a) # Ng(b) whenever a,b € V(G) and a # b.

A connected graph G of order n > 3 is totally point determining if for any two distinct
vertices u and v of G, Ng(u) # Ng(v) and Ng[u] # Nglv].

A vertex z of a graph G is said to resolve two vertices u and v of G if dg(xz,u) #
dg(z,v). For an ordered set W = {z1,...,z;} C V(G) and a vertex v in G, the k-vector

ra(v/W) = (dg(v,x1),dg(v, x2), ...,dc(v, x}))

is called the representation of v with respect to W. The set W is a resolving set for G
if and only if no two vertices of G have the same representation with respect to W. The
metric dimension of G, denoted by dim(G), is the minimum cardinality over all resolving
sets of G. A resolving set of cardinality dim(QG) is called basis.

A set S C V(G) of vertices of G is a dominating set if every u € V(G) \ S is adjacent
to at least one vertex v € S. The domination number of a graph G, denoted by v(G), is
given by v(G) = min{|S]| : S is a dominating set of G}.

A set S C V(G) is a hop dominating set of G if for every v € V(G)\S, there exists
u € S such that dg(u,v) = 2. The minimum cardinality of a hop dominating set of G,
denoted by ~4(G), is called the hop domination number of G. Any hop dominating set
with cardinality equal to v4(G) is called a ~j-set.

A vertex v in G is a hop neighbor of vertex w in G if dg(u,v) = 2. The set Ng(u,2) =
{v € V(G) : dg(v,u) = 2} is called the open hop neighborhood of u. The closed hop
neighborhood of u in G is given by Ng[u,2] = Ng(u,2)U{u}. The open hop neighborhood
of X C V(QG) is the set Ng(X,2) = U N¢g(u,2). The closed hop neighborhood of X in G

ueX
is the set Ng[X,2] = Ng(X,2)U X.
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A set S C V(G) is a locating set of G if for every two distinct vertices u and v of
V(G)\S, Ng(u) NS # Ng(v) NS. The locating number of G, denoted by In(G), is the
smallest cardinality of a locating set of G. A locating set of G of cardinality In(G) is
referred to as a In-set of G. A set S C V(G) is a strictly locating set of G if it is a locating
set of G and Ng(u)NS # S for all u € V(G)\S. The strictly locating number of G, denoted
by sin(G), is the smallest cardinality of a strictly locating set of G. A strictly locating set
of G of cardinality sin(G) is referred to as a sin-set of G.

A set S C V(G) is a resolving hop dominating set of G if S is both a resolving set and
a hop dominating set. The minimum cardinality of a resolving hop dominating set of G,
denoted by vgn(G), is called the resolving hop domination number of G. Any resolving
hop dominating set with cardinality equal to yg,(G) is called a ygp-set.

2. Preliminary Results

Remark 1. For any connected graph G of order n > 2, 2 < vg,(G) < n. Moreover,
Yrr(P2) = 2 and Yrp(Ky) = n.

Proposition 1. For any connected graph G of order n > 2. Then, yrp(G) = n if and
only if G = K.

Proof: If G = K, then yr,(G) = n. Suppose vg,(G) = n and G # K,,. Then there
exists z,y € V(G) such that d(z,y) = 2. Let S = V(G) \ {y}). Then S is a resolving hop
dominating set of G. Hence, vrn(G) < |S| =n — 1, a contradiction. O

Remark 2. Let G be a connected graph and S C V(G). Then for any two distinct
vertices z,y € V(G) \ S with Ng(z,2) NS # Ng(y,2) N S, we have rg(x/S) # ra(y/S).

Remark 3. Every resolving hop dominating set of a connected graph G is a resolving set

of G. Thus, dim(G) < vrr(G).

Proposition 2. Let G be a connected graph of order 4. Then g, (G) = 2 if and only if
G=Csor G=P,.

Proof: If G = Cy or Py, then yry(G) = 2. Suppose that yg,(G) = 2. Let W = {z1, z2}
be a ygp-set of G. Since W is a hop dominating set, possible representations of distinct
vertices u,v € V(G) \ W are (1,2), (2,1) or (2,2). Clearly (2,2) cannot be a representation
of vertex u or v since G is of order 4. Thus we consider the following cases:

Case 1. r¢(u/W) = (1,2) and rg(v/W) = (2,1)
Case 2. rg(u/W) = (2,1) and rg(v/W) = (1,2)

For case 1, uzy, vre € E(G) and either z129 € E(G) or uwv € E(G) or both zjz9,uv €
E(G). Hence, G = [u,x1,x2,v] or G = [x1,u,v, 22| or G = [u,x1,22,v,u]. Thus, G is
either a path Pj or a cycle Cy. Similarly, if case 2 holds, then G = P, or G = Cy. O

Proposition 3. Let n be a positive number.

