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Abstract. Our main purpose is to introduce the notion of almost a(A, sp)-continuous multifunc-
tions. Moreover, some characterizations of almost (A, sp)-continuous multifunctions are estab-
lished.
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1. Introduction

The notion of continuity is an important concept in topological spaces. Many math-
ematicians studied the various types of generalizations of continuity. In 1988, Noiri [6]
introduced and studied the notion of almost a-continuity in topological spaces as a gener-
alization of a-continuity due to Mashhour et al. [5]. In 1998, Popa and Noiri [8] extended
the concept of almost a-continuous functions to multifunctions and defined almost a-
continuous multifunctions and obtained several characterizations of almost a-continuous
multifunctions. Abd El-Monsef et al. [4] introduced a weak form of open sets called -open
sets. This notion was also called semi-preopen sets in the sense of Andrijevi¢ [1]. In 2004,
Noiri and Hatir [7] introduced the notion of Agp-sets in terms of the concept of S-open
sets and investigated the notion of Agp-closed sets by using Agp-sets. In [3], the author
introduced the concepts of (A, sp)-open sets and (A, sp)-closed sets which are defined by
utilizing the notions of Ay,-sets and [-closed sets. In particular, some characterizations of
upper and lower (A, sp)-continuous multifunctions are investigated in [3]. The purpose of
the present paper is to introduce the notion of almost a(A, sp)-continuous multifunctions.
Furthermore, several characterizations of almost a(A, sp)-continuous multifunctions are
discussed.
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2. Preliminaries

Throughout this paper, spaces (X,7) and (Y,0) (or simply X and Y) always mean
topological spaces on which no separation axioms are assumed unless explicitly stated.
Let A be a subset of a topological space (X, 7). The closure of A and the interior of A
are denoted by Cl(A) and Int(A), respectively. A subset A of a topological space (X, 7)
is said to be B-open [4] if A C Cl(Int(Cl(A))). The complement of a S-open set is called
B-closed. The family of all S-open sets of a topological space (X, 7) is denoted by B(X, 7).
A subset Ag,(A) [7] is defined as follows: Agy(A) =N{U | ACU,U € B(X,7)}. A subset
A of a topological space (X,7) is called a Ag,-set [7] if A = Ag(A). A subset A of a
topological space (X, 7) is called (A, sp)-closed [3] if A =T NC, where T is a Agy-set and
C' is a p-closed set. The complement of a (A, sp)-closed set is called (A, sp)-open.

Let A be a subset of a topological space (X, 7). A point z € X is called a (A, sp)-
cluster point [3] of A if ANU # ( for every (A, sp)-open set U of X containing z. The
set of all (A, sp)-cluster points of A is called the (A, sp)-closure [3] of A and is denoted by
AWsP) - The union of all (A, sp)-open sets contained in A is called the (A, sp)-interior [3]
of A and is denoted by Ay gp)-

Lemma 1. [3] Let A and B be subsets of a topological space (X, 7). For the (A, sp)-closure,
the following properties hold:

(1) AC AP gngd [ABsp)|(Asp) — A(Asp)
(2) If A C B, then Asp) C B(Asp),

(3) AAsp) — MN{F|ACF and F is (A, sp)-closed}.
(4) AP s (A, sp)-closed.

(5) A is (A, sp)-closed if and only if A= ANsP),

Lemma 2. [3] Let A and B be subsets of a topological space (X, 7). For the (A,sp)-
interior, the following properties hold:

(1) A(A,sp) C A and [A(A,sp)](A,sp) = A(A,sp)'
(2) IfA g B, then A(A,sp) g B(A,sp)-

(3) Ar,sp) is (A, sp)-open.
(4) A is (A, sp)-open if and only if Ap gp) = A.
(5) [X = AJ&P) = X — An ).

