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1. Introduction

Topology as a field of mathematics is concerned with all questions directly or indirectly
related to continuity. Continuity of functions in topological spaces has been investigated
by many mathematicians. This concept has been extended to the setting multifunctions
and has been generalized by weaker forms of open sets. Semi-open sets [18], preopen
sets [19], a-open sets [20] and [S-open sets [10] play an important role in the researching
of generalizations of continuity in topological spaces. By using these sets many authors
introduced and studied various types of weak forms of continuity for functions and mul-
tifunctions. In 1961, Levine [17] introduced the concept of weakly continuous functions
in topological spaces. Husain [11] introduced the concept of almost continuous func-
tions. Jankovié [12] defined almost weakly continuous functions as a generalization of
both weakly continuous functions due to Levine [17] and almost continuous functions in
the sense of Husain [11]. Noiri and Popa [21, 25] investigated further characterizations of
almost weakly continuous functions. Smithson [27] and Popa [23, 24] extended indepen-
dently these concepts to multifunctions by introducing and characterizing the notions of
almost continuous multifunctions and weakly continuous multifunctions. Ekici and Park
[9] introduced and studied upper and lower almost y-continuous multifunctions as a gen-
eralization of some types of continuous multifunctions including almost continuity, almost
a-continuity, almost precontinuity, almost quasi-continuity and «-continuity. The concept
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of bitopological spaces was first introduced by Kelly [14]. Senel and Cagman [8] extended
the notion of bitopological spaces to soft bitopological spaces. Senel [7] presented the
concept of soft bitopological Hausdorff spaces and introduced some new notions in soft
bitopological spaces such as SBT points, SBT continuous functions and SBT homeomor-
phisms. Khedr et al. [15] investigated the notions of S-open sets and [-continuity in
bitopological spaces. In 2020, Laprom et al. [16] introduced and investigated the notions
of B(7y, T2)-continuous multifunctions and almost (71, 72)-continuous multifunctions. In
this paper, we introduce the concepts of upper and lower almost weakly (71, 72 )-continuous
multifunctions. Furthermore, several characterizations of upper and lower almost weakly
(71, T2)-continuous multifunctions are discussed.

2. Preliminaries

Throughout the present paper, spaces (X,7,72) and (Y, 01,02) (or simply X and
Y') always mean bitopological spaces on which no separation axioms are assumed unless
explicitly stated. Let (X, 71, 72) be a bitopological space and let A be a subset of X. The
closure of A and the interior of A with respect to the topology 7; are denoted by 7;-Cl(A)
and 7;-Int(A), respectively, for i = 1,2. A subset A of a bitopological space (X, 1, 72) is
called 7179-semi-open [5] (resp. 71 7mo-regular open [2], 71 7o-regular closed [6], T T2-preopen
[13]) if A C 7-Cl(72-Int(A)) (resp. A = 7i-Int(72-Cl(A4)), A = 71-Cl(m2-Int(A)), A C
71-Int(72-Cl(A))). The complement of 74 p-semi-open (resp. 7172-preopen) set is said to
be 7 19-semi-closed (resp. 7172-preclosed). The 7 79-semi-closure [5] (resp. 7 mo-preclosure
[15]) of A is defined by the intersection of 7j79-semi-closed (resp. 7i7o-preclosed) sets
containing A and is denoted by 779-sCI(A) (resp. 7172-pCl(A)). The 73 72-semi-interior
[5] (resp. Tme-preinterior [22]) of A is defined by the union of 71 7-semi-open (resp. 7172-
preopen) sets contained in A and is denoted by 7 72-sInt(A) (resp. 7172-pInt(A)).

By a multifunction F' : X — Y, we mean a point-to-set correspondence from X into
Y, and we always assume that F(z) # ) for all z € X. For a multifunction F : X — Y,
following [3], we shall denote the upper and lower inverse of a set B of Y by F*(B) and
F~(B), respectively, that is, FT(B) = {x € X | F(z) C B} and

F~(B)={z € X | F(z) N B # 0}.
In particular, F~(y) = {x € X |y € F(z)} for each point y € Y.