(¢) For a path P, on n vertices, n > 1
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2 if n=234,5
2r if n=6r
M) =N 01 i n=6r 41

2r+2 if n=6r+s 2<s<5.

(13) For a cycle C,, of length n,

2 if n=4,5
2r if n==6r
1) =9 90 41 i = 6r 41

2r+2 if n=6r+s 2<s<5.

3. On Resolving Hop Domination in the Join of Graphs

The join of two graphs G and H is the graph G + H with vertex set
V(G + H) = V(G) 0 V(H) and edge set E(G + H) = E(G) O EH)U{uv : u €
V(G),ve V(H)}.

Theorem 1. [7, 8] Let G and H be non-trivial connected graphs. A set W C V(G+H) is
a resolving set of G+ H if and only if W = W UWpg where W C V(G) and Wy C V(H)
are locating sets of G and H, respectively, where W or Wi is a strictly locating set.

Theorem 2. Let G and H be non-trivial connected graphs. A set W C V(G + H) is a
resolving hop dominating set of G + H if and only if W = Wg U Wy where W and Wi
are strictly locating sets of G and H, respectively.

Proof: Suppose that W is a resolving hop dominating set of G + H. Then W is
a resolving set of G + H. By Theorem 1, W = Wg U Wy where W C V(G) and
Wy C V(H) are locating sets of G and H, respectively. Suppose W or Wy is not strictly
locating set, say W is not strictly locating. Then there exists v € V(G) \ W such that
Ng(v) N Wa = Wg. Hence, v € V(G+ H)\ W and dgym(v,w) =1 for all w € W. This
contradicts the assumption that W is a hop dominating set of G + H. Similarly, if Wy is
not strictly locating, then a contradiction follows. Hence, W and Wy are both strictly
locating.

For the converse, suppose that W = Wg U Wy where W C V(G), Wy C V(H) and
both Wg and Wy are strictly locating sets of G and H, respectively. Since W and Wi
are locating sets by Theorem 1, W is a resolving set of G+ H. Let v € V(G + H) \ W. If
v € V(G), then v ¢ Wg. Since W is strictly locating there exists u € Wg \ Ng(v). Hence,
dgip(v,u) = 2. Similarly, if v € V(H), then v ¢ Wy and there exists w € W \ Ng(v).
Thus, dg (v, w) = 2. Therefore W is a hop dominating set of G + H.

Accordingly, W is a resolving hop dominating set of G + H. O
The next result follows immediately from Theorem 2.

Corollary 1. Let G and H be non-trivial connected graphs. Then
Yrr(G + H) = sin(G) + sin(H).



J. Mohamad, H. Rara / Eur. J. Pure Appl. Math, 14 (3) (2021), 1015-1023 1019

4. On Resolving Hop Domination in the Corona of Graphs

The corona of two graphs G and H, denoted by G o H, is the graph obtained by taking
one copy of G of order n and n copies of H, and then joining every vertex of the ¢th copy
of H to the ith vertex of G. For v € V(G), denote by H" the copy of H whose vertices
are attached one by one to the vertex v. Subsequently, denote by v + H" the subgraph of
the corona G o H corresponding to the join ({v}) + HY,v € V(QG).

Theorem 3. [7, 8] Let G and H be non-trivial connected graphs. Then W C V(Go H) is
a resolving set of G o H if and only if WNV (H") # @ for all v € V(G) and W = AU B,
where A C V(G), and B=U{B, : v € V(G) and B, is a locating set of H"}.

Theorem 4. Let G and H be non-trivial connected graphs. Then W C V(G o H) is a
resolving hop dominating set of G o H if and only if W NV (H") # & for every v € V(G)
and W = AU BU D where A C V(G),

B =U{B,:v € V(G)N Ng(A) and B, is a locating set of H"} and
D =U{D, :ue€V(G)\ Ng(A) and D, is a strictly locating set of H"}.

Proof: Suppose W is a resolving hop dominating set of G o H. Then by Theorem 3,
WNV(HY)# @ for every v € V(G). Let A=W nNV(G),

B, =W NV(H") for each v € V(G) N Ng(A) and
D, =W NV(H") for each u € V(G) \ Ng(A).