(6) [X _A](A,sp) = X —A(A’SP).
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A subset A of a topological space (X, 7) is said to be s(A, sp)-open (resp. p(A, sp)-open,
r(A, sp)-open, a(A, sp)-open, B(A, sp)-open) if A C [A(A’Sp)](A’Sp) (resp. A C [A(A’Sp)](A’sp),
A= [AQP] ) s A C AR NP (asp), A € [[AD)] )] #P)) [3]. The comple-
ment of a s(A, sp)-open (resp. p(A, sp)-open, (A, sp)-open, a(A, sp)-open, (A, sp)-open)
set is said to be s(A, sp)-closed (resp. p(A,sp)-closed, r(A,sp)-closed, oA, sp)-closed,
B(A, sp)-closed). The family of all s(A,sp)-open (resp. p(A,sp)-open, r(A,sp)-open,
a(A, sp)-open, S(A, sp)-open) sets in a topological space (X, 7) is denoted by sAs,O(X, T)
(resp. pAspO(X, 1), rAspO(X, 7), alhspyO(X,T), BA,O(X, 7)). The intersection of all
a(A, sp)-closed (resp. s(A,sp)-closed) sets containing A is called the a(A, sp)-closure
(resp. s(A, sp)-closure) of A and is denoted by A*P) (resp. A*(A5P)). The union of
all (A, sp)-open (resp. s(A, sp)-open) sets contained in A is called the a(A, sp)-interior
(resp. s(A, sp)-interior) of A and is denoted by Ay (A sp) (Tesp. Agia sp))-

Lemma 3. Let A be a subset of a topological space (X, 7). Then, x € AsWNsp) if and only
ifUNAZ#D for every U € sAg,O(X, T) containing .

Lemma 4. Let A be a subset of a topological space (X, ). Then,
A9Asp) — Ay [[A(A,sp)](A sp)](/\,sp).

By a multifunction F' : X — Y, we mean a point-to-set correspondence from X into Y,
and always assume that F'(x) # () for all z € X. For a multifunction F': X — Y, following
[2] we shall denote the upper and lower inverse of a set B of Y by F*(B) and F~(B),
respectively, that is, F*(B) = {x € X | F(z) C B} and F~(B) = {x € X | F(z)NB # 0}.
In particular, F~(y) = {z € X | y € F(z)} for each point y € Y. For each A C X,
F(A) = UgeaF(z). Let P(Y) be the collection of all nonempty subsets of Y. For any
(A, sp)-open set V of a topological space (Y, o), we denote V' ={B € P(Y) | B C V}
and V- ={BeP(Y)| BNV #0}.

3. Almost (A, sp)-continuous multifunctions

In this section, we introduce the notion of almost (A, sp)-continuous multifunctions.
Moreover, some characterizations of almost «(A, sp)-continuous multifunctions are dis-
cussed.

Definition 1. A multifunction F : (X, 1) — (Y, 0) is said to be almost a(A, sp)-continuous
at x € X if, for any (A, sp)-open sets G1,Ga of Y such that F(x) € GT NGS and each
s(A, sp)-open set U of X containing x, there exists a nonempty (A, sp)-open set Gy of
X such that Gy C U, F(Gy) C G‘;(A’Sp) and F(z)N G;(A’Sp) # 0 for every z € Gy. A
multifunction F : (X,7) — (Y,0) is said to be almost a(A, sp)-continuous if F' has this
property at each point of X.

Theorem 1. For a multifunction F : (X,7) — (Y, 0), the following properties are equiv-
alent:
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(1) F is almost a(A, sp)-continuous at a point v € X ;

(2) for any (A, sp)-open sets G1,G2 of Y such that F(z) € G} NG5, there exists an
a(A, sp)-open set U containing x such that F(U) C Gi(A’Sp) and F(z)N GS(A’SP) # 0
for every z € U;

(3) x € [FJ“(Gi(A’Sp)) N F*(G;(A’Sp))]a(msp) for any (A, sp)-open sets G1,Go of Y such
that F(z) € Gf NG5 ;

(4) @ € [IFF (G0 (G ), S n ap) for any (A, sp)-open sets G, G
of Y such that F(x) € GT NG5

Proof. (1) = (2): Let Gy, G2 be any (A, sp)-open sets of Y such that F(r) € G NG5 .

For each s(A, sp)-open set H containing z, there exists a nonempty (A, sp)-open set G
such that Gy C H, F(Gpy) C Gi(A’SP) and F(z) N Gg(A’SP) # () for every z € Gp. Let

W =U{Gpy | H € sAs,O(X, T) containing z}.

Then, W is (A, sp)-open in X, z € Ws&sP) F(W) C G S(A *?) and F(w) N GZ(A’SP) # () for
every w € W. Put U = WU {z}, then W C U C WS(A sp) — [W(A""’p)](,\@p). Thus, U is

an (A, sp)-open set containing z such that F(U) C G (5P and F(u)n GS(A’SP) # () for
every u € U.