Lemma 1. [22] For a subset A of a bitopological space (X, T1,72), the following properties
are hold:

(1) Tm2-pInt(A) is T1To-preopen.
(2) T12-pCI(A) is T1T2-preclosed.

Lemma 2. [22] For a subset A of a bitopological space (X, 11,72), x € T1T2-pCI(A) if and
only if UN A # O for every Tim2-preopen set U containing x.
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Lemma 3. [22] For a subset A of a bitopological space (X, 11,72), the following properties
are hold:

(1) X — TlTQ—pInt(A) = Tng—pCl(X — A)
(2) X —nima-pCl(A) = mime-pInt(X — A).

A subset A of a bitopological space (X, 71,72) is said to be Tyma-closed [5] if A =
71-Cl(72-C1(A)). The complement of a 7j79-closed set is said to be 1172-open. The inter-
section of all 7 75-closed sets containing A is called the 7 7m5-closure [5] of A and denoted
by 7172-C1(A). The union of all 7179-open sets contained in A is called the 117mo-interior
[5] of A and denoted by 7172-Int(A). A subset IV of a bitopological space (X, 71, 72) is said
to be a Ti7o-neighbourhood [5] (resp. T1m2-preneighbourhood [5]) of x € X if there exists a
T1T9-open (resp. TiTe-preopen) set V of (X, 7y, 72) such that x € V C N.

Lemma 4. 5] Let A and B be subsets of a bitopological space (X, 71,72). For the T17o-
closure, the following properties hold:

(1) AC mime-Cl(A) and T172-Cl(T1T2-Cl(A)) = T1712-CI(A).
(2) If A C B, then 1i12-Cl(A) C my12-Cl(B).
(3) T1m2-Cl(A) is T1T2-closed.
(4) A is Tio-closed if and only if A = T112-CIl(A).
(5) mim2-Cl(X — A) = X — mime-Int(A).
Lemma 5. [1] For a subset A of a topological space (X, T), the following properties hold:
(1) Cl(A) NG C CI(ANG) for every open set G.
(2) Int(AUF) C Int(A)UF for every closed set F'.

Lemma 6. For a subset A of a bitopological space (X, T1,72), the following properties
hold:

(1) Tma-pCl(A) = AU T1-Cl(1a-Int(A)).
(2) TlTQ—pInt(A) =AnN Tl-Iﬂt(TQ-Cl(A)).
Proof. (1) To begin with, observe that

71-Cl(19-Int (A U 71-Cl(12-Int(A)))) C 71-Cl(72-Int(A) U 71-Cl(12-Int(A)))
= 11-Cl(11-Cl(72-Int(A)))
= 71-Cl(72-Int(A))
C AUT-Cl(1o-Int(A))
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by Lemma 5(2). Hence, AU 71-Cl(72-Int(A)) is 71 72-preclosed and thus
T172-pCl(A4) C A U 71-Cl(72-Int(A)).
On the other hand, since 7172-pCl(A) is 11 72-preclosed, we have
71-Cl(12-Int(A)) C 171-Cl(72-Int(m72-pCL(A))) C 1172-pCI(A)
and so AU 7-Cl(72-Int(A)) C 1172-pCl(A). Consequently, we obtain
AU T-Cl(m2-Int(A)) = 1172-pCI(A).

(2) This follows from (1).

3. Characterizations

In this section, we introduce the notions of upper and lower almost weakly (71, 72)-
continuous multifunctions. Moreover, some characterizations of upper and lower almost
weakly (71, 72)-continuous multifunctions are discussed.