Set B=|JB, and D = |JD,. Then W = AUBUD where A C V(G). By Theorem
3, B, and D,, are locating sets of H” and H", respectively. Let x € V(H")\ D,. Then
x € V(GoH)\W. Since W is a hop dominating set of G o H, there exists y € W such
that dgom (z,y) = 2. Since u € V(G) \ Ng(A), y € V(H") N D,,. Hence, y € Dy, \ Ngu(x).
Thus, Nyu(z) N D, # D,, showing that D, is strictly locating.

For the converse, suppose that WNV (H") # & for every v € V(G) and W = AUBUD
where A, B and D satisfy the given conditions. Let z € V(G o H) \ W and let v € V(G)
such that z € V(v + H"). Suppose z = v. Then v ¢ A. Let u € V(G) N Ng(v). Since
W NV(H") # o, there exists y € W NV (H") and dgop(z,y) = 2. Suppose z # v.
If v € Ng(A), then there exists z € AN Ng(v). Hence, z € W and dgom(z,z) = 2.
Suppose v ¢ Ng(A). Then x € V(H")\ D,. Since D, is strictly locating there exists
y € D, \ Nyv(z). Thus, y € W and dgom(z,y) = 2. This shows that W is a hop
dominating set of Go H. Since B, or D, is a locating set for each v € V(G), by Theorem
3, W is a resolving set of G o H.

Accordingly, W is a resolving hop dominating set of G o H. O

Corollary 2. Let G be a non-trivial graph of order m and H be any graph. Then the
following statements hold.

(i) Yrr(G o H) < m(1 + In(H)).
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(17) If sin(H) = In(H), then ygp(G o H) = m(sin(H)).

Proof: (i) Set Ay = V(G) and let B, be an In-set of H for each v € V(G). Then
Wy = A1 U (UUEV(G) Bv> is a resolving hop dominating set of G o H by Theorem 4,
Hence,

Yrr(G o H) < [Wh| = [V(G)[ + [V(G)||By| = m(1 + In(H)).

(73) Suppose that sin(H) = In(H). Set A2 = & and let D,, be an sin-set of H for each
u € V(G). Then Wy = A U (UuEV(G) Du) is a resolving hop dominating set of G o H by
Theorem 4. Thus,

Vri(G o H) < [Wa| = [Az| + [V(G)[|Du| = m(sin(H)).

Now, let Wy = Ag U (UuEV(G)\So BU) U (Uueso Du) be a ygp-set of G o H. By Theorem
4, Ay C V(G), So = {z € V(G) : * ¢ Ng(Ao)}, B, is a locating set of HV for each
v e V(G)\ Sy and D, is a strict locating set of H" for each u € Sp. Thus,

Vri(G o H) = [Wo
= |Ao| + [V(G) \ So| |Bu| + [So| |Dul
> |V(G)\ So| In(H) + |So| sln(H)
= (IV(G)| = |S0|) sln(H)+ |So| sln(H)
=m(sln(H)).

Therefore, ygrn(G o H) = m(sin(H)). O

5. On Resolving Hop Domination in the Lexicographic Product of
Graphs

The lexicographic product of two graphs G and H, denoted by G[H], is the graph
with vertex-set V(G[H]) = V(G) x V(H) such that (u1,us)(v1,v2) € E(G[H]) if either
uiv1 € E(G) or u; = v; and ugvy € E(H).

Theorem 5. [7, 8] Let G and H be non-trivial connected graphs with A(H) < |V(H)|—2.
Then W = U, cgl{z} x T}, where S € V(G) and T,, C V(H) for each x € S, is a resolving
set of G[H] if and only if

(1) S =VI(G);
(11) T, is a locating set for every x € V(G);

(t3i) T, or Ty is a strictly locating set of H whenever x and y are adjacent vertices of G
with Ng[z] = Ng[y]; and

(iv) Ty or Ty is a (locating) dominating set of H whenever x and y are nonadjacent
vertices of G with Ng(z) = Ng(y).
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Theorem 6. Let G and H be non-trivial connected graphs with A(H) < |V(H)| — 2.
Then W = U, cs[{z} x T%], where S C V(G) and T, € V(H) for each = € S, is a resolving
hop dominating set of G[H] if and only if

(1) S =VI(G);
(13) T, is a locating set for every x € V(G);

(¢1i) Ty or Ty is a strictly locating set of H whenever  and y are adjacent vertices of G
with Ng[z] = Ng[yl;

(iv) Ty or T, is a (locating) dominating set of H whenever x and y are nonadjacent
vertices of G with Ng(x) = Ng(y); and

(v) Ty is a strictly locating set of H for each z € S\ Ng(S,2).