(2) = (3): Let G1,G3 be any (A, sp)-open sets of Y such that F(x) € Gy NG5 . Then,
there exists an (A, sp)-open set U of X containing = such that F(U) C G‘i(A’Sp) and

F(z)n GS(A *P) £ () for every z € U. Thus, z € U C F+(GS(A )Y A F‘(GS(A’SP)). Since

U € ahy,O(X,7), we have z € U C [FHG ™M) 0 F (G5 o (a.ap)-

(3) = (4): Let G1,G2 be any (A, sp)-open sets of Y such that F(z) € Gf N G5.
Now, put U = [F+(GT(A’SP)) N F‘(GZ(A’SP))]Q(AM). Then, U is an a(A, sp)-open set and
zeUCFH(GM)n p=(G5™)). Thus,

s s(A,s A,s g
2 €U C [Unsp)] ® ) asp € [FHGD P 0 F (G5 0] (60

(4) = (1): Let U € sAz,O(X, 7) containing = and let G, G2 be any (A, sp)-open sets of
Y such that F(z) € Gf NG5 . Then, z € [[[F*(Gi(A’Sp)) mF*(G;(A’Sp))}(A7Sp)](A78p)}(A7sp) -
[[F+(Gi(A’8p)) NF- (GZ(A,SP))](A’Sp)]s(msp)’ by Lemma 3,

A,s A,s
0+ UNEHG )0 F (G-
Put Gy = [UnN [F*(Gi(A’Sp)) NF (G, oA Sp))](A,sp)](Aﬁp), then Gy is a nonempty (A, sp)-

open set of X such that Gy C U, F(Gy) C Gi(A"gp) and F(z) N G;(A’Sp) # () for each
z € Gy. This shows that F is almost (A, sp)-continuous at x.
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Theorem 2. For a multifunction F : (X,7) = (Y, 0), the following properties are equiv-
alent:

(1) F is almost a(A, sp)-continuous at a point v € X ;

2) for each x € X and any (A, sp)-open sets G1,Gy of Y such that F(x) € GT NG,
1 2

there exists an a(A, sp)-open set U containing x such that F(U) C GT(A’SP)

F(z)N GS(A’SP) # 0 for every z € U;

and

(3) for each x € X and any r(A, sp)-open sets G1,G2 of Y such that F(z) € GT NG5,
there exists U € alg,O(X, T) containing x such that F(U) C Gy and F(z)NGa # 0
for every z € U;

(4) FH(G1) N F~(G2) € als,O(X,T) for every G1,G2 € rAs,O(Y,0);

(5) FT (K1) UF~(K3) is a(A, sp)-closed in X for every r(A, sp)-closed sets Ki, Ko of
Y;

(6) F*(G1) U F~(Ga) C [FHG™) 0 F= (G5 ap) for any (A, sp)-open sets
GlaG2 Of Y;

(7) [F_([Kl]s(A,sp)) U F+([K2]3(A,sp))]a(A’8p) - F_(Kl) U F+(K2) fOT’ any (A7 Sp)'Closed
sets K1, Ko of Y;

(8) [F~([[K1](a,sp)) M) U FH([[Ka] (5] PN A52) € F=(Ky) U FT(Ky) for any
(A, sp)-closed sets K1, Ko of Y;

— A,S S A7S
(9) [P~ (1B a s OUF* ([[BE),
for any subsets B1, By of Y,

)] (A,sp) )]a(A,sp) C F— (B§A75p))UF+ (B§A7Sp))

A,sp =
(10) [[F~([K1] (5] ) U FE([K2) (8, )] PN AP (] A5P) C P (K7 ) U FH(K)
for any (A, sp)-closed sets K1, Ko of Y;

(11) [[[F~([K1]sa,sp) U FH(EK2)s(a,sp) NP (0,5 ) © F7(K0) U FH(E) for any
(A, sp)-closed sets K1, Ko of Y;

(12) F*(G1) N F~(Ga) C [[[FHG™P) n P (G5,
open sets G1,G9 of Y.

Nsp)] a5y for any (A, sp)-

)

Proof. (1) = (2): The proof follows from Theorem 1.
(2) = (3): The proof is obvious.
(3) = (4): Let G1,Ga € rA,O(Y,0) and let € F*(G1) N F~(G2). Then,

F(z) e Gf nGy

and there exists U € aAypO(X, ) containing = such that F(U) C Gy and F(z) NGy # 0
for every z € U. Thus, z € U C F™(G1) N F~(G2) and hence

FH(Gy) N F(Gy) € ahy,O(X, 7).
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(4) = (5): This follows from the fact that F*(Y —B) = X —F(B)and F~ (Y —B) =
X — F*(B) for every subset B of Y.

