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Atomic Solution of Fractional Abstract Cauchy
Problem of High Order in Banach Spaces

Fatema Bekraoui!, Mohammed Al Horani?, Roshdi Khalil®*

! Department of Mathematics, School of Science, The University of Jordan, Amman, Jordan

Abstract. The Abstract Cauchy problem, which is a vector valued differential equation is an
important equation in many branches of science. Authors usually study and discuss first and
second order abstract Cauchy problem. In this paper, we try to find atomic solutions of the
fractional abstract Cauchy problem with order 3c, where a € (0,1). It turned out that there are
so many cases to consider in order to determine atomic solution.
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1. Introduction

Let X be a Banach space and I = [0,1]. Let C(I) be the Banach space of all real
valued continuous functions on I under the sup-norm, and C'(I, X) be the Banach space
of all continuous functions defined on I with values in X. A classical and important
differential equation that appears in physics and other branches of applied sciences is the
so called Abstract Cauchy problem of the first order.

One form of such equation is

Bu = Au(t) + f(t)z
u(0) = xg .

Here u is a continuously differentiable function in C'(I, X) and A, B are densely defined
linear operators on the codomain of u.

If f =0 or z = 0, then the equation is homogeneous otherwise it is called non-
homogeneous. Now in the non-homogeneous problem we have two cases. The first type,
if u is unknown and f is given and this is called the direct problem. The second type, u
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and f are unknowns and it is called the inverse problem.

If B is not invertible, then the equation is called degenerate otherwise it is called non-
degenerate.

It was Hille, in 1952 who introduced the Abstract Cauchy Problem. All the work since
then was trying to solve the abstract Cauchy problem of the first order or second order.
Most of the analysis

of the Abstract Cauchy problem was using theory of semigroups of operators. We refer
to [1], [2]-[4] , for more on the Abstract Cauchy problem.

In this paper, we will use tensor product technique to find what is called atomic solution
for the fractional Abstract Cauchy Problem, of the third order. Indeed, we will study the
fractional abstract Cauchy problem of the form:

{ u(3o¢) (t) + Au(Qa) (t) + B’u,(a) (t) + Cu(t) — f(t) (1)

u(0) = zo, ul®)(0) = z1, u*)(0) = .

where, A, B, C are closed operators with domain in range of u, and f is a given vector
valued function with range in X. Here u(® denotes the a—conformable derivative of w.
Here is the definition of the conformable derivative given in [5]:
For g : [0;00) — R and 0 < o < 1, the conformable fractional derivative of g of order
« is defined by

Do‘(g)(t) — lim g(t + gtlia) — g(t)
e—0 £
We often write u(® for D%u
For all t > 0, if g is « differentiable on (0;b) where b > 0 and lim,_,+ g(*)(t) exists,
then one can define ¢(*(0) = lim,_,g+ ¢(®(¢).
The « fractional integral of a function f starting from a > 0 is:

51(_8(1 ds

13 () = I(E £ (1)) = /

For more on Conformable fractional derivative we refer to [6]-[19].

Now, we need some basic facts from theory of tensor product of Banach spaces. Let
X and Y be Banach spaces, X* denote the dual of X. For x € X and y € Y define the
map z®y: X* =Y as: @ y(z*) = (x,z")y, for all z* € X*.
Clearly, z ® y is a bounded linear operator and || z ® y ||=|| = ||| v ||, [ 18]. Such an
operator x ® y is called an atom. The set X @ Y = span{r @y : 2z € X and y € Y} is a
subspace of L(X*,Y). The following lemma, see [20]-[22], is needed in our paper.

Theorem 1. Let 1 ® y1 and x2 @ y2 be two nonzero atoms in X ® Y such that

T1OYL + T2 Y2 =23 QY3
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Then either x1,x2 or y1,y2 are linearly dependent.

One can easily prove that:

Lemma 1. If
T1 QY1 =12 Y2,

then x1,x9 are dependent and y1,y2 are dependent too.

2. Main Result

Now we are interested in finding atomic solution of problem (1).That is a solution of
the form v ® z, with v(t) € R, and x € X. Also, we assume f = g ® z. Substitute in (1)
to get:

VBV @z + 02 () @ Az + 0 () @ Bz +0(t) @ Cx = g(t) @ . (2)
We assume the conditions v(0) =1, v(®(0) =1, v (0) = 1.

There are many cases to consider.