Definition 1. A multifunction F : (X, 11, m72) — (Y,01,02) is said to be:

(1) upper almost weakly (11, T2)-continuous if for each x € X and each o102-open set V
of Y such that F(z) CV, x € 11-Int(r2-CI(F T (0102-CI(V))));

(2) lower almost weakly (71, T2)-continuous if for each x € X and each o109-open set V

of Y such that F(z) NV # 0, x € 7 -Int(t2-Cl(F~ (c102-Cl(V)))).

Theorem 1. For a multifunction F : (X, 1,72) — (Y, 01,02), the following properties are
equivalent:

(1) F is upper almost weakly (71, T2)-continuous;

(2) FT(V) C 11-Int(12-Cl(F T (0102-CI(V)))) for every o102-open set V of Y;
(8) T1-Cl(ma-Int(F~(V))) C F~(o102- Cl(V')) for every oro2-open set V of Y;
(4) TiT2-pCUF~ (V) C F~(0102-Cl(V)) for every o102-open set V of Y;

(5) FT(V) C mima-pInt(F* (c102-Cl(V))) for every o102-open set V of Y;

(6) for each = € X and each ci0o9-open set V. of Y containing F(x), there exists a
T12-preopen set U of X containing x such that F(U) C o102-Cl(V').

Proof. (1) = (2): Let V be any ojo2-open set of Y and x € F™ (V). Then,
F(z) CV and by (1), we have z € 7-Int(m2-Cl(F*(0102-Cl(V)))). Therefore, I (V) C
T1—Int(T2—Cl(F+(Ulag—CI(V)))).
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(2) = (3): Let V be any oyp09-open set of Y. Since Y — 0109-C1(V) is o102-open and
by (2),

X — F~(0102-CL(V)) = FT(Y — 0102-C1(V))
C 11-Int(72-Cl(F T (0109-CL(Y — 0102-C1(V)))))
C m-Int(ro-CL(FT (Y — V)))
= 11-Int(72-Cl(X — F~(V)))
= X — 7-Cl(ro-Int(F~(V))).

Thus, Tl-Cl(TQ-Int(F_(V))) CcC F~ (Uldg—CI(V)).
(3) = (4): Let V be any oj02-open set of Y. By (3) and Lemma 6(1),

T17-pCLF~(V)) = F~ (V) U 7-Cl(7o-Int (F~ (V) C F~ (0102-C1(V)).

(4) = (5): Let V be any o109-open set of Y. Then, Y — 0109-Cl(V') is 0102-open and

X — mmo-pInt (F 1 (0102-C1(V))) = 7112-pCl(X — F T (0102-C1(V)))
= 17o-pCl(F™ (Y — 0102-Cl(V)))
Cc F~ (0102—CI(Y — 0102—CI(V)))
F~(Y-V)
=X — FH(V).
Thus, F+(V) - TlTQ—pInt(F+(Ule—Cl(V))).

(5) = (6): Let x € X and let V be any oj092-open set of Y containing F(x). By
(5), z € FT (V) C 1y7mo-pInt(F*(0102-CL(V))) and there exists a 772-preopen set U of X
containing x such that F(U) C o102-Cl(V).

(6) = (1): Let z € X and let V be any oj09-open set of Y containing F'(z). By (6),
there exists a 73 mo-preopen set U of X containing x such that F'(U) C g102-Cl(V'); hence
U g F+(0102—01(V)). ThUS, zelU g T1—IIIt(7‘2—C1<U)) g ’7’1—1Dt(7’2-C1(F+(Jlaz—CI(V)))).
This shows that F' is upper almost weakly (71, 72)-continuous.

Theorem 2. For a multifunction F : (X, 11,72) — (Y, 01,02), the following properties are
equivalent:

(1) F is lower almost weakly (11, T2)-continuous;

(2) F~(V) C 11-Int(12-CUF~ (0102-CU(V')))) for every o102-open set V of Y;
(8) T1-Cl(ra-Int(F+(V))) C Ft(o102- CIV)) for every oyo-open set V of Y;
(4) T1T2-pCUFT(V)) C F*(0102-CI(V)) for every oyoq-open set V of Y ;

(5) F~(V) C mime-pInt(F~ (0102-Cl(V'))) for every oio2-open set V of Y;



C. Boonpok, C. Viriyapong / Eur. J. Pure Appl. Math, 14 (4) (2021), 1212-1225 1217

(6) for each x € X and each oio2-open set V of Y such that F(x) NV # (), there exists
a T1o-preopen set U of X containing x such that F(z) N o1o9-CUV') # 0 for each
zeU.