(5) = (6): Let G1,G> be any (A, sp)-open sets of Y and let z € F*(G1) N F~(Ga).
Then, F(z) C Gy C Gi(A"gp) and 0 # F(x) NGe C F(z) N GS(A’SP). Thus,

ze FHEWMY) = X - F-(y — ;™)

and z € F_(Gg(msp)) =X -F (Y - GS(A’SP)) Since Y — G sAsP) and v — GS(A P are
r(A, sp)-closed, F~ (Y — GT(A’SP)) UFT(Y — G2(A Sp)) is a(A, sp)-closed in X. Since
Fo(Y =GP UFH(Y - G = [X = PHG ) U X - F (65 7)
= X — [FH(G{MP) u (637,

we have F+(G‘;(A’Sp)) UF~ (GS(A’SP)) is a(A, sp)-open in X and hence
e (PG UF (G aa

Thus, F*(G1) U F~(Gs) € [FH(G™ ) 0 F= (G5 ) airp)-
(6) = (7): Let Ky, Ky be any (A, sp)-closed sets of Y. Then, Y — K7 and Y — K5 are

(A7 sp)—open, by (6)7

X — [F7 (K1) UFT(Ks)] = [X = F~(K1)|N[X — F"(Ky)]

= F+(Y—Kl) NEF (Y — Ky)

[FH(Y — K "N P ) A P ([Y = Ko M)y
= [F+(Y - [Kl]S(A,sp)) NE™ (Y - [K2]5(A,sp))]oz(/\,sp)
= [[X = F~([Ki]s(a,sp)] 0 [X = FT([Ka]sa,50) )a(a,sp)
=X — [F~([Ku]s(a,sp) U FF([Ka](aep)]* 7).

N

Thus, [F~([Kilya,sp) U F T ([Kalya,sp)]* ) C F~ (K1) U FT(K).

(7) = (8): The proof is obvious since K, ) = [K(A,Sp)](A’Sp) for every (A, sp)-closed
set K.

(8) = (9): The proof is obvious.

9) = (10): Let K;, Ko be any (A, sp)-closed sets of Y. Thus, by (9) and Lemma 4,

Ki,Ksb A losed f hus, b d
[F (K1) a,5p)) ) U F (K] 5] ) 9 (] )
(K1) (a5 ) U FH (K] (] )25
A,s s A,s

R ) 7)) U P (([ES

CIF
= [F
C F~ (K1) UFT(K>).

)](A,sp))]a(/\ﬁp)

7Sp

(10) = (11): The proof is obvious since K o) = [K(A’Sp)](A’Sp) for every (A, sp)-
closed set K.
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(11) = (12): Let G1,G2 be any (A, sp)-open sets of Y. Then, Y — Gy and Y — G4 are
(A, sp)-closed sets of Y, by (11),

[[[F_([Y - Gl]s(A,sp)) U F+([Y - G2]S(A,sp))](A’sp)](A,sp)](A’sp)
- F7<Y—G1) UF+(Y— Gg)

=[X - FFG)U[X - F(G2)]

— X — [FH(G1) N F~(Ga)).

Moreover, we have

—

[F=(Y = Galaqa,) U (Y = Galagaap) ™) 4,5 7
[P~V = GNP U P (v = Gt )] )4
X = (FHGEH P U X = [F (GNP g ) 7
([[X — [FH(G (A,Sp)) N F*(GS(A,SP))]]S(A,sp)]s(A,sp)]s(AVSp)

X = [FHG™™) 0 F (G5 )] )] )

Thus, F4(G1) N F~(G2) € [[[F (@) 0 P~ (G5 a,] P )
(12) = (1): Let x € X and let G1,G2 be any (A, sp)-open sets of Y such that
F(z) € Gf NG5 . Then,

v € FH(G) N E(Go) € ([[FHGTM) 0 E (G5 na]) 7

A,sp) (Asp)

and hence F' is almost a(A, sp)-continuous at = by Theorem 1. This shows that F' is
almost (A, sp)-continuous.

Definition 2. A function f: (X,7) — (Y,0) is said to be almost a(A, sp)-continuous if
FHV) € aA,O(X, T) for every V € rAg,O(Y, o).