Once again, the general form of third-order fractional Abstract Cauchy problem is

{ uB) (1) + AuP¥ (t) + Bul®(t) + Cu(t) = h(t)
u(0) = o, w9 (0) =z, uP9(0) = z».

Where u is 3adifferentiable function from I to X and A, B, and C are closed linear

operator on X. Notice, we use u®) to denote D*D*D%y

We are interested in finding an atomic solution of equation (1), where the right hand
side of the equation is an atom.

Now let the atomic solution we are looking for be u(t) = v(t)x = v ® z. In this case
we let h(t) = f(t)z = f ® 2z, f is a scalar valued function.

Here v,z are unknowns and f, z are given

Let us rewrite (2) in the form

VB () @z + v () ® Az + v (t) @ Br +v(t) @ Cz = f(t) ® 2, (+)
v(0) = v(a)(o) = U(QO‘)(O) =1. (o)

There are many cases to consider.

A. The first Case

(a) B — (2a) — (@) — 4.

or

(b) x = Az = Bx =Cx
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Let us consider the case where

pB) = y20) = (@) — (3)

Now we are looking for v that satisfies (1). From (3) we have the following situations:

1. pBa) — ,0(204)7
2. v(2%) = o),
3. v(@) = v,
1. 0l = o),
5. 032 =y,
6. 2 =y

Situation 1.

,U(Sa) — U(Qa)
By the results in [12], the associated characteristic equation is r?(r — 1) = 0. Hence
r=20,0,1
Thus ) )
v(t) = 1 + co—t* + ez exp —t
e a
c1t+ecotce3=1
From (), we obtain ¢ co+c3=1 . Thus ¢ =0, co =0, c3 = 1. Hence
cg3=1
1 (0%
v(t) = exp —t°. (4)
o'

Situation 4.
03 — (@)

Again using the results in [12], the associated characteristic equation is r(r2 — 1) = 0.
Hence r =0,1,—1. So

1 1
v(t) = ¢1 + caexp <—to‘> + cgexp —t¢
« «

Using the conditions in (xx) we get

cit+ca+e3=1,
—c+c3=1,
co+c3=1.

Thus, ¢1 =0, =0, and c3 =1. So

1
t) = —t¢
v(t) = exp 5
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Situation 5.

3a)

B3 =y

Another use of the result [12], the associated characteristic equation is 73 — 1 = 0, so
~1+1iV3 ~1-4V3
————— andrg=———. So

(r—1(r?+7r+1)=0. Hence r; = 1,ro = 5 5

1 3t 3t 1
v(t) = exp <—2at0‘> <01 cos \ga + c28in \ga ) + c3exp &to‘.

Using (xx) to get
ci+c3=1
Sterteate=1,

—%Cl—CQ—i—Cg:l

from which we get ¢y =0, co =0, and ¢3 = 1. Thus
(t) = exp 10
v(t) = exp —t*.
P Q@

If we do the other situations we get the same solution: v(t) = exp éta. Thus if there is an
atomic solution for this case, then v must equal to exp éta. But from Lemma 1, we must
have f(t) = exp éto‘ in order to get an atomic solution.

Now, substitute v(t) = exp 1% in (x ), we get

expéta[m—l—Aa:—i-Bx—i-Cx]:f(t)®z. (x % %)

It remains to find z. From equation (x x x), we have two atoms are equal. Thus the first
coordinates are equal and the second coordinates are equal by Lemma 1. Thus we get

z+ Ax + Bx +Cx = 2.

This is

I+A+B+C)x==z. (5)
Hence, for the atomic solution to exist we must have xz to satisfy (5), noting that z is
given. So the image of x under I + A+ B + C' must be z.
Let

xr=Ar=Bxr=Cx=z. (6)
So,

=2z

and it is an eigenvector (a fixed point ) for A, B, and C. Now substitute in equation (x)
to get

[U(:m) ) + 020 @) + 0@ () + o) | @z = f(H) D 2. (7)
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From equation (7), since z = z, we get
0(304) + U(2a) + U(a) +v= f (8)

This is a linear fractional non-homogenous differential equation. Thus using result in
[12], we find the homogenous solution v, and a particular solution vy, and so, the general
solution will be vy = vy, + vp.

Now for vy, the associated characteristic equation is (r + 1) (7"2 + 1) = 0, which has
the roots —1, +¢. Then

1 1 1
vp(t) = c1 exp (—at0‘> + ¢ cos at"‘ + c3 sin Eta .

