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1. Introduction

Fuzzy sets are a kind of useful mathematical structure to represent a collection of
objects whose boundary is vague, which introduced by Zadeh in 1965 [9]. Fuzzy set theory
became a phenomenon since its logic can deal with information that is imprecise, vague,
partially true, or without sharp boundaries. The reader may for a compilation of articles on
fuzzy sets, fuzzy logic and their applications. In 1979 Kuroki used fuzzy set in semigroup
and chracterizations properties of fuzzy semigroup. The almost ideal theory in semigroups
studied by Grosek and Satko in 1980 [3]. In 1981, Bogdanvic, [4] established definitions
of almost bi-ideals in semigroups and studies properties of almost bi-ideals in semigroups.
Later, Chinram give definition the definitions of types of alomst ideals in semigroups such
that almost quasi-ideal [7]. In 2020, N. Kaopusek et al. [6] discussed almost interior
ideals and weakly almost interior ideals of semigroups by using the concepts of almost
ideals and interior ideals of semigroups and investigated their properties. Recently, R.
Chinram and W. Nakkhasen [2] sutdied properteis of almost bi-quasi-interior ideals and
their fuzzy bi-interior ideals in semigroups. Moreover, the concept of almost interior ideal
has been discussed in other research sucht that [1], [8]. Krishna and Rao gave definition
of bi-interior ideal in semigroups in 2018 [5].

In this paper, we give definition of almost bi-interior ideal and fuzzy almost bi-interior
ideal in semigroups. Moreover, we prove that relation between almost bi-interior ideal and
fuzzy almost bi-interior ideal.
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2. Preliminaries

In this section we give some concepts and results, which will be helpful in later sections.
Definition 1. /5] A non-empty subset M of semigroup S is called
(1) a subsemigroup of S if M? C M,

(2) a left (right) ideal of S if SM C M (MS C M). By an ideal M of a semigroup S
we mean a left ideal and a right ideal of S,

3) a bi-ideal of S if M is a subsemigroup of S and MSM C M,

4) an interior ideal of S if M is a subsemigroup of S and SMS C M,

5) a quasi-ideal of S if MSNSM C M,

3)
(4)
()
(6) a left (right) almost ideal of S if aM N M # O (Man M # 0) for alla € S. By an
almost ideal M of a semigroup S we mean a left almost ideal and a right almost ideal

of S,
(7) a almost bi-ideal of S if MaM N M # 0 for alla € S,
(8) a almost interior ideal of S if aMbN M # O for all a,b € S.
(9) a almost quasi ideal of S if (aM N Ma) M # O for all a,b € S.

A subsemigroup M of a semigroup S is said to be left (right) bi-quasi ideal of S if
SMNMSM C M(MSNMSM C M). A subsemigroup M of a semigroup S is said to be
bi-quasi ideal of S if it is both a left bi-quasi and right bi-quasi ideal of S. A subsemigroup
M of a semigroup § is said to be bi-interior ideal of S if M is a subsemigroup of S and
SMSNMSM C M. [5]. We note here that the properties is hold:

1) Every left ideal is a bi-interior ideal of S.

2) Every right ideal is a bi-interior ideal of S.

3) Every ideal is a bi-interior ideal of S.

4) Every quasi ideal is a bi-interior ideal of S.

5) The arbitrary intersection of bi-interior of S is also bi-interior ideal of S.

(1)
(2)
3)
(4)
()
(6) If M a bi-interior ideal of S, then M'S and SM are bi-interior ideals of S.
For any h; € [0,1], i € F, define

V h; = h; d h; ;= inf{h;}.
e = supthiand - pohe = ind{hi)

We see that for any h,r € [0,1], we have
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hVr=max{h,r} and hAr=min{h,r}.

A fuzzy set (fuzzy subset) of a non-empty set F is a function ¢ : E — [0, 1].
For any two fuzzy sets ¢ and £ of a non-empty set E, define the symbol as follows:

(1) o> €& @(h) > &(h) forall he E,
(2) p=(ep>Cand &> o,

(3) (¢ A&(h) = min{p(h),&(h)} = p(h) A&(h) and (¢ V €)(h) = max{p(h),{(h)} =
w(h) VE&(h) forall he E,

(4) p CEif p(h) <&(h),
(5) (pU&)(h) =max{p(h),&(h)} and (¢ N&)(h) = min{ep(h),{(h)} for all h € E.

