EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
Vol. 14, No. 4, 2021, 1148-1160
ISSN 1307-5543 — ejpam.com
Published by New York Business Global

Some aspects of 0, 3,-hypermetric spaces over Banach
algebras

Akbar Dehghan Nezhad!:*, Stojan Radenovié?

L School of Mathematics, Iran University of Science and Technology, Narmak, Tehran, Iran
2 Faculty of Mechanical Engineering, University of Belgrade, Kraljice Marije 16, 11120
Belgrad 35, Serbia
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1. Introduction and preliminaries

Bakhtin (1989), Bourbaki (1974), Czerwik (1993) and Heinonen (2001) generalized
the structure of metric space by weakening the triangle inequality and called it the b-
metric space. In 2017, Kamran et al. [8], introduced the concept of extended b-metric
space by further weakening the triangle inequality. The main purpose of this paper is a
generalization of cone n-metric spaces into b, g,)-hypermetric spaces.

In this section, we recall some definitions, notations and terminologies which will be
used to prove the main results. When good references are available we may not include
the details of all the introduction and proofs (for example, [12] , [11] , [9] , [5] , [13] , [10]

» [1)-

Definition 1. [1/] A vector space A over a field K (R or C) is said to be an algebra if it
is closed under multiplication (i.e., for all a,b € A,ab € A) and

(i1) (ab)e = a(be) for all a,b,c € A,
(i2) a(b+ c) = ab+ ac and (a + b)c = ab+ be for all a,b,c € A,
(i3) k(ab) = (ka)b = a(kb) for all a,b € A, for all k € K.
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A Banach space A over a field K (R or C) is said to be a Banach algebra if

(i4) A is an algebra and for all a,b,c € A,

(i5) || ab ||<||all - || b for all a,b € A.

Here we shall always assume that the Banach algebra A is unital, that is it has a
unity element eA such that eqa = aeq = a, for all a € A. Note that the unity element
of a Banach algebra A , if it exists, is unique. A non-zero element b € A is said to be
invertible if its inverse exists i.e. if there exists a non-zero element b= € A such that
bb~1 = b7'b = ey, we call b~ is the inverse of b. One can show that in a Banach algebra
A , with the unity element e4 the inverse of an element is unique. Also for all a,b € A ,
we have (ab)™! =b"'a~! and (a7 ')"! = a.

Definition 2. [6] A subset P of a unital Banach algebra A is called

(p1) P is non empty, 04,e4 € P, where 04 is the zero element of A.

(p2) If a,b € P and r,s > 0, then ra+ sb € P.

(p3) a,b € P implies ab € K.

(r4) If a,—a € K for some a € A then a = 04, where 04 is the zero element of A.

A cone P is called a solid cone if int(P) # 0. Each cone P induces a partial ordering
<on Abya =<bif and only if a — b € P. We write a < b if a <b and a # b. When the
cone is solid a < b will stand for a — b € int(P). The cone P is said to be normal if there
exists a number L > 0 such that 04 < a < implies || a [|[< L || b . The least positive
number L, which satisfies the normality condition is called the normal constant of P.

Remark 1. An ordered ring is a (usually commutative) ring R with a total order < such
that for all a,b, and c in R:

i)ifa <b, thena+c=<b+c

it) if 0 <a and 0 X b, then 0 < a - b.

We denote R a set of non-negative elements of R namely Rt ={g€ R:0 < g}.

Definition 3. [7] Let X be a non-empty set and A a Banach algebra. A mapping d. :
X x X — A is called a cone metric if it satisfies the following conditions:

(b1) 04 2 de(z,y), for all x,y € X, d.(z,y) = 04 if and only if v =y,

(b2) de(z,y) = de(y, z), for all z,y € X,

(b3) de(x,y) = de(x, 2) + de(z,y) for all z,y,z € X.

In this case, the pair (X,dp) is called a cone metric space over Banach algebra.

The concept of a b-metric space is initiated by Bakhtin [2] and thereafter used by
Czerwick [4].
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Definition 4. [4] Let X be a non-empty set and dy, : X x X — [0,4+00) be a function
satisfying the following conditions:

(b1) dp(z,y) =0 if and only if x =y,

(b2) dp(z,y) = dp(y, z), for all z,y € X,

(b3) dp(x,y) < s(dp(z,2) + dp(z,y)) for all x,y,z € X, where s > 1.