For the particular solution, we use variation of parameters introduced in [12]. Let v; =
exp (—éto‘) , Vg = COS éto‘ and vs = sin éto‘. So

3
up(t) = om(t) | A
2wl | e

WO‘(S) 1 WO‘(S) 1
t
1 [T F()W (s
=+ sin t i st
U1 U2 U3
where W¢ = vga) véa) véa) and W2 is the determinant obtained from W< by
{2 o2 (20)

1 2 3

replacing m!® column by the column (0,0,1)”, m = 1,2,3 . Thus

1 ¢ 1 t .
vp(t) = exp|——t” / f(ls) ds — cos to‘/ 1(s) (cos Sj_ sin 5) ds
a o 2exp (—Zs%) sl a J, 2s1-

1 t f(s)(coss —sins)
+ sin ato‘ /a 5ol ds

_ Lo\ ra f(t) 1 ooa (f(t)(cost +sint)
= exp <_at >Ia <2exp(—51¥t°‘)> — cos at Ia< 5 )

£(t) (cos2s - sint)>

1
+ Sin ata,[g <

u(t) = va(t) +vp(t)

1 1 1 1 t
= crexp | ——t% | +cacos —t% + cgsin —t“ +exp | ——t* | IS L)l
« o « o 2 exp (—ato‘)
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1 i 1 o
~cos ~ %12 f(t) (cost + sint) 4 sin Lo f(t) (cost — sint)
(6% 2 o 9

1 1 1
@ = ¢ exp (—to‘> — cgsin —t + c3 cos —t*
o o o

+exp (—;f‘) [—Jg <2€pr((t—)1ta)> + 26pr((i)lta)]
+sin Lgo [Ig ( f(t) (cos2t+sinta)> N f(®) (005275 —asint)]

+cos lta I f(t) (cost —sint)\  f(t)(cost +sint)
o 2 2
1 1 1
w2 = c1 exp (—to‘> — ¢9 cos —t% — c3sin —t%
o o o

+exp (—Clyta> [I“( ) >+f(“)(t)e><p (—Lt9) + f(t) exp (—;ta)]

“\ 2exp (—éto‘) 2exp (—%to‘)

2 2

f(t) (cost + sin t)) N f(t) (cost —sint)  f@(t) (cost + sint)

1 (e a
— f(t) + cos at [Ia< 5

1 s | g f(t) (cost —sint) f(t) (cost +sint)  fl@(t)(cost — sint)
IR e < 2 ) N 2 2

But v(0) = 1, v(®(0) =1 and v(?**)(0) = 1. Thus

ci+ce=1 01:1—%12(]0(0))
c3—cyp =1 <~ CQZ%IZ (f(0))
c1—c2+ 15 (f(0) =1 c3 =2 — 315 (£(0))

Hence

o) = (1 - %Ig (f(O))> exp <1ta> + %Ig (£(0)) cos —t% + (2 - %Ig (f(O))> sin 142 4

« « «

1.\ f(t) 1 oo [ f(t)(cost +sint)
exp <_at ) I, <2exp (—ita)) — cos at IS ( 5 >

f(t) (cost —sint)
)

1
+ Sin ata_[g (

Hence, the atomic solution that satisfies the conditions is

|
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[(1 _ %Ig (f(()))) exp <—;ta> + L1 (£(0)) cos ét@ + (2 - %Ig (f(()))) sin it“] ®

L o\ 7a f(t) 1 oo f(t)(cost+sint)
exXp <_at )Ia <2€Xp(_élt0¢)> — COS at Ia < 5 >

£(t) (coszt—sint)>] .

_|_

1
+sin at“[g (

All other situations are handled in the same way.

B. The second Case.

(i) vCI () @ z 4+ v (1) @ Az = v (t) @ 11
and ,
(i) v (t) ® Bx +v(t) @ Cz = va(t) ® ya

This has the following situations:

Which gives four situations.

p(80) — 4(20) — v1(t)

Situation 1. and
vl = v = wy(t)
Now for v3®) = ¢(22) the associated characteristic equation is r® — 2 = 0. Hence

using [12], we get

(0%
1
’U(t) =] +cg— + czexp —t¢
« (6%

Using conditions in () we get
(t) o
v(t) = exp —
Pa

For v(® = v, the associated characteristic equation is r — 1 = 0. Hence using [6], we
get

1
v(t) = cexp —t°
(t) = cexp —
Using conditions in (x*) we get

1
t) = —t“
v(t) = exp 5
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Similarly for v3%) =y
T+ Az =1
So and
Bz +Czx =y
(I+A)zx =1y
Hence { and
(B+C)x =1y

Now we go to our equation

1
expata®[x+Ax+Bac+C:c]:f(t)®z

114

So, f must be equal to exp %to‘ for the atomic solution to exist and the image of x

under [/ + A+ B+ Clz = z.