Proof. The proof is similar to that of Theorem 1.
Theorem 3. For a multifunction F : (X, 11,72) — (Y, 01,02), the following properties are
equivalent:
(1) F is upper almost weakly (71, T2)-continuous;
(2) m1-Cl(ma-Int(F~(c102-Int(H)))) C F~(H) for every oi0a-closed set H of Y;
(8) Tim2-pCUF~ (o102-Int(H))) C F~(H) for every o102-closed set H of Y ;
(4) TiT2-pCUF~ (0102-Int(0102-CU(B)))) C F~(0102-Cl(B)) for every subset B of Y;
(5) F*(o102-Int(B)) C mime-pInt(F* (0102-Cl(c109-Int(B)))) for every subset B of Y.
Proof. (1) = (2): Let H be any o102-closed set of Y. Then, Y — H is oy02-open in Y,
by Theorem 1,
X —-F (H)=F"(Y - H)
C 1-Int(7o-CL(F T (0102-CL(Y — H))
= 71-Int(7-Cl(FT (Y — o109-Int(H)
= 71-Int(79-Cl(X — F~ (0102-Int
= X — 11-Cl(1e-Int(F~ (o102-Int
and hence 71-Cl(7o-Int(F~ (01092-Int(H)))) C F~(H).
(2) = (3): Let H be any oj02-closed set of Y. By Lemma 6(1), we have
T172-pCL(F ™~ (o102-Int(H))) = F~ (0102-Int(H)) U 71-Cl(o-Int(F'~ (o102-Int(H))))
C F~(H).
(3) = (4): This is obvious.
(4) = (5): Let B be any subset of Y. By (4), we have
X — m7o-pInt(F T (0109-Cl(0102-Int(B)))) = 71 72-pCl(X — FT(0102-Cl(0109-Int(B))))
= 179-pCl(F™ (Y — 0109-Cl(0102-Int(B))))
= 11 7o-pCl(F~ (0102-Int(0102-CI(Y — B))))
C F (0102-CI(Y — B))
= X — FT(0109-Int(B)).
Thus, F'*(0102-Int(B)) C 1 72-pInt(F T (0109-Cl(0102-Int(B)))).
(5) = (1): Let V be any oj02-open set of Y. By (5), we have
FT(V) C mim-pInt(F T (o102-C1(V)))

—~~

and hence F' is upper almost weakly (71, 72)-continuous by Theorem 1.
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Theorem 4. For a multifunction F : (X, 11, 72) — (Y,01,02), the following properties are
equivalent:

(1) F is lower almost weakly (71, T2)-continuous;

(2) 11-Cl(ra-Int(Ft (0102-Int(H)))) C FT(H) for every o109-closed set H of Y';

(8) T172-pCUF T (0109-Int(H))) C FT(H) for every oy0o-closed set H of Y ;

(4) T1T2-pCUF T (0102-Int(c102-CI(B)))) C F*(0102-Cl(B)) for every subset B of Y ;
(5) F~(o102-Int(B)) C Tima-pInt(F~ (o102-Cl(c102-Int(B)))) for every subset B of Y.

Proof. The proof is similar to that of Theorem 3.

Definition 2. [28] Let A be a subset of a bitopological space (X,11,72). A point x € X
is called (11,72)0-cluster point of A if Timo-C(U) N A # 0 for every Timo-open set U
containing x. The set of all (11, 72)0-cluster points of A is called the (11, 72)0-closure of A
and is denoted by (11, 72)8-CIl(A).