The function dy is called a b-metric and the pair (X,dy) is called a b-metric space.

Example 1. [3] Let X =1,[0,1] be the space of all real functions ¢(t) with t € [0,1] such
that fol |p(t)|P < 0o with 0 < p < 1. Definedy: X x X — [0, +00) as:

1 1
a6, =) /0 6() — w(t)|Pde)’.

1
Therefore (X, dp) is a b-metric space with s = 2.

Remark 2. [4] The class of b-metric space is larger than the class of metric space. When
s =1 the concept of b-metric space coincides with the concept of metric space.

In the following we recall the definition of the extended b-metric space.

Definition 5. [8/ Let X be a non-empty set and o : X x X — [1,400). A function
do : X X X — [0,400) is called an extended b-metric if for all x,y,z € X it satisfies the

following conditions:

(b1) do(z,y) =0 if and only if v =y,

(b2) da(z,y) = da(y, ),

(b3) da(z,y) < a(z,y)(da(z, 2) + da(2,y))-

The pair (X,dy) is called extended b-metric space.

For simplicity of notation, R, N denotes the set of real numbers and natural numbers
respectively. R>? stands for positive reals. Here and subsequently, for n > 2, let X" de-
notes the n-times Cartesian product X x ... x X. In what follows int(K) and 0K denote,

———

n—times
respectively, the interior and boundary of K. To simplify, we let (z;)7; and (z)} stand
for (z1,...,z5) and (z)}_, respectively. Let T' be a mapping, for abbreviation, we write Tz

instead of T'(x).

2. Main Results

The goal of this section is to describe a few properties and results of the b, 3,)-
hypermetric spaces of dimension n.
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2.1. b, 5,)-hypermetric spaces of dimension n

In this section, we will present some fixed point theorems in set-valued metric spaces
over Banach algebra A. Furthermore, we will give examples and application to our main
results. The first result in this work is the following definition.

For n > 2, let X™ denotes the n-times Cartesian product X x ... x X and A be a

n—times
Banach algebras. Let P*(.A) denote the family of all non-empty subsets of 4. We begin
with the following definition.

Definition 6. Let X be a non-empty set and oy, Bp : X" — A. Let Ty, 5,y X" —
P*(A) be a mapping (called the b(an,Bn)-hypermetric over Banach algebra A ) satisfiying
for all n-tuples (x;)7'_y X™ in the following conditions:

(GO) 04 = T(a,, 8, ()it

(G1) T(a, ) (@i)iey = {04}, if 21 = ... = Tn,

(G2) T(a,8.)(@i)iey 2 {04}, for all x4, ...,y with x; # xj, for somei,j € {1,...,n},
(G3) T(a,,8.)(@i)iet = Lo, ) (T, )iy, for every permutation (w1, ..., T(n)) of (1,2, ...,n),
(G4) T(an ) (@) 2nm1) C Tia, oy (@i)iy, for all ...z, € X,

(G5) P(anyﬁn)(xz)?:l g an(xl)?:l ’ F(anyﬁn)(‘r17 (a)g) + 5”(];1)’?:1 ' P(any,ﬁn) (a7 ($Z):L:2)7 for
all z1,...,2,a € X.

We denote AT a set of non-negative elements of A namely A" = {a € A: 04 < a}.
Let A; subsets of X, (i =1,...,n), for any B, B’ € P*(A") and a € A". We define

P ) (A1 = J{Tuleiiy |20 € 4 i=1,..n},

B+B ={+V | eBlVeB}anda-B={a-b|be B,ac AT}

We shall use the following abbreviated notation: The function I',, is called a ordered
b(an,B8n)-Typermetric over Banach algebra A of dimension n, or more specifically a b(,,, g,)-
hypermetric on X over Banach algebra A. The pair (X, T,) is called an b(,,, 5, )-hypermetric
space over Banach algebra A.

