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Abstract. This paper deals with the concepts of Ap(,y-sets and (A, p(x))-closed sets which are de-
fined by utilizing the notions of pre-.#-open sets and pre-.#-closed sets. Moreover, we investigate
some properties of (A, p(x))-extremally disconnected ideal topological spaces. Several characteri-
zations of (A, p(*))-continuous functions are discussed. Especially, we introduce and characterize
some low separation axioms of ideal topologies constructed by the concepts of pre-.#-open sets and
the pre-.#-closure operator.
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1. Introduction

Openness and closedness are fundamental concept for the study and investigation
in topological spaces. Many mathematicians introduced and studied the various types
of generalizations of open sets. In 1982, Mashhour et al. [28] introduced the notion
of preopen sets which is also known under the name of locally dense sets [12] in the
literature. Kar and Bhattacharya [25] introduced new separation axioms pre-Tj, pre-Tj
and pre-T5 by using preopen sets due to Mashhour et al. [28]. Caldas [5] and Jafari [22]
introduced independently the notions of p-D-sets and a separation axiom p-D; which is
strictly between pre-Tj and pre-7;. In [7], the present authors introduced two new classes
of topological spaces called pre-Ry and pre-R; spaces in terms of concept of preopen sets
and investigated some of their fundamental properties. In 1986, Maki [27] introduced the
concept of A-sets in topological spaces as the sets that coincide with their kernel. The
kernel of a set A is the intersection of all open superset A. Arenas et al. [4] introduced
and investigated the concept of A-closed sets by involving A-sets and closed sets. Caldas
et al. [10] introduced the concept of A-closure of a set by utilizing the notion of A-
open sets defined in [4]. In [9], the present authors introduced and studied two new low
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separation axioms called A\-Rg and A-R; by utilizing the notions of A-open sets and the -
closure operator. Jafari et al. [23] introduced a new class of functions between topological
spaces, namely almost A-continuous functions and investigated several characterizations of
almost A-continuous functions. Ekici et al. [16] introduced a new class of generalization of
continuous functions via A-open sets called weakly A-continuous functions and investigated
some fundamental properties of such functions. Ganster et al. [19] introduced the notions
of a pre-A-set and a pre-V-set in a topological space and investigated the topologies defined
by these families of sets. Velicko [31] introduced and studied the concepts of J-open sets,
d-closure operator and d-closed sets. Georgiou et al. [20] by considering the notion of
d-closed sets, introduced and investigated Ag-sets, (A, d)-closed, (A, d)-open sets and the
(A, 9)-closure operator. Caldas and Jafari [6] introduced and investigated some new low
separation axioms by using the notions of (A, §)-open sets and the (A, §)-closure operator.
Cammaroto and Noiri [11] introduced and investigated three topological spaces (X, Ap,),
(X,A},.) and (X, Agam) by using Ajp,-sets, (A, m)-closed sets and generalized A,,-sets,
respectively. Caldas et al. [8] introduced and studied two new weak separation axioms
called Ag-Ry and Ay-R; spaces by using the notions of (A, 6)-open sets and the (A, 6)-
closure operator.

The concept of ideals in topological spaces has been introduced and studied by Kura-
towski [26] and Vaidyanathswamy [30]. The topology 7 of a space is enlarged to a topology
7* using an ideal .# whose members are disjoint with the members of 7. Every topological
space is an ideal topological space and all the results of ideal topological spaces are gener-
alizations of the results established in topological spaces. In 1990, Jankovi¢ and Hamlett
[24] introduced the notion of .#-open sets in ideal topologial spaces. Abd El-Monsef et
al. [18] further investigated .#-open sets and .#-continuous functions. Later, several au-
thors studied ideal topological spaces giving several convenient definitions. Some authors
obtained decompositions of continuity. For instance, A¢ikgdz et al. [2] introduced and in-
vestigated the notions of weakly-.#-continuous and weak*-.#-continuous functions in ideal
topological spaces. Donthev [15] introduced the notion of pre-.#-open sets and obtained a
decomposition of .#-continuity. Hatir and Noiri [21] introduced a-.#-open, semi-.#-open
and (-.#-open sets via idealization and using these sets obtained new decompositions of
continuity. In [3], the present authors studied the concepts of a-.#-continuity and a-.#-
openness in ideal topological spaces and obtained several characterizations of these func-
tions. Agikgoz et al. [1] introduced two new classes of functions called a-.#-preirresolute
functions and S-.#-preirresolute functions in ideal topologial spaces and investigated the
relationships between these classes of functions and other classes of non-continuous func-
tions. In 2009, Ekici and T. Noiri [17] introduced the concept of x-extremally disconnected
ideal topological spaces and investigated several characterizations of x-extremally discon-
nected ideal topological spaces.