(3% — (20) — v (t)
Situation 2. and
Bx =Czx =1y
Now for v3® =y = 4, (), then

1
v(t) = exp —t*
(t) = exp —
Substitute in the main equation we get

1 1
exp —t* ® [x + Az| + 2exp —t* @ Bx = f(t) ® z
« a

1
exp ata ®[x+ Az +2Bx] = f(t) ® 2

Then for the atomic solution to exist, f = exp éta, and [[ + A+ 2Bz = 2.

xr=Ax =1
Situation 3. and
U(a) =V =2

Now, v(®) = v gives

1
t) = —t“
v(t) = exp o

So
1
expata®[x+Ax+Bx+C:c] =flt)®z

1
exp &ta ®[2Ax+ Br+Cx]| = f(t)® 2
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Hence f must equal exp 2¢* and [24+ B + Oz = z.

r=Axr =1y
Situation 4. and
Bx =Cz =y

So [U(3C“) + v(2a)] R+ [v(a) + v] ®Br=f®z.

Hence we have two subcases:

1.6 440 — (@ 4y or 2. B = 2.
If Bx = z, then

03 42 4L @ Lyl @z = f® e

Hence z = z.
Now we solve
U(?’OC) + U(QOC) + ’U(a) +v= f

This is a linear fractional differential equation of order 3a. Using [12], we get the
general solution vy = vj, +vp, the sum of the homogenous solution and the particular
solution.

For homogenous solution vy, the associated characteristic equation is 73 4+724+r+1 =
0, which has the roots ¢, —i and —1.

Then
1 (07 1 (0% : 1 (07
vp(t) = crexp | ——t% | 4+ ca cos —t* + cg sin —t
o o o

For the particular solution, we use variation of parameters introduced in [12]. Let
U] = exp (—éto‘) , Ug = COS éto‘ and ug = sin éto‘
So

Wea(s)sl—« a J, Wa(s)sl—a a J, Wo(s)st—a
(75} us us
where W& = uga) uga) uga) and W)} is the determinant obtained from
w2 w29, (20)
1 2 3

W< by replacing m** column by the column (0,0, 1), m = 1,2, 3.Thus

1.\ [* f(s) 1., (" f(s)(coss+sins)
vp(t) = exp <_ozt >/a Doxp [~ Lso) Sl_ads—cos at /a 5sl—a ds

exp <_1ta> | f(S)(Wlo[(Sds + cos lto‘ t S (s) ds + sin lt"‘ t S()W'(s)
« a

ds
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(coss —sins
+ sin — to‘/ f(s S )ds

= e (L) (W)_Cositalg<f<t> st )

() (cos s — sint))

1
+ sin atO‘IZ (

2
Hence
v(t) = t) + vp(t)
1 1, 1,
= c1exp — + c9 cos —t% + cgsin —t
a o' «
1
+ex — I3
p< « ) <2exp it )>
~cos lt“[“ < (cost + sin ))
e
+sin1tala< cost—smt))
a
. 1, 1
v\ (t) = —crexp|——t%| — casin t + c3cos —t°
« «

)
o (20) [ () ¢ g
f

+sin éto‘ [1—3 ( (t )(COSt—l—smt)> N f(t) (008215 — sint)]

oo [ a (f(t) (cost - smw) SO (cont sint)]