For example, we can place AT = Z9 or RY, where Z9 := NU {0} = {0,1,2,...} and

Rg := [0,4+00). Here, for simplicity we assume that A" = ]RS]F. The following useful
properties of a b,-hypermetric are easily derived from the axioms.
Remark 3. If a,(z;)ly = Bu(zi)]y = ¢ for ¢ > 1 and n = 1, then we obtain the

definition of b-metric space (Czerwik [4]). It is clear that for ¢ = 1, this b-metric becomes
a usual metric.
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Proposition 1. (Ezample) We assume that AT = R%. Let X = [0,1] and as,Bs :

X X X — [1,400), with ag(z,y) =1+ m+y,52(a?,y) = 1+$—+y Define

Qas s+ X x X — P*(RY)

with,
[1’?111) ; 2,y €(0,1], z#y
Doz ) (@:y) = {0} D zyel01], z=y (1)
Qago):2) =[1,2) 3 y=0,2€(0,1]
and also assume A+ B =AUB, for all A, B € P*(R[—)i-)' Then (X, Q(a2,52)) 15 a b(az,ﬁQ)_
hypermetric space.

Proof. Tt is sufficient to show that €2, ,) is satisfied in all properties [(GO)], [(G1)],
[(G2)],...,[(Gb)] . The proofs of [(GO)], [(G1)], ..., [(G4)], are immediate from the defini-
tion of €2, 3,). We only need to show that 0, g,) is satisfied in

Qa,82) (@, Y) € 2(2,9)-Qay ) (%, 2) + B2(2,Y) - Qay ) (2,y), for all z,y,z € X.
We distinguish the following cases:

(i) Let z,y € (0,1] For z € (0, 1], we have

Qaz,82) (@, 4) C a2(2,Y)-Qay, 52)(1’ z) + B2(@,y)-Q(as,8,) (2,y) if and only if

[1,25) € (14 245)10, 25) + (1+ 25)[0, 55) if and only if [1, ) € (14 235)((0, 25) +

[0, %))

if and only if [1, ) (II_?{_ZQ)[ ,

If z =0, then Q(a2 o) (7, ) C o,
)

™ Z) ifand only if 2 <2+ x +y.
ly) (a2,B2) (l‘ 0) + /82(55 y) Q(az,ﬁg)(oay)
z)+

if and only if [1, ke C(1+ zT—y)[O’ (1+ :cT—y)[O 7) if and only if [1, %) C(1+
TJer)([Q 1)+[0,1 m ) if and only if [1, xiy) C ("f‘ﬁ‘y*z)[o, xx—zy) if and only if 2 < 24+x+y.

(ii) For z € (0,1] and y = 0, let z € (0, 1],
Q(a2 ﬁ2)(3: 0) - a2($ 0).Q(a2752)(1:,z) + ﬁg(l‘,O).Q(QQ B2) (
1, 1) (=)o, xlz)—k(erTx)[O,%) if and only if [1,916) (T ([o 7xz)+[ ,Z)) if and

)
only if [1,1) C (£2)[0, Z£1) if and only if 22 < (z + 1)(x + 2).

z,0) if and only if

(iii) Let z,y € [0,1], x = y. Obviously, Q(,, g,) is satisfied in the (G5).

Hence (X, Q(azm)) IS a b(qa,,,)-hypermetric space.

Proposition 2. Let (X,['(,, 3,)) be a b, g,)-hypermetric space over Banach algebra A.
Then for any x1,...,xn,a € X it follows that:

(1) If T, g, (Ti)iey =104}, then x1 = ... = xn,

(2) F(an,ﬁn)(%)zzl - Z%=2 (an,Bn) ((z )Tll

(3) L) (@i)iz S 2251 Tian,pa) (25, ()3 )

(4) T g0y (21, (22)5) € (n — 1)L, 5. ((x1)7 2 13).
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Proposition 3. Let (X, F(an,ﬁn)) be a b, a,)-hypermetric space over Banach algebra A.
Then {04} C Tq, 8,)(Ti)i=y for every x1,...,x, € X.