A subset A of a bitopological space (X, 71,72) is said to be (71,72)0-closed [28] if
A = (11, 72)0-Cl(A). The complement of a (71, 72)0-closed set is said to be (11, 72)0-open.
The union of all (71, 72)0-open sets contained in A is called the (71, 72)0-interior [28] of A
and is denoted by (71, 72)0-Int(A).

Lemma 7. [28] For a subset A of a bitopological space (X, 11,72), the following properties
hold:

(1) If A is Tama-open in X, then T1712-Cl(A) = (11, 72)0-Cl(A).
(2) (11,72)0-CU(A) is Ti72-closed in X.

Definition 3. A subset A of a bitopological space (X, T1,72) is said to be (11, T2)r-closed
(28] (resp. (71, T2)p-open [4]) if A = T119-Cl(T112-Int(A)) (resp. A C 1i1o-Int(1172-CI(A))).

Theorem 5. For a multifunction F : (X, 1, 72) — (Y,01,02), the following properties are
equivalent:

(1) F is upper almost weakly (11, 12)-continuous;

(2) Tima-pCUF~ (o102-Int((01,02)0-Cl(B)))) C F~((01,02)0-Cl(B)) for every subset B
of Y;

(8) T1m2-pCUF~ (0109-Int(0102-Cl(V)))) € F~(0102-Cl(V)) for every oio2-open set V
of Y;

(4) Tim2e-pCUF~ (0102-Int(o102-Cl(V')))) C F~(0102-CU(V')) for every (o1, 02)p-open set
VoofY;
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(5) TiTe-pCUF~ (o102-Int(H))) C F~(H) for every (o1, 02)r-closed set H of Y.

Proof. (1) = (2): Let B be any subset of Y. Let x € X — F~((01,02)0-Cl(B)). Then,
z € FY(Y — (01,02)0-Cl(B)) and (01,02)0-Cl(B) is cioa-closed in Y. By Theorem 1,
there exists a T 1o-preopen set U of X containing x such that
U Q F+(O'10'2—CI(Y - (0'1, 0’2)9—01(3)))
= FY(Y — o109-Int((01, 02)0-Cl(B)))
= X — F~ (0109-Int((01,02)0-Cl(B))).

Thus, U N F~(0109-Int((01, 02)0-Cl(B))) = () and hence
reX— TlTQ—pCI(F_(0102-Int((01, UQ)Q—CI(B))))

Therefore, 71 79-pCl(F~ (0102-Int((01, 02)8-CL(B)))) C F~((01,02)0-Cl(B)).

(2) = (3): The proof is obvious since (o1,02)0-Cl(V) = 0102-Cl(V) for every o109~
open set V of Y.

(3) = (4): Let V be any (o1, 02)p-open set of Y. Then, V C oj09-Int(c102-C1(V))
and by (3),

T172-pCL(F~ (0102-Int(0102-C1(V))))

= Tng—pCI(Fi (0’10'Q—Int(010'2—01(0'1UQ—Int(UlUg—CI(V))))))

C ™ (0102-Cl(0102-Int(0102-Int(V))))

=F" (0102-CI(V)).

(4) = (5): Let H be any (o1, 02)r-closed set of Y. Then, o109-Int(H) is (01, 02)p-open
in Y and by (4),
T179-pCL(F™ (0102-Int(H))) = 11 72-pCU(F (0109-Int(0109-Cl(0102-Int(H)))))

C F (0102-Cl(o102-Int(H)))
=F~(H).

(5) = (1): Let V be any oj09-open set of Y. Then, 0102-Cl(V) is (o1, o2)r-closed in
Y and by (5),

T172o-pCL(F~(V)) C 1179-pCl(F ™ (0102-Int(0102-Cl(V)))) C F~ (0102-CL(V)).

It follows from Theorem 1 that F' is upper almost weakly (71, 72)-continuous.