The paper is organized as follows. In Section 3, we introduce the notions of A, -sets
and A, )-sets. Moreover, some properties of Aj,)-sets and Ap)-sets are investigated.
In Section 4, we define (A, p(x))-closed sets and investigate several characterizations of
(A, p(%))-extremally disconnected. In Section 5, we introduce the concept of (A, p(x))-
continuous functions and investigate some characterizations of such functions. In the last
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section, we introduce and study some new low separation axioms by using the concepts of
pre-#-open sets and the pre-.#-closure operator.

2. Preliminaries

We begin with some definitions and known results which will be used throughout this
paper. In the present paper, spaces (X,7) and (Y, o) (or simply X and Y) always mean
topological spaces on which no separation axioms are assumed unless explicitly stated.
For a subset A of a topological space (X,7), CI(A) and Int(A) represent the closure
and the interior of A, respectively. A nonempty collection .# of subsets of a set X is
said to be an ideal on X if & satisfies the following two properties: (i) A € & and
BCA=Be 7 (ii) Aec 4 and B e # = AUB € .#. For a topological space
(X,7) with an ideal .# on X, a set operator (.)* : Z(X) — Z(X) where £(X) is
the set of all subsets of X, called a local function [26] of A with respect to .# and 7 is
defined as follows: for A C X, A(S,7) ={r € X | GNA ¢ 7 for every G € 7(x)}
where 7(z) = {G € 7 | x € G}. A Kuratowski closure operator Cl*(.) for a topology
7(H, 1), called the x-topology and finer than 7, is defined by CI*(A) = AU A* [24]. We
shall simply write A* for A*(.#,7) and 7* for 7*(.#,7). A basis Z(7, 1) for 7* can be
described as follows: Z(F,7) ={V —-I' | V € Trand I' € #}. However, #(5,7) is
not always a topology [24]. A subset A of an ideal topological space (X, ,.7) is called
x-closed (T*-closed) [24] if A* C A. The interior of a subset A in (X, 7*(.#, 7)) is denoted
by Int*(A). A subset A of an ideal topological space (X, 7,.#) is said to be pre-%-open
[15] if A C Int(Cl*(A)). The complement of a pre-.#-open set is called pre-.#-closed.
The family of all pre-#-open sets of an ideal topological space (X, 7,.#) is denoted by
pFO(X, 7). For a subset A of an ideal topological space (X, 7,.#), the intersection of all
pre-.#-closed sets of X containing A is called the pre-#-closure [13] of A and is denoted
by p1C1(A). The union of all pre-.#-open sets contained in A is called the pre-.#-interior
of A and is denoted by puInt(A).

Lemma 1. [13] Let A be a subset of an ideal topological space (X, 7,.7) and x € X. Then,
the following properties hold:

(1) x € mCI(A) if and only if UN A #£ 0 for every pre-¥ -open set U of X containing x.
(2) A is pre-7 -closed if and only if A = pCI(A).

(3) X —mClA) = pInt(X — A).

(4) X — puInt(A) = pCIX — A).

Lemma 2. [14, 29] Let A be a subset of an ideal topological space (X,7,.7). Then,
mCl(A) = AU Cl(Int*(A)).
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3. Some properties of A, -sets and J,(,)-sets

In this section, we introduce the notions of Aj,)-sets and d,(,)-sets. Moreover, several
properties of A, )-sets and d,(,-sets are discussed.