Proof. By the condition (G4) of definition of b,,, g,)-hypermetric space, we have

{04} = Ta,.8) (®1)T € T(a, 80 (Ti) i1 -

Proposition 4. Every b, ,)-hypermetric space (X,T(, 8,)) over Banach algebra A
defines a b(q, p,)-hypermetric space (X, T (q, ,)) over Banach algebra A as follows:

F(OAQ,ﬁz)(‘r? y) = F(an,ﬁn)(a:? (y)g) + F(an,ﬁn) (y, (1’)3), f07’ all =z, Yy e X,

where az(x, y) = maz{on(z, (y)3), an(y, (2)3)} and Ba(z,y) = maz{Bn(z, (4)3), Py, (£)3)}-
Proof. Note that [(GO)],...,[(G4)] trivially hold. We only need to show that I'(4, 3,)

is satisfied in

F(ag,ﬁg)(xvy) - OQ(IL‘,y) : F(az,,@g)(xa Z) + 62($7y) : F(ag,ﬁz)(zay)a fO?" all T,Y,z € X.

The proof is straightforward, by setting as(z,y) = maz{a,(z, (y)%), an(y, (z)5)} and Ba(z,y) =

maz{Bn(z, (y)3), Bn(y, (v)5)} and the condition (G5) of definition of b(,, ,)-hypermetric
space over Banach algebra A.

Proposition 5. Let e be an arbitrary positive real value number, and (X,d) be a metric
space. We define an induced by, g,)-hypermetric over Banach algebra R.

Do i X X X = P*(RY) (2)
(d(z,y) —e,d(z,y) +e) U{0} ; z#y, d(z,y) > e
F(a2 ﬁQ)( 7y) ( (:I"’ —e,d(m,y)—l—e)ﬂRg_ ) x#?/? d(x,y) <e
{0} ; z=yotd,y) =e.

Then (X, Ff{m 52)) iS @ b(qay,p,)-hypermetric space over Banach algebra R.

2.2. Quotient b(,, g,)-hypermetric space over Banach algebra A

Let (X, F(an,ﬁn)) be a b, 5,)-hypermetric space over Banach algebra A and X be a

partition of X. For each point p € X, we denote p a point in X containing p, and we
denote the equivalent relation induced by the relation by ~.

Definition 7. Let (X,I'(,, g,)) be a b, g,)-hypermetric space over Banach algebra A.
Let p1,...,pn € X, and consider p1,...,pn € X. A quotient by, g,)-hypermetric of points
ofX induced by T4, g,) 18 the function

F(anyﬁn) Xn - P* (A+) g'L’U@n by F(anyﬁn)(pl) mpiéﬁi F(anyﬁn)(pl)?:l
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Proposition 6. The quotient b, g,)-hypermetric over Banach algebra A induced by
a8, 18 well-defined and is a b, g,)-hypermetric on X over Banach algebra A.

Proof. f(an,ﬂn) is satisfied in all properties (GO), till (G4).

Lo ) P71 C T ) P14 (@) + D ) (@ (Bi)1s) (4)
() Tianp®dici € () (F(an,ﬁn>(p1,(Q)§)+F(an,5n)(q, (pi)?:z)>
PiGISi piEﬁi
q€q
() Tians) @1 (@3) + () Tianspn) (@ 0i)is)
pieﬁi pielsi (5)
q€q q€q

= 1) (w02 03) 4 T o )
pi€P;
q€q
Let (X,T(4,,8.)) be a b, g,)-hypermetric space of dimension n > 2 over Banach
algebra A. For any arbitrary a in X, define the function I'( on X" ! by

T(an ) @)1t = Doy, o) ()i @)
Then we have the following result.

anflyﬁnfl)

Proposition 7. The function ', _, g,_,) define a by, _, g, ,)-hypermetric on X over
Banach algebra A.

Proof. We will verify that I',,_, g, ,) satisfies the five properties of a b
hypermetric over Banach algebra A.

anflyﬁnfl)_

Proposition 8. Let Il : X — Y be an injection from a set X to a set Y. If I',, 5,) :
Y™ — P*(A") is a b(an,B)-hypermetric on the set Y over Banach algebra A. Then
f(an,ﬁn) : X" — P*(AT), given by the formula f(an,ﬁn)(wi)?ﬂ = Do, g IL)iy for all
T1,. .., Zn € X, 18 a b, g,)-hypermetric on the set X over Banach algebra A.