Theorem 6. For a multifunction F: (X, 11, 72) — (Y, 01,02), the following properties are
equivalent:

(1) F is lower almost weakly (71, T2)-continuous;

(2) Ti1o-pCUF T (o109-Int((01,02)0-CU(B)))) C F*((01,02)0-Cl(B)) for every subset B
of Y;
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(3) T1T2-pCUF T (0102-Int(c109-CU(V)))) C Ft(0102-CI(V)) for every o102-open set V
of Y;

(4) T1T2-pCUF T (0102-Int(0102-CI(V)))) C F*(0102-CI(V)) for every (o1, 09)p-open set
VofY;
(5) TiT2-pCUF T (0102-Int(H))) C F(H) for every (o1,02)r-closed set H of Y.
Proof. The proof is similar to that of Theorem 5.

In order to obtain further characterizations of upper and lower almost weakly (71, 72)-
continuous multifunctions, we recall some definitions. For a multifunction

F:(X,1,m) = (Y, 01,02),

by ClFg : (X,11,72) = (Y,01,02) [5] (resp. pClFy : (X,71,72) — (Y,01,02)) we de-
note a multifunction defined as follows: ClFg(x) = 0102-Cl(F(x)) (resp. pClFg(z) =
0109-pCl(F(x))) for each x € X.

Definition 4. [5] A subset A of a bitopological space (X, 11, 7T2) is said to be:

(1) TiTe-paracompact if every cover of A by TiT2-open sets of X is refined by a cover of
A which consists of TiTo-open sets of X and is Timo-locally finite in X ;

(2) Tima-regular if for each x € A and each TiT2-open set U of X containing x, there
exists a T1To-open set V of X such that x € V C mi1a-Cl(V) C U.

Lemma 8. [5] If A is a Tima-regular T m2-paracompact set of a bitopological space (X, T1,72)
and U is a TyTo-open neighbourhood of A, then there exists a T1mo-open set V of X such
that A g Vv g 7’17’2—0[(‘/) Q U.

Lemma 9. [5] If F: (X,71,72) — (Y,01,02) is a multifunction such that F(x) is T1T2-
reqular and T 72-paracompact for each x € X, then CIFS (V) = pCIES (V) = FT(V) for
each oi109-open set V of Y.

Theorem 7. Let F : (X, 71,72) — (Y,01,02) be a multifunction such that F(x) is o102-
paracompact and oioe-reqular for each x € X. Then the following properties are equiva-
lent:

(1) F is upper almost weakly (11, m2)-continuous;
(2) pClFs is upper almost weakly (71, T2)-continuous;
(3) ClFy is upper almost weakly (11, T2)-continuous.

Proof. We put G = ClFg or pClFyg in the sequel. Suppose that F' is upper almost
weakly (71, 72)-continuous. Let z € X and let V' be any oj02-open set of Y containing
G(x). By Lemma 9, we have x € G*(V) = F(V) and hence, there exists a 7 75-open
set U containing x such that F(U) C 0102-Cl(V). Since F(z) is o102-paracompact and
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o1oo-regular for each z € U, by Lemma 8, there exists a 7i7mo-open set W such that
F(z) CW C g102-Cl(W) C V; hence G(z) C 0102-Cl(W) C 0102-Cl(V) for each z € U.
Thus, G(U) C 0102-Cl(V) and hence G is upper almost weakly (71, 72)-continuous.

Conversely, suppose that G is upper almost weakly (71, 73)-continuous. Let z € X and
let V be any o102-open set of Y containing G(z). By Lemma 9, we have z € FT (V) =
G (V) and hence G(xz) C V. There exists a Ti7o-open set U containing z such that
F(U) C 0109-Cl(V). Thus, U C G*(V) = F*(V) and so F(U) C 0102-Cl(V). This
shows that F' is upper almost weakly (71, 72)-continuous.

Lemma 10. [5] For a multifunction F : (X, 1, m2) = (Y,01,02), ClFy (V) = pClFg (V) =
F=(V) for each o102-open set V of Y.