Corollary 1. For a function f: (X,7) — (Y,0), the following properties are equivalent:
(1) f is almost a(A, sp)-continuous;

(2) for each x € X and any (A, sp)-open set G of Y containing f(x), there exists an
a(A, sp)-open set U of X containing = such that f(U) C GS(Asp)

(3) for each x € X and any r(A, sp)-open set G of Y containing f(x), there exists an
a(A, sp)-open set U of X containing x such that f(U) C G;

(4) fHG) € ahs,O(X, T) for every G € rAs,0(Y,0);
(5) [7HK) € aAs,C(X,T) for every K € rAs,C(Y,0);

(6) [7HG) S [f UG M) oa sp) Jor any (A, sp)-open set G of Y;
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(7) 1 (Ko ,op))* P S f7HEK) for any (A, sp)-closed set K of Y ;
(8) [f MK (o) ]2 A50) C f7H(K) for any (A, sp)-closed set K of Y';
(9) [f7H{[[BWP) (5 gy ) A))ebsp) € f=1(BAD)) for any subset B of Y;
(10) [[[f 71K (5,5p) | AP AP)] ) )] O5P) C LK) for any (A, sp)-closed set K of Y';
(11) [[[F 7 (Ky(nsp)] ) (0,590 AP € F7(K) for any (A, sp)-closed set K of Y;

(12) f~HG) C[[[f UGNy )] P (5 oy for any (A, sp)-open set G of Y.
Theorem 3. For a multifunction F : (X,7) — (Y, 0), the following properties are equiv-

alent:

(1) F is almost a(A, sp)-continuous;

(2) [F~(GOUF*(G)]*sn) € F=(GMPYUFH(GEYP) for any Gr, Gy € BAG,O(Y,0);
(3) [F~(G1)UF+(Ga)]2@sp) € F=(GSPHYUF+(GSMP)) for any Gy, G € sA,O(Y, 0);
(4) FH(G1)NF~(Ga) € [FH(GYNF~ (G5 (a ) for any Gr, Ga € pAg,O(Y, 0).

Proof. (1) = (2): Let G1, G4 be any (A, sp)-open sets of Y. Since GgA’Sp) and GgA’Sp)
are r(A, sp)-closed, by Theorem 2, F_(G(A Sp)) U FJF(G(A Sp)) is a(A, sp)-closed in X and
F~(G1) U F+(G) € F~ (G u F+(GL*P)). Thus,

[F~(Gy1)U F+(G2)]O‘(A75p) C F~ (G(A Sp)) U F+(G(A sp))

2) = (3): This is obvious since sAz,O(Y,0) C A, O(Y, 0).

(
(3) = (1): Let Ki,Ky € rAgp,C(Y,0). Then, Ki,Ky € sA;,O(Y,0) and hence
[F~ (K1) U FT(Ky)]*AsP) € F~(K;) U Ft(Ky). Thus, we have F~(K;) U FT(Ky) is
a(A, sp)-closed in X and hence F' is almost a(A, sp)-continuous by Theorem 2.

(1) = (4): Let G1,G2 be any p(A,sp)-open sets of Y. Since [Gg Sp)](A’Sp) and

[GgA Sp)](Avsp) are (A, sp)-open in Y, we have [G(lA’Sp)](Ajsp) = Gi(A’Sp) and

A,s s(A,s
[Gg P)] :G2( P)’

(A,sp)
by Theorem 2, F+(GT(A’SP)) NE~ (GS(A’SP)) is (A, sp)-open in X. Thus,
FH(Gh) NF~(Ga) € FH(G™P) n F=(G3™™)
= [FH G 0 P (@
(4) = (1): Let G1, G2 be any (A, sp)-open sets of Y. Since G1, G2 € pAg,O(Y,0), we
have P (G1) N F~(G2) C [FH(GI™ )N P (G5 )aa o) = [F(G) N F ™ (Go)laasn

and hence F(G1) N F~(G2) € aAs,O(X, 7). It follows from Theorem 2 that F' is almost
a(A, sp)-continuous.
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Corollary 2. For a function f: (X,7) — (Y,0), the following properties are equivalent:
(1) f is almost a(A, sp)-continuous;
(2) [f7H (V)]s C fmL (VAP for any V € BA,O(Y,0);
(3) [f7H(V))ehen) C =L (VIAR)) for any V € sA5,O(Y, 0);

(4) [7HV) S [fHV AN 5p) for any V € pAy,O(Y, 0).
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