Proposition 9. Let (X, F(an,ﬂn)) be any b, ,)-hypermetric space over Banach algebra A
and \ € Rg. Then (X, Ff‘ 5n)) is also a by, g,)-hypermetric space over Banach algebra

Qn,

A where T Bn)(xi)?zl ={ANn{ac Al0g 2a < AHA €T 4, g, ()i}

(an7

So, on the same X many b(q,, 3,)-hypermetric over Banach algebra A can be defined,
as a result of which the same set X is endowed with different metric structures. Another
structure in the next proposition is useful for scaling the b(,,, g,)-hypermetric over Banach
algebra A, so we need the following explanation.

For any non-empty subset B of A", and A € A" we define a set A\- B to be A\ B :=
{)\ blbe B}.
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Proposition 10. Let (X, F(an,ﬁn)) be any by, g,)-hypermetric space over Banach algebra
A. Let A be any positive real number. We define F?an,ﬁn)(xi)?zl = A Lo 80) ()i
Then (X, Ff‘an ﬁn))is also a by, g,)-hypermetric space over Banach algebra A.

A sequence {7, } in a by, g,)-hypermetric space (X, T4, 3,)) over Banach algebra A
is said to converge to a point s in X, if for any € > 04 there exists a natural number N
such that for every mq,...,my,_1 > N

F(anyﬁn)((xmi)?l_1178) C{ae Al0g4 = a <€},

then we shall write

lim F(amﬂ")((l‘mi)ﬁzl, 3) = {OA}

M yeey My —1—>+00

We shall say that a sequence {z,,} has a cluster point x if there exists a subsequence
{zm, } of {x;,} that converges to x.

Proposition 11. Let (X,I',, g,)) and (X,’F/(an,ﬁn)) be two bia, ,)-hypermetric spaces
over Banach algebra A. Then a function T : X — X' is b(an,B,)-CONtINUOUS at a point
z € X, if and only if it is b(a,, g,)-sequentially continuous at z; that is, whenever sequence
{Tm} is b, p,)-convergent to x one has {T(xy)} is U, g,)-convergent to T'(z).

Definition 8. Let (X, F(an,ﬁn)) be a b, g,)-hypermetric spaceover Banach algebra A,
and A C X. The set A is b, g,)-compact if for every b, g,)-sequence {Tm,} in A, there
exists a subsequence {Ty, } of {xm} such that by, g,)-convergences to some xg € A.

Proposition 12. Let (X,I',, g,)) and (X’,I’,(an ﬂn)) be two by, ,)-hypermetric spaces

over Banach algebra A and T : X — X' a b(an,p,)-continuous function on X. If X is
b(an,p,)-cOMpact, then T(X) is b(an,p,)-COMPact.

Definition 9. Let (X,F(anﬁn)) be a b, g,)-hypermetric space over Banach algebra A.
Then for xo € X, 1 = 04, the b, g,)-hyperball with centre xo and radius r is

BF(anﬁn)(fUOW) = {y €X: F(an,ﬂn)(:EOv (y)g) - {a € A|0A =a< ’l“}}

Proposition 13. Let (X,T(4,3,)) be a b, g,)-hypermetric space over Banach algebra
A. Then for xg € X, r = 0y4,

(i) If Lo, ) (w0, (7)ig) € {a € Al04 2 a <1}, then 2, ...,2n € Br, . (20,7),

(i) Ify € Br,, ,.,(0,7), then there exists, § > 04 such that Br, , (y,0) € Br,, ,  (o,r).

Proposition 14. The set of all ', g,)-balls, B, = {Ban,ﬁn)(x’r) cx e X,r > 0},
forms a basis for a topology T (T4, 8,)) on X.

Definition 10. Let (X,['(,, g,)) be a b, ,)-hypermetric space over Banach algebra A.
The sequence {xn} C X is b(q, g,)-convergent to  if it b, g,)-converges to x in the
b(an,3n) -hypermetric topology over Banach algebra A, T(T(q, 8,))-
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Proposition 15. Let (X:F(ozn,ﬁn)) be a by, g,)-hypermetric space over Banach algebra
A. Then for a sequence {x,} C X, and a point x € X the following are equivalent:

(1) {zm} is T4, p,)-convergent to x,

(2) F(an,ﬁn)((xm)?_lﬂ .%') - 07

(3) T(an ) (@ms (2)3) = 0.