Theorem 8. For a multifunction F : (X, 11, 72) — (Y, 01,02), the following properties are
equivalent:

(1) F is lower almost weakly (11, T2)-continuous;
(2) pClFg is lower almost weakly (71, T2)-continuous;
(8) CiFg is lower almost weakly (11, T2)-continuous.

Proof. By using Lemma 10 this can be shown similarly to that of Theorem 7.

The 117-prefrontier [5] of a subset A of a bitopological space (X, 71, 72), denoted by
T179-pfr(A), is defined by

T179-pir(A) = 1 72-pClL(A) N 7 72-pCl(X — A)
= 1179-pCl(A) — 71 72-pInt(A).

Theorem 9. The set of all points x of X at which a multifunction
F: (X,Tl,TQ) — (Y,Ul,Ug)

is not upper almost weakly (71, 72)-continuous is identical with the union of the T172-
prefrontier of the upper inverse images of the oy09-closure of o109-0open sets containing

Proof. Let x € X at which F is not upper almost weakly (71, 72)-continuous. There
exists a o109-open set V of Y containing F(z) such that U N (X — FT(V)) # 0 for every
T1T2-0pen set U containing x. Thus,

x € TlTQ—pCI(X — F+(0102—C1(V))) =X - 7'1T2—p111t(F+(010'2—C1(V))).
Since z € F*(V), we have x € 1172-pCl(F T (0102-C1(V))) and hence

x € Ty mo-pfr(F T (0109-C1(V))).
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Conversely, if F' is upper almost weakly (71, 72)-continuous, then for any ojo2-open set
V of Y containing F'(x) there exists a 7jm-open set U containing x such that F(U) C
0102-C1(V); hence U C F*(0102-Cl(V)). Thus, x € T7-pInt(F T (5109-C1(V))). This
contradicts with the fact that € 7y 7o-pfr(F*(0109-C1(V))). Thus, F' is not upper almost
weakly (71, 72)-continuous at x.

Theorem 10. The set of all points x of X at which a multifunction
F:(X,1m,m2) = (Y,01,02)

is not lower almost weakly (71, 7T2)-continuous is identical with the union of the TiT2-
prefrontier of the lower inverse images of o109-closure of o109-0open sets meeting F(x).

Proof. The proof is similar to that of Theorem 9.

Lemma 11. [26] The following hold for a multifunction F: X — Y :
(i) GH(Ax B)=AnF*(B),
(ii) Go(Ax B) = ANF~(B),

for any subsets A C X and BCY.

Lemma 12. Let (X, 11, 72) be a bitopological space. If A is Tim2-preopen and B is T1T2-open
in X, then AN B is Ty a-preopen.

Proof. Suppose that A is 7 7o-preopen and B is 7y 7e-open in X. Then,
A C 11-Int(12-Cl(A))
and B = 11-Int(B) = m»-Int(B). By Lemma 5(1),
AN B C 7-Int(m2-Cl(A)) N B = 11-Int(72-Cl(A) N B) C 7i-Int(m2-Cl(A N B)).

Thus, AN B is 71 7»-preopen.
Definition 5. [5] A bitopological space (X, T1,T2) is said to be T1T9-compact if every cover
of X by m1me-open sets of X has a finite subcover.

By p;, we denote the product topology 7; x o; for ¢ =1, 2.

Theorem 11. Let F': (X, 11, 72) — (Y,01,02) be a multifunction such that F(x) is o102-
compact for each x € X. Then F is upper almost weakly (71, m2)-continuous if and only if
Gr: (X,711,m7) = (X XY, p1,p2) is upper almost weakly (71, T2)-continuous.
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Proof. Suppose that F' : (X,71,72) — (Y,01,02) is upper almost weakly (71,72)-
continuous. Let x € X and let W be any pjpe-open set of X x Y containing Gr(x). For
each y € F(x), there exist 1 ms-open set U(y) of X and oio9-open set V(y) of Y such
that (z,y) € U(y) x V(y) € W. The family {V(y) | y € F(z)} is a o102-open cover
of F(x) and there exists a finite number of points, say, y1,¥2,...,yn in F(z) such that
Flz)CWV(y) |1<i<n}. Pt U=n{U(y;)|i=1,2,..,n} and

V=U{V(y)|i=1,2..n.