(6) the support of ¢ instead of supp(¢) = {h € E | p(h) # 0}.
For the symbol ¢ < &, we mean £ > .

For any two fuzzy sets ¢ and £ of a semigroup S. The product of fuzzy subsets ¢ and
& of S is defined as follow, for all h € S

V {o) né(2)} i h=uysz,
(po&)(h) = h=y=
0 otherwise.

The characteristic function of a subset M of a nonempty set S is a fuzzy set of S

g (h) = 1 if heM
Mo it ng M

for all h € S.
Definition 2. [5] A fuzzy set ¢ of a semigroup S is said to be
(1) a fuzzy subsemigroup of S if ¢(hr) > w(h) A (r), for all h,r € S,

(2) a fuzzy left (right) ideal of S if @(hr) > ¢(r) (p(hr) > @(h)), for all h,r € S. A fuzzy
ideal of S if it is both a fuzzy left ideal and a fuzzy right ideal of S,

(3) a fuzzy bi-ideal of S if ¢ is a fuzzy subsemigroup of S and p(hrk) > @(h) A o(k) for
all h,r,k € S,

(4) a fuzzy interior ideal of S if ¢ is a fuzzy subsemigroup of S and (hrk) > ¢(r) for all
h,r,keS,

(5) a fuzzy quasi-ideal of S if ¢(h) > (Sod)(h) A (poS)(h) for all h € S where S is a
fuzzy subset of S mapping every element of S to 1,
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(6) a fuzzy bi-interior ideal of S if (Apr oo Aar) A (poAprop) C .

The definition of fuzzy point of a set. For h € S and t € (0, 1], a fuzzy point ps of a
set S is a fuzzy subset of S defined by

6 ifh=r
ps(h) = :
0 ifr##h.
Definition 3. [2] A fuzzy set ¢ of a semigroup S is said to be

(1) a fuzzy left (right) almost ideal of S if (pso ) A #0 ((pops) Ap #0) for all fuzzy
point ps. A fuzzy almost ideal of S if it is both a fuzzy left almost ideal and a fuzzy
right almost ideal of S,

(2) a fuzzy almost bi-ideal of S if (pso @ ops) A # 0 for all fuzzy point ps.
(3) a fuzzy almost interior ideal of S if (pops o) A # 0 for all fuzzy point ps.

(4) a fuzzy almost quasi-ideal of S if [(ps o @) A (pops)] A # 0 for all fuzzy point ps.

3. Almost Bi-interior Ideals in semigroups.

In this section, we define the notions of almost bi-interior ideals, weakly almost bi-
interior ideals in ordered semigroups and some properties of them are investigated.

Definition 4. A nonempty set M of a semigroup S is called a

(1) almost bi-interior ideal of S if (hMr N MnM)NM # 0, for all h,r,n € S

(2) weakly almost bi-interior ideal of S if (hMhNMAM)NM # 0, for all h € S.
Theorem 1. Let S be a semigroup. Then the following statement hold.

(1) Ewvery bi-interior ideal of S is an almost bi-interior ideal of S.

(2) Every weak bi-interior ideal of S is an weak almost bi-interior ideal of S.

Proof. Suppose that M is a bi-interior ideal of S and let h,r,n € S. Then (hMr N
MnM) # 0. Thus (hMr N MnM) C (SMSNMSM) C M. It implies that (hMr N
MnM)NM C (SMSNMSM) # (. Hence M is an almost bi-interior ideal of S.

The proof of the other similar to the proof (1).

Theorem 2. Let M and L be nonempty subsets a semigroup of S with M C L. Then the
following statement hold.

(1) If M is an almost bi-interior ideal of S, then L is an almost bi-interior ideal of S.

(2) If M is a weak almost bi-interior ideal of S, then L is a weak almost bi-interior ideal

of S.
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Proof. Suppose that M is an almost bi-interior ideal of & and h,n,r € S. Then
(hMr O MnM) # 0. Thus (hMr N MnM) C (kLr N LnL) # 0. By assumption, (hMr N
MnM)NM # (. It implies that 0 # (hMr N MnM)N M C (hLr N LnL) N L. Thus
(hLr N LnL) N L # ). Hence L is an almost bi-interior ideal of S.

The proof of the other similar to the proof (1).

Corollary 1. Let S be a semigroup. Then the following statement hold.

(1) The finite union almost bi-interior ideal of S is an almost bi-interior ideal of S.

(2) The finite union weak almost bi-interior ideal of S is an weak almost bi-interior ideal

of S.