Definition 11. Let (X,T',, 3,)), (Y, F/(am 5m)) be universal hypermetric spaces of dimen-
sion n, m respectively over Banach algebra A. A function T': X — Y is b(a,, 8,.),(cm,fm)
continuous at point o € X, if T~ (B (T'(xo),7)) € T(Uy), for all r > 0.

Bm)

(am,Bm
We say [ is bia,, 8,),(am,Bm) - COMLINUOUS if 1T 08 b, 8.) (am,Bm)-CONLINUOUS al all points
of X; that is, continuous as a function from X with the T (I, g,))-topology to Y with
the T(F/(amﬁm))—topology.

In the sequel, for simplicity we have assume that n = m. Since b(,,, g,)-hypermetric
topologies are metric topologies we have:

Definition 12. Let (X,['(,, 3,)) and (Y, F/(an ﬁn)) be two b(a,, 3,)-hypermetric spaces over

Banach algebra A and T : (X, T4, 5,)) — (Y, Fl(an Bn)) be a function. The function f is
called b, g,)-continuous at a point a € X if and only if, for given € = 04, there exists

n

6 = 04 such that x1,...,2,—1 € X and the subset relation T'(,, g,)(a, (:Ei)?;f) C {a €

/

Al04 = a < 0} implies that L Bn)(T(a), (T(x:))=) C{a€ Al04 <a<e}.

A function f is b, g,)-continuous on X if and only if it is b, g,)-continuous at all
aeX

Proposition 16. Let (X,T',, 3,)), (Y, F,(an,ﬂn)) be b(a,,,3,)-hypermetric spaces over Ba-
nach algebra A. A function T : X — Y s b,,, g,)-continuous at point v € X if and only
if it is ba,, p,)-sequentially continuous at x; that is, whenever {z,} is b, ,)-convergent
to x we have (T(zn)) is ba, g,)-convergent to T(z).

Proposition 17. Let (X,T(4, 3,)) be a b, g,)-hypermetric space over Banach algebra
A. Then the function P(an,ﬁn)(zi)?:l is jointly b(a,, ,)-continuous in all n of its variables.

Definition 13. A map T : X — Y between b, g,)-hypermetric spaces (X,T (4, 3,))

and (Y, F/(aann)) over Banach algebra A, is an iso-hypermetry when Ty, g.)(7i)j=; =
F/(anﬂn)(T(wi))?zl for all x1,...,z, € X. If the iso-b,, g,)-hypermetry is injective, we
call it 150-b(4,, g,)-hypermetric embedding over Banach algebra A. A bijective iso-b(,,, g,)-
hypermetry is called a b, g,)-hypermetric isomorphism over Banach algebra A.

2.3. Fixed Point Theorem in b, g, -hypermetric spaces over Banach al-
gebra A

In a b(,,, g,)-hypermetric space over Banach algebra .A, the concepts of basic topolog-
ical notions, such as: b(,,, g,)-Cauchy sequence, b, g,)-convergent sequence and b(,,, 3,)-
complete b(,,, g,)-hypermetric space over Banach algebra A can be easily adopted as under.
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We discuss about concept b(,,, g,)-completeness of bq,, s, )-hypermetric spaces over Banach
algebra A.

Definition 14. Let (X,['(,, g,)) be a b, ,)-hypermetric space over Banach algebra A.
Then a sequence {x,,} C X is called O(an,Bn)-Cauchy if for every e = 04, there exists
N € N such that T, 5,)(Tm,;)i=1 <€ for all my,ma,...,m, > N.

The next proposition follow directly from the definitions.

Proposition 18. In a b, g,)-hypermetric space, (X>F(an,ﬁn)) over Banach algebra A,
the following are equivalent.

(i) The sequence {xm} is b(q, g,)-Cauchy.

(i) For every e = 04, there exists N € N such that T, g,)(21, (Tm)5) < €, for every
l,m>N.

(i4i) {xm} is a Cauchy sequence in the metric space (X, dr, , )

Corollary 1. (i) Fvery b(an B,)-COMVETgENE Sequence in a by, g,)-hypermetric space over
Banach algebra A is b, ,)-Cauchy.