Definition 1. Let A be a subset of an ideal topological space (X, 7, 7). A subset Ap,)(A)
is defined as follows: Ay (A) ={U | A CU;U is pre-¥-open}.

Proposition 1. For subsets A, B and Cy(y € I') of an ideal topological space (X,T,.7),
the following properties hold:

(1) A€ A4,

(2) If AC B, then Ay (A) C Ay (B).

(3) Ap(*) (Ap(*)(A)) = Ap(*)(A)

(4) If A is a pre-7-open set, then Ay, (A) = A.
(5) Apy(U{Cy |y € T}) = U{Ap)(Cy) 1y € T}
(6) Apy (N{Cyly € T}) € N{Ay (Cy) 1y € T

Proof. We prove only properties (5) and (6) since the others are immediate conse-
quences of Definition 1.
(5) First for each v € I', Ay (Cy) € Ap)(UyerCy). Thus,

UyerAp) (C7) € Apsy (UyerCy).

On the other hand, let © ¢ U,erA,(Cy). Then, z & A, (C,) for each v € T' and
so there exists a pre-#-open set V, such that C, C V, and = ¢ V, for each v € T
Thus, U,erC, € U,erVy and hence UV, is a pre-#-open set which does not contain
x. This implies that z ¢ A, (UyerCy). Therefore, Ay (UyerCy) C UyerApuo(Cy).
Consequently, we obtain A, (UyerCy) = UyerAp (Cy)-

(6) Suppose that = & NyerA,,)(Cy). There exists yo € I' such that z ¢ A, (C,) and
there exists a pre-.#-open set V such that ¢ V and C,; C V. Therefore,

m’YEFCV < C”/o cV.

Thus, z ¢ Ap(*)(ﬂvepr) and hence Ap(*) (ﬂ,yercw) - m’yeFAp(*)(Cv)-

Remark 1. In Proposition 1(6), the converse is not always true as the following example
shows.

Example 1. Let X = {—1,1} with a topology 7 = {0,{—1},X} and an ideal . =
{0,{1}}. Let A={-1} and B = {1}. Then, Ay (AN B) = Apy(0) =0 and

Ap(*) (A> n Ap(*) (B) = {_1}
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Definition 2. A subset A of an ideal topological space (X, T,.%) is called a Ap(x)-set if
A= Ay (A). The family of all Ap(,)-sets of an ideal topological space (X, T, %) is denoted

Proposition 2. For subsets A and By(y € I') of an ideal topological space (X,T,.7), the
following properties hold:

(1) Ay (A) is a Ay -set.

(2) If A is a pre-7-open set, then A is a Ay, -set.

(3) If By is a Ap(.-set for each v € T', then Uyer By is a Ay, -set.
(4) If By is a Ay, -set for each v € T', then Nyer By is a Ay, -set.

Proof. (1) and (2) are obvious.
(3) Let B, be a A, -set for each v € T'. Then, by Proposition 1(5), we have

UvEFB = U'yEFAp(*) (ny) = Ap(*) (U’YEFB’V) D) U’YEFB'Y'

Thus, Uyer By = Ap.)(Urer By) and hence Uyer B, is a Ap,)-set.
(4) Let B, be a Aj,,y-set for each v € T'. Thus, by Proposition 1(6),

NyerBy = NyerAp) (By) 2 Apy(MyerBy) 2 Nyer B,

and hence Nyer By = Ay, (NyerB,). This shows that Nyer By is a Ay ,-set.

Proposition 3. For an ideal topological space (X,7,.7), the pair (X, A, (X)) is an
Alezandroff space.

Proof. (1) 0, X € Ay (X) since ), X € pfO(X, ) and pFO(X,7) C Ay (X).

(2) Let V;, € Ap((X) for each v € I'. Then, we have U,er V;, € Ay, (X) by Proposi-
tion 2(3).