Proof: Suppose W is a resolving hop dominating set of G[H]. Then W is a resolving
set. By Theorem 5, (i) to (iv) hold. Let z € S\ Ng(S,2). If T, = V(H), then T} is a
strictly locating set of H. So suppose that T, # V(H) and let a € V/(H) \ T;. Since W is
hop dominating and (z,a) ¢ W, there exists (y,b) € W such that dgm((7,a), (y,b)) = 2.
The condition = € S\ N(S,2) would imply that y = x and b € (V(H) \ Ng(a)) N T,.
Hence, T, is a strictly locating set of H.

Conversely, supose that W satisfies (i) to (v). By Theorem 5, W is a resolving set. Let
(x,a) € V(G[H])\W. Since S =V (G), a € V(H)\ T,. If z € Ng(S,2), then there exists
z € Ng(z,2). Let b € T,. Then (2,b) € W N Ngg)((7,a),2). Suppose z € S\ Ng(S,2).
By (v), T, is a strictly locating set of H. Hence, there exists p € [V(H) \ Ng(a)] N T.
This implies that (z,p) € W N Ng(g)((z,a),2). Therefore, W is a hop dominating set of
G[H].

Accordingly, W is a resolving hop dominating set of G[H]. O

Corollary 3. Let G and H be non-trivial connected graphs. Then
Yra(G[H]) < |[V(G)|sin(H).
If G is totally point determining graph and v(G) # 1, then

ri(GH]) = [V(G)[In(H).

Proof: Let S = V(G) and let T, be an sln-set of H. By Theorem 6,
W = Uegl{z} x T3] is a resolving hop dominating set of G[H]. It follows that

ru(GH]) < W[ = [V(G)||Te| = [V(G)[sin(H).

Next, supppose that G is totally point determining graph and v(G) # 1. Let S = V(G)
and let R, be an In-set of H for each x € S. Since 7(G) # 1, x € Ng(S,2) for each z € S.
By Theorem 6, W = |J,cg[{z} x R;] is a resolving hop dominating set of G[H]. It follows
that

re(GH]) < [W| = [V(G)||R:| = [V(G)|In(H).
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Now, if Wo = U,eg,[{7} X T2] is a yra-set of G[H], then Sy = V(G) and T} is a locating
set of H for each z € V(G) by Theorem 6. Hence,

re(GH]) = [Wo| = [V(G)||T| = [V(G)|In(H).

Therefore, vy (G[H]) = |V(G)|in(H). O
Corollary 4. Let G and H be non-trivial connected graphs. If G is totally point deter-
mining and v(G) = 1, then

Yri(GH]) = sin(H) + ([V(G)| = D)in(H).

Proof: Let Do = {v € V(G) : {v} is a dominating set of G}. Since G is totally point
determining, it follows that |Dg| = 1. Set S = V(G). Let T, be an sin-set of H for
v € D¢ and let T, be an In-set of H for each z € V(G) \ {v}. Then by Theorem 6,
W =Ues\pop{z} x Ta] U ({v} x Ty) is a resolving hop dominating set of G[H]. Hence,

ri(GIH]) < W = (V(G)] = Din(H) + sln(H).

Supose now that W* = J,cq-[{z} x R:] is a ygp-set of G[H]. Then there exists a
unique vertex v such that {v} is a dominating set of G. By Theorem 6, S* = V(G), R, is
a strictly locating set of H and R, is a locating set of H for each z € V(G) \ {v}. Thus,

Yra(G[H]) =|W¥|
=[R,[+ > |Rl

z€S*\{v}
>sin(H) + ([V(G)| — D)in(H).

Therefore,
Yrr(GlH]) = sin(H) + ([V(G)| = 1)in(H). O

Corollary 5. Let H be a non-trivial connected graph and let n > 2 be an integer. Then
YR (K H]) = n(sin(H)).

Proof: Let G = K,,. Then v is a dominating vertex of G for each v € V(G). Thus, if
Wo = Upes, {2} x Ti) is a ygp-set of G[H], then Sy = V(G) and T is an sin-set of H
for each z € Sy, by Theorem 6. Hence,

VR (Kn[H]) = [Wo| = [V (Ky)[sin(H) = n(sin(H)). 0O
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