(ii) If a b, p,)-Cauchy sequence in a by, ,)-hypermetric space (X, T4, 3,)) over Banach
algebra A contains a b, g,)-convergent subsequence, then the sequence itself is b, g,)-
convergent.

Definition 15. A b, s,)-hypermetric space (X, T4, 3,)) over Banach algebra A is called
D(an,Bn)-cOMplete if every b, g.)-Cauchy sequence in (X,F(an,ﬂn)) i8 b(ay,,8,)-CONVETgENT

n (X’ F(an»ﬂn)) :

Proposition 19. A b, g,)-hypermetric space (X,I', 5,)) over Banach algebra A is
O(an,Bn)-cOmplete if and only if (X, dr(anﬁn)) s a complete metric space.

Definition 16. Let (X,['(,, 3,)) and (Y, F( B )) be two bq,, g,)-hypermetric spaces over
Banach algebra A. A function f: X — Y is called a b, g,)-contraction if there exists

a constant k € {a € Al04 < a < e} such that F(an s ([ (@i))iiy © kL (a, 5, (@i)iy for
all zv,...,2, € X.

It follows that f is by, g,)-continuous because; I'(4,, ,)(zi)i=; € {a € A|04 = a < J}
with k # 0 and 6 := ek~! implies F/(an 6n)(f(xi))?:1 Claec Al04 =X a <€}

Theorem 1. Let (X,T(4, 3,)) be a b, g,)-complete space and let T : X — X be a
b(an,Bn)-cONtraction map. Then T has a unique fized point T(xz) = x.

Proof. We consider z,+1 = T(znm,), with xg being any point in X. We have by repeated
use of the (au,, By)-rectangle inequality and application of contraction property, we obtain
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for all m,s; € N which m < s; and k € {a € A|04 < a < e4}. From the above it follows
that

&l (an,Bn) (Z’m,(l‘m+1)3)
& an,ﬁn)(xm-i-l: (Tm+2)5)
&L (0 80) (Tma2, (Tm43)5)

F(Ohuﬂn) (xm7 ('%‘8*1)3)

681—mr(an,ﬁn)(x31—17 (xsl)g)
ER™ + k™ 4+ kTN (o, 8, (20, (21)5)
Ek™(ea — k5™ (ea — k)T (a8 (o, (#1)5).

Where &1 = an(Tm, (75,)3), & = Br(Tm, (75,)5).0n(Tm, (Tmr1)5), -
and § = maz{&, &2, ..., §sy—m } for all T, ..., x5, € Br,, 5 (20,7).
Then we have

1IN+ + + + 10
C

lim F(an,ﬁn)(xmv (x81) ) - {OA} (7)

m,81 — 400
since
o Jm Ek™(ea — k™) (ea — k) ' (0, 50 (@0, (21)5) = {04} (8)
For m < s1 < sy € N and (G5) implies that

)

Qnp (.%'m, Lsy, (.%' 2>§)F(an,ﬁn)(xm7 (.%'31)3 (9)
5);

F(Oénﬁn)(xm?‘rsla(x&)g) -
+ B (xm7x517( )g)r(an,ﬁn)( (-7;52>

now taking limit as m, s1, s3 — 400, we get

F(anﬁn)(l‘mv Lsys (xSQ)gL) — {OA}
Now for m < 51 <59 <...<5s,_1 €N, we will have
F(anﬁn)(:cm, (@s; )iy ) —{04}; whenever, m,si,...,5p-1 — +00, (10)

then {,,} is a Cauchy sequence. By completeness of (X,T'(q, 5,)), there exists a € X
such that {z,} is b, g,)-convergent to a. It follows that the limit x,, is a fixed point of

T follows the b(q,, g,)-continuity of 7', and

Ta=T lim x,= lim Tz,= lm x,.1=.a. (11)
m—+00 m——+00 m—r—+00

Finally, if ¢ and b are two fixed points, then

{04} € Doy (@ 0)8) = Tia ) (T(@) (T(0)3) 12
C kF(Oén”Bn)(a? (b)g)

We conclude from k < e4 that I'y(a, (b)5) = {04}. Consequently a = b and the fixed
point is unique.
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Proposition 20. The equation X' +1 = (1> — 1)2!*! 4 1%z, for each natural nuber 1 > 1,
has a unique real solution.