Then, U is 1y7e-open in X and V' is o102-open in Y such that {z} x F(z) CUxV CW.
Since F' is upper almost weakly (71, 72)-continuous, there exists a 737o-preopen set G
containing z such that F(G) C 0109-Cl(V). By Lemma 11, UNG C UNF*(0102-C(V)) =
GH(U x 0102-CL(V)) C G (0102-CL(W)). By Lemma 12, U N G is 7i7>-preopen in X
containing x and Gp(U N G) C 0102-CI(W). This shows that G is upper almost weakly
(71, T2)-continuous.

Conversely, suppose that Gp : (X, 71,72) — (X x Y, p1,p2) is upper almost weakly
(71, T2)-continuous. Let x € X and let V' be any oj02-open set of Y containing F'(z).
Since X x V is pipe-open in X x Y and Gp(z) C X x Y, by Theorem 1, there exists
a T1To-preopen set U containing x such that Gp(U) C X x 0109-Cl(V'). Therefore, by
Lemma 11, U C GH(X x 0109-Cl(V)) = FT(0102-C1(V)) and hence F(U) C g102-CI(V').
This shows that F' is upper almost weakly (71, 72)-continuous.

Theorem 12. A multifunction F : (X, 11,72) — (Y, 01,02) is lower almost weakly (11, T2)-
continuous if and only if Gp : (X, 11, 72) = (X XY, p1, p2) is lower almost weakly (11, 72)-
continuous.

Proof. Suppose that F : (X,7,7) — (Y,01,02) is lower almost weakly (71,72)-
continuous. Let z € X and let W be any pj pa-open set of X x Y such that Gp(x)NW # ().
Then, there exists y € F(z) such that (z,y) € W and hence (z,y) € U x V. C W for some
T179-0pen set U of X and ojoz-open set V' of Y. Since F' is lower almost weakly (7, 72)-
continuous and y € F(x) NV, there exists a 797o-preopen set G of X containing 2 such
that F'(z) N 0109-Cl(V) # 0 for each z € G; hence G C F~(0109-Cl(V)). By Lemma
11, we have UNG C U N F~(0102-Cl(V)) = Gz (U x 0102-Cl(V)) C G (0102-CL(W)).
Moreover, U N G is a Ty To-preopen set containing x and hence G is lower almost weakly
(71, T2)-continuous.

Conversely, suppose that Gp : (X, 71,72) — (X X Y, p1,p2) is lower almost weakly
(71, T2)-continuous. Let x € X and let V be any g102-open set of Y such that F(z)NV # (.
Then, X x Y is p1po-open and

Gr(z)N (X x V) = ({z} x F(z)) N (X x V) = {2} x (F(z) N V) £ 0.

There exists a 71 To-preopen set U containing x such that Gp(z) N p1p2-C1((X x V) £ 0
for each z € U. By Lemma 11, U C G (p1p2-Cl(X x V)) = F~(0102-C1(V')). This shows
that F' is lower almost weakly (71, 72)-continuous.
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4. Conclusion

The concepts of openness and continuity are extensively developed and used in many
fields of applications such as data mining, computational topology for geometric design
and molecular design, information systems, digital topology and computer graphics. Con-
tinuity of functions and multifunctions in topological spaces and bitopological spaces have
been researched by many mathematicians. Several investigations related to open sets
have been published and various forms of continuity types have been introduced. This
paper deals with the notions of upper and lower almost weakly (71, 72)-continuous mul-
tifunctions. Some characterizations of upper and lower almost weakly (71, 72)-continuous
multifunctions are established. The ideas and results of this paper may motivate further
research.
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