4. Fuzzy Almost Bi-Interior Ideals and weak Fuzzy Almost Bi-Interior
Ideals.

In this section, we define the notions of fuzzy almost bi-interior ideals and weakly fuzzy
bi-interior ideal in semigroups and some properties of them are investigated.

Definition 5. A nonzero fuzzy set p of a semigroup S is called a

(1) fuzzy almost bi-interior ideal of S if (ps o woqs,) A (pogs,op)) Ay #0, for fuzzy
point ps,qs, and gs, of S.

(2) weakly almost interior ideal of S if ((pso @ ops,) A (pops, o @) Ap # 0, for fuzzy
point ps,ps, and ps, of S.

The following theorem easily to prove.

Theorem 3. Let ¢ be a nonzero fuzzy subset of a semigroup S. Then the following
statement hold.

(1) Ewvery fuzzy bi-interior ideal of S is a fuzzy almost bi-interior ideal of S.

(2) Every weak fuzzy bi-interior ideal of S is a weak fuzzy almost bi-interior ideal of S.

Theorem 4. Let ¢ and v be a nonzero fuzzy sets of a semigroup S with ¢ < &. Then the
following statement hold.

(1) If ¢ is a fuzzy almost bi-interior ideal of S, then & is a fuzzy almost bi-interior ideal

of S.

(2) If ¢ is a weakly fuzzy almost bi-interior ideal of S, then & is a weakly almost bi-ideal
of S.

Proof. Suppose that ¢ is a fuzzy almost bi-interior ideal of S and ps, gs,, 95, € (0, 1].
Then (((psowoqs,) A (pogs,op)) A #0. By assumption,
(((ps o9 ogs,) N(pogs,op) N = (((pso&ogs) N(Eogs,0&)) ANE # 0. Thus
(((pso&oqs) N (Eogs,0&)) NE #0. Hence € is a fuzzy almost bi-interior ideal of S.
The proof of the other similar to the proof (1).
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Corollary 2. Let S be an ordered semigroup. Then the following statement hold.

(1) The finite union fuzzy almost bi-interior ideal of S is a fuzzy almost bi-interior ideal

of S.

(2) The finite union weakly fuzzy almost bi-interior ideal of S is a weakly fuzzy almost
bi-interior ideal of S.

Theorem 5. Let M be a nonempty subset of an ordered semigroup S. Then the following
statement hold.

(1) M is an almost bi-interior ideal of S if and only if Ay is a fuzzy almost bi-interior
ideal of S.

(2) M is a weakly almost interior ideal of S if and only if Ay is a weakly fuzzy almost
bi-interior ideal of S.

Proof. Suppose that M is an almost bi-interior ideal of S, h,7,n € S and 9,971,652 €
(0,1]. Then (hMrNMnM)NM # (. Thus there exists ¢ € S such that ¢ € (hMrNMnM)

and ¢ € M So ¢ = hmyr and ¢ = mgnmsg for some m1,mo, mg € M. It follows that

(ps 0 Anr 0 g5) A (Mo gs, o dr)(e) = (\/ {ps(h) Adnr(mi) A s, (7)})
c=hmir

AN D(ma) Ags,(n) Adar(ms)})

c=maonms

# 0,

and )\M(C) = 1. Thus (p5 oAy o %1) A (AM 0 gs, © )\M) A A 7é 0.
Hence Ay is a fuzzy almost bi-interior ideal of S.

For the converse, assume that Ays is a fuzzy almost bi-interior ideal of S, let h,r,n € S
and 9, 61,92 € (0,1]. Then (psoAprogs, ) A(Anrogs,oAnr) AAar # 0. Thus there exists ¢ € S
such that (ps o Ay ogs,) A (Aarogs, o Aar)(c) # 0 and Aps(c) #0. So c € (hMr N MnbM)
and ¢ € M implies that (hMr N MnM) N M # (. Therefore M is an almost bi-interior
ideal of S.

The proof of the other similar to the proof (1).

Theorem 6. Let ¢ be a nonzero fuzzy set of a semigroup S. Then the following statement
hold.

(1) @ is a fuzzy almost bi-interior ideal of S if and only if supp(p) is an almost bi-interior
ideal of S.

(2) ¢ is a weakly fuzzy almost bi-interior ideal of S if and only if supp(p) is a weakly
almost bi-interior ideal of S.