1 1 1
to‘> — ¢c9 cos —t% — c3sin —t*
Q « Q

1 La }E(t)l)>
_ g @\ 2exp(—ste
+eXp< at > +f<a>(t)exp —at*) /(W) exp(—31*)

2exp(—2t*)

a [ f(t)(cost+sint
o ({O)eos tsing

— f(t) + cos lto‘

« f(t)(cost—sint) (@) (t)(cos t+sint)
+ 2 B 2
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i ltoé Ig f(t)(cos;—sin t)
o _ f(t)(cost+sint) (@) (t)(cost—sint)
2 2
Using conditions in (**) we get
cir+c=1 01:1_%1300(0))
c3—c1 =1 <4 C2= %Ig (f(0))
c — e+ 15 (f(0) =1 c3=2— 315 (f(0)
Hence
1 a 1 (6% 1 a (6%
o(t) = (1-— §Ia (f(0)) |exp | ——t* ) + §Ia (f(0)) cos —t
+(2- 212 (7(0)) ) sin Lo
~5la Slna +
1 t
exp (—to‘) I3 —f( )1
« 2 exp (—ata)
"~ cos ltafg (f(t) (cost + sin t)>
« 2
4 sin lt“[g (f(t) (cost — smt))
« 2

and the atomic solution that satisfies the conditions is u(t) = v(t) ® z.
Now, if v3® 4+ ¢ = 4(@) 44 = f then (I + B)x = 2

We want to solve v3®) 4+ 929 = f and v(® 4y = f

For v(3®) 4 (20 — f

Using [12], we get the general solution v, = vj, + v, the sum of the homogenous
solution and the particular solution.

For homogenous solution vy, the associated characteristic equation is 72 (r + 1) = 0,
which has the roots 0,0 and —1.

« @

vp(t) =1 + CQE +c3e

For the particular solution, we use variation of parameters introduced in [12]. Let

7ta

'LL1:1,UQ:$15Q and ug = e o
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B fﬂgwms Fls)WE(s) e (s (s
- a S ;1 / «a S)Sl ad ste o «a 8)3
B ETERR) 10, e,

aeasla

_ _]g<f(t)<t:—|—1>) —I“(f()) Ia<5(?>

o(t) = vi(t) +vp(t)
= atalract —r(r0(Se1))+ Snge e (L)

For v(® + v = f
By result in [12] the solution of equation (7) is given by

t
o(t) = efot‘”a_ldz—|-/ (e*fgﬁa_ld‘”f(s)safl) ds
0
t
= e atl® —i—/ <eié(ta73a)f(s)sa*1) ds
0

But the two solution must be equal, then

c3 + I (%) = 1 and fo < g (st )f(s)sa”) ds = c1 + (o + 12 (f(1) & —

15 (£ (5 +1))
Then

t
v(t) = e al” +/ <efé(ta73a)f(s)sa*1) ds
0

C. The Third Case.

x = Az and Bx = Cx (a)

In this case
U&Ww+wmmﬂ®x+pWWyH@)@Bm:ﬂw®z

If

then
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And this can be solved as before in casel.
B (1) + v (1) = v (t) 4 v(t) = f(¢) . (b)

Now 069 (t) + 02 () = v (t) 4+ v(t), the associated characteristic equation is 73 + 72 —
r — 1 = 0 which has the roots —1,—1 and 1.
Then

1

Lia l o —14a _
v(t) = crea” 4+ cp—t%e ot 4 czeat
«

v(0) = p(@) (0) = p(2a) (0) =1 gives

ci+ec3=1 c1 =1
cir+ec—c3=1 < co=0
c1—2co+c3=1 c3=0
Hence
v(t):eéta

This forces f(t) = 2e§ta, if not then there is no atomic solution.

Now in case of (9 ) and from (a) we get * = Az = Bx = Cx, so x is an eigenvector
for A,B,C and z = z.

In case (b), we get

«a

1ia 1,0 1
2¢al” +2¢al” =2¢at" 2

So z + Bx = z. Hence (I + B)x = z.

D. The Forth Case

(i) VYt @1 +v(t)®Cr =vi(t) @y

and

(ii) v@9(t) @ Az + v (t) @ Br = v3(t) @ 12
Which gives

03 =y = v (t)
Situation (1) and
02 = p(@) = y(t)
For v3®) = ¢ = v;(t), the associated characteristic equation is 73 — 1 = 0. Which
has the roots 1, %‘/‘E’Z .
Hence using [12], we get

1 1 3 3
v(t) =crexp—t* +exp | ——t* ) | ¢z cos L—to‘ + ¢3sin £zfCY )
Q 2c 2c 2c0
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Using conditions (xx) to get
1
t) = exp —t“.
u(t) = exp —

(20) 2

Now for v = 0@ the associated characteristic equation is r

[12], we get

—r = 0. Hence using
1 (0%
v(t) = c1 + caexp —t*.
o
By the conditions (xx) we get
1
t) = —t%.
v(t) = exp o
Substitute in the main equation
1 (e
exp—t*® [z + Az + Bx + Cx] = f(t) ® z.
@

So, f must be equal to exp %to‘ for the atomic solution to exist and the image of x

under [[ + A+ B+ Clz = z.