Proof. On can check that if z € R with |z| > 1, then z is not a solution for the above
equation. Now let z = [—1,1]. Define Q4,4, : X x X — P*(RY) with, Qq, 5, (z,y) =
[0, |[zr—y|] and ag, B2 : X x X — [1, +00), with ag(z,y) = 1+|z|+|y|, B2(z,y) = 2+]|z|+]y|.
Then (X, Q(ao, 52)) is a complete b(q, g,)-hypermetric space over Banach algebra R . Also,
define the mapping T : X — X by

2+ 1

To=—" -
S (PRSP

Now, we study the following cases:
Case I: If z = y. Then

1
Dfan,5) (T(2), T(Y)) = Yas ) (T(2), T(2)) = {0} € 7505,0) (2, y) = 10}
Case II: If © # y. Then

al+1 y' +1
Q(az,ﬁz)(T(x)>T(y)) = Q(%,ﬁz)((p _ 1)xl 42 (12 — 1)yl + 12) =

l’l—i—l B yl+1 ]_[ |.%'l—yl| ]C
(2—Dzt+12 (Z-Dyl+12 (=Dt +2) (12 -Dyt +12)" ~

[0,

1 1
ﬁ|x - y| g ﬁQ(az,ﬂg)(xvy)v

where we choose k = %3 < 1. Thus, T satisfies all conditions of Theorem 2.32. Therefore,
T has a unique fixed point. Note that the unique fixed point of T" is the unique solution
of the equation.

3. Conclusion

The objective of this paper is to study about b(,,, g,)-hypermetric spaces and intro-
duced certain fixed point results of mappings in the setting of b(,,, g,)-hypermetric spaces.
This study is a candidate of a pioneer result and many refined results can be derived in
the near future. The purpose definition is applicable for engineering science.

References

[1] S. Radenovié¢ and B. E. Rhoadesb. Fixed point theorem for two non-self mappings
in cone metric spaces. Computers and Mathematics with Applications, 57:1701-1707,
2009.



REFERENCES 1160

2]

[3]

[14]

I. Bakhtin. The contraction mapping principle in quasimetric spaces. Func. An., Gos.
Ped. Inst. Unianowsk, 30:26—-37, 1989.

V. Berinde. Generalized contractions in quasimetric spaces. Seminar on Fized Point
Theory, Babes-Bolyai, University, 3(9):3-9, 1993.

S. Czerwik. Contraction mappings in b-metric spaces. Acta Math. Inform. Univ.
Ostrav, 1:5-11, 1993.

K. Deimling. Nonlinear Functional Analysis. Springer-Verlag, New York, 1985.

J. Fernandez, N. Malviya, S. Radenovijc, and K. Saxena. F-cone metric spaces over
Banach algebra. Fized Point Theory Appl, 7:18 pp., 2017.

L. Huang and Zhang X. Cone metric spaces and fixed point theorems of contractive
mappings. J. Math. Anal. Appl., 332(2):1468-1476, 2007.

T. Kamran, M. Samreen, and Q. Ul. Ain. A generalization of b-metric space and
some fixed point theorems. Mathematics, 5:1-7, 2017.

R. Kannan. Some results on fixed points. Am. Math. Monthly, 79:405-408, 1969.

K. A. Khan. On the possibitity of n-topological spaces. Internatial Journal of Math-
ematical Archive, 3(6):2520-2523, 2012.

K. A. Khan. Generalized n-metric spaces and fixed point theorems. Journal of
Nonlinear and Conver Analysis, 15(6):1221-1229, 2014.

A. Dehghan Nezhad, Ahmad Reza Forough, Nikola Mirkov, and Stojan Radenovié.
A new version of u,-hypermetric space results. VOJNOTEHNICKI GLASNIK /
MILITARY TECHNICAL COURIER, 69(3):562-577, 2012.

Sh. Rezapour. A review on topological properties of cone metric spaces. Analysis,
Topology and Applications 2008, Vrnjafka Banja, Serbia, from May 30 to June 4,
2008.

W. Rudin. Functional Analysis. 2nd Edn. McGraw-Hill, NewYork, 1991.