Proof. Suppose that ¢ is a fuzzy almost bi-interior ideal of S, p,q,¢9 € S and 6, 1,62 €
(0,1]. Then (psopogqs) A (pogs,ow) Ae # 0. Thus there exist ¢ € S such that
(psowogs,) NA(pogs,op)(c)#0and ¢(c) # 0. So there exist h,r,n such that ¢ = hmyr
and ¢ = monms It follows that
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(V Aps(h) nplma) Nas, (MDA C N {o(m2) Ags,(n) A w(ms)})

c=hmar c=maonms

= (psowoqs)A(pogs, Np)#0.

Thus ¢(m1) # 0, p(ma) # 0, p(m3z) # 0 so my,ma, m3 € supp(y) implies that (ps o
Asupp(e) © 461) N (Asupp(ip) © 962 N Asupp(w )(c) # 0. Thus Agypp(y) is a fuzzy almost bi-interior
ideal of §. By Theorem 5, supp(y) is an almost bi-interior ideal of S.

For the converse, assume that supp(¢) is an almost bi-interior ideal of S. By Theorem
5, Asupp(p) 18 @ fuzzy almost bi-interior ideal of S. Thus for any fuzzy point ps, gs, gs, of
S such that

(p5 % )‘supp(cp) © Q51) N (Asupp(ga) ©gsy © Asupp(c,o ) 7é 0.

So there exists ¢ € S such that (psoAupp() 0981 ) A (Asupp(p)©96,) (€) 7 0 and Agypp(p) (€) # 0.
Thus there exist h,r,n € S such that ¢ = hmir and ¢ = monmg It follows that

\/ {p5 supp (o) (ml) N g5, (7“)})/\( \/ {/\supp(go) (m2) N G5, (n) N )‘supp(tp) (m3)})
c=hmqr c=m2nms3
£0.

S0 Asupp() (M1) 7 0, Asupp() (M2) 7# 0, Agupp(e) (M3) # 0 implies that
w(my) # 0, p(ma) # 0, ¢(ms) # 0. Hence

( 50)‘supp( )OQ51) ()‘supp( )0952)(6)
(V {os)rnpmi)ngs, (M AC\ {p(m2) Ags,(n) Ap(ms)}) #0.

c=hmqr c=maonms

It follows that (ps o w0 gs,) A (¢ o gs, o) Ay # 0 for any fuzzy point ps,gs, g5, of S
Therefore ¢ is a fuzzy almost bi-interior ideal of S.
The proof of the other similar to the proof (1).

Next, we define minimal fuzzy almost bi-interior ideals in semigroups and study the
between minimal almost bi-interior ideals and minimal fuzzy almost bi-interior ideals of
semigroups.

Definition 6. A fuzzy almost bi-interior ideal (weak bi-interior ideal) ¢ of a semigroup
S is called minimal if for any fuzzy almost bi-interior ideal (weak bi-interior ideal) & of S
if whenever & C ¢, then sup(§) =sup(p).

Theorem 7. Let M be a nonempty subset of a semigroup S. Then

(1) M is a minimal almost bi-interior ideal of S if and only if A\yr is a minimal fuzzy
almost bi-interior ideal of S.

(2) M is a minimal weak almost bi-interior ideal of S if and only if Ay is a minimal fuzzy
weak almost bi-interior ideal of S.
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Proof. Assume that M is a minimal almost bi-interior ideal of S. By Theorem 5,
Ay is a fuzzy almost bi-interior ideal of S. Let & be a fuzzy almost bi-interior ideal of &
such that & C Ay Then supp(€) C supp(Ayr) = M. By Theorem 6, supp(€) is an almost
bi-interior ideal of S. Since K is minimal we have supp({) = K = supp(Ax). Therefore,
Ak 1s minimal of S.

Conversely, suppose that Ag is a minimal BF almost interior ideal of S.

By Theorem 5, K is an almost bi-interior ideal of S. Let M be an almost bi-interior ideal
of § such that M C K. Then Ag is a fuzzy almost interior ideal of S such that Ay C Ag.
Hence, M = supp(\ys) = supp(Ag) = K. Therefore, K is minimal of S.

The proof of the other similar to the proof (1).

5. Conclusion

The union of two almost bi-interior ideal, and weakly bi-interior ideal is also an almost
bi-interior ideal and weakly bi-interior ideal respectively in semigroups and results in class
fuzzifications is the same. We prove relationship between almost bi-interior ideal, weakly
bi-interior ideal and class fuzzifications. In the future work, we can study bi-interior ideals
and their fuzzifications in algebraic structures.
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