0B =y = vy (1)
Situation (2) and
Axr = Bx = 1y

Now for v(3®) = v, we previously found
(1) = exp -
v(t) = exp —t“.
P Q

Substitute in the main equation we get

1 1 1 1

exp —t* @z +exp —t* ® Ar + exp —t* ® Br +exp—t* @ Cx = f(t) ® z

Q « Q «

But Az = Bz, so
1
expato‘ ®(r+24z+Cx) = f(t) ® 2.
Then for the atomic solution to exist, f must be equal to exp éto‘, and [[ + 2A+ Clz =
r=Cr =1

Situation (3) and
v = (@) = g,
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Now for v(2®) = 4(®) we already have
(1) = exp -1°
v(t) = exp —t“.
L
Substitute in the main equation we get
exp —t“ @z +exp—t*® Ar + exp —t* ® Bx + exp —t“ @ Cx = f(t) ® 2
« a Q@ «@

Since z = Cz, then

1 (0%

exp —t“ ® (20 + Ax + Bz) = f(t) ® z.
«

Then for the atomic solution to exist, f must be equal to exp éto‘, and 2] + A+ Blx =

r=Cr=1
Situation (4) and
Ar = Bx = 19

So [v(?’a) + v] ®x+ [0(20‘) + v(a)] ®Ar = f® z.
Then we have two cases V3% +p = 020 4 4(@) = for z = Az = 2
If x = Ax, then

[U(BO‘) + 02 4 @) —i—v] Qr=f®z.

Then
T R

which already solved in Case 2.

If 3 4+ = v 4@ = f then (I + A)z = 2.

Now for v(3®) 4+ ¢ = f, the general solution is given by vy = v + Up, the sum of the
homogenous solution and the particular solution.

For the homogenous solution vy, the associated characteristic equation is 73 + 1 = 0,
which has the roots —1, %\/& Then

1 1 3 3
vp(t) = c1 exp (—ato‘) + exp (ﬁto‘) <02 cos ;/—O:to‘ + ¢38in \Q/T;ta) )

For the particular solution, we use variation of parameters. Let u; = exp (—ito‘) ,

Uy = exp (ito‘) cos \2/—315"‘ and ugz = exp (%to‘) sin \Q/—Eta‘

vp(t) = Zum(t)/ %ds
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Hence

v(t)
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oo (L) [ 20,
+ exp (ita s

: n( )/ faV[)/z“ )
oo (1) [ L0

]' (0% \/ga
—exp %t CoS %t X

(3
+exp | —t1

)
)

o (1) 2 (350) - () o (32 ) »
1 V3

! 2
e () (320 ) 2 (Gt (< ) »
(3] oo ()

Vp + Up

1 1 3 3
crexp [ ——t* ) +exp | —t“ Co COS £150‘ + ¢3sin i_to‘
o} 2a 2 2a
1 1 1 V3
e e (Zfe) ) - ¢ Y2
+exp( - ) a<3f( )) exp(2a )co <2a > X
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I (%f(t) exp (—%t“) lcos (gt“) + sin <2—€ta>]>
1 V3
I (%f(t) exp (—%t‘ﬁ [cos (gt") — V/3sin (2—6#‘)]> :

For v(29) 4 (@) = f, the associated characteristic equation is 72 +r = 0, which has the
roots 0 and —1.
Then

1
vp(t) = ¢4 + c5 exp <—at°‘> )

For the particular solution, we use variation of parameters. Let u; = 1,us = exp (—éto‘)

R [0y (1) /w
1Oy () [ TG,
= () - o (1) 2 (e ( "))
Hence

v(t) = v+

= et e (—or) 412 @) - o (— o) 12 (e ()

By the condition (x*) we get

{ ca=2—15(f(0))
c; = —1+15(f(0) -

But the two solutions must be equal, then

C1 = Cj5
Cy) = C3 — 0 '
Hence

(0 = (14 IO exp (~2e7) + 12 (7(0)

~on (<o) (Few (1) ) +2- 12 070)
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