(3) Let V€ Ap((X) for each v € I'. Then, we have Nyer V; € Ay, (X) by Proposi-
tion 2(4).
Proposition 4. Let (X,7,.7) be an ideal topological space. Then, Ap)(X) = Ap . (X).

p(*)

Proof. By Proposition 2(2), psO(X) C Ay (X). For any subset A of X, we have
Ap,(A)=n{U[ACU;U € Apy(X)} C{U [ACU;U € prO(X)} = Ap()(A) and
hence Ap,,, (A4) € Ay (A4). On the other hand, suppose that & Ay, (A). Then, there
exists U € Ap(,)(X) such that A C U and x ¢ U. Since x ¢ U, there exists a pre-.#-open
set V such that U C V and o ¢ V. Thus, x € Aj(,)(A) and hence A, (4) 2 Ay (4).
Consequently, we obtain Ay, (4) = Ay (4).

Definition 3. Let A be a subset of an ideal topological space (X, 7, 7). A subset d,,)(A)
is defined as follows: 0, (A) = U{F | F' C A; Fis pre-# -closed}.
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Definition 4. A subset A of an ideal topological space (X, 7,.%) is called a Op(x)-set if
A =0y (A). The family of all 6, (,)-sets of an ideal topological space (X, T,.7) is denoted
by (Sp(*) (X)

Proposition 5. For subsets A, B and Cy(y € I') of an ideal topological space (X,T,.7),
the following properties hold:

(1) by0)(A4) C A,

(2) If A C B, then 6y (A) C dp(B).

(3) 5p(*) (5p(*) (A)) = 5p(*)(A)

(4) If A is a pre--#-closed set, then 0, (A) = A.

(5) by (UG € TH) = b0 (Co) 1y € T},

(6) 8y (U{Cy 1y € T}) 2 Ufy00(Cy )l € T,

(7) Apy (X — A) = X — 0y (A) and 0,0 (X — A) = X — Ay (4).

Proposition 6. For subsets A and By(y € I') of an ideal topological space (X,T,.7), the
following properties hold:

(1) 5p(*) (A) s a 5p(*)—86t.
(2) If A is a pre-#-closed set, then A is a dp(,)-set.
(3) If By is a Op(x)-set for each v € T, then Nyer By is a Op(x)-set.
(4) If By is a 0p(x-set for each v € T, then U,er By is a 6p(,)-set.
Proposition 7. Let A be a subset of an ideal topological space (X, T, 7). Then,
Apy(A) ={z € X | pCl({z}) N A # 0}

Proof. Let x € Ay(A). Suppose that piCl({z}) N A = 0. Then, » ¢ X — pCl({z})
which is a pre-.#-open set containing A. This is a contradiction. Thus, piCl({z})NA # (.
On the other hand, let 2 € X such that pCl({z}) N A # () and suppose that = ¢ Ay (A).
Then, there exists a pre-.#-open set U containing A and z ¢ U. Let y € mCl({z}) N A.
Then, we have y € mCl({z}) and y € A C U. Therefore, U N {x} # (. This is a
contradiction. Consequently, we obtain x € Ay, (4).

Definition 5. Let A be a subset of an ideal topological space (X, 7,.#) and x € X. Then
<@ =y 18 defined by < x =p0= prCl({z}) N Ay ({7})-

Proposition 8. For an ideal topological space (X, T,.7), the following properties hold:
(1) For each v € X, Apo (= @ =p)) = Apy ({2})-
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(2) For each v € X, ppCl(< & =p(,)) = pCl({z}).
(3) For each pre-%-open set V and each x € V, <z =, C V.
(4) For each pre--7-closed set ' and each v € F, < x =p,C F.

Proof. (1) Let z € X. Then, {z} C pCl({z}) N Ay ({x}) =< 2 =p(4), by Proposition
1(2), Apoy (= T =py) 2 Apy({z}). On the other hand suppose that y & Apoy({2})-
Then, there exists a pre--£open set U such that x € U and y ¢ U. Since

< >_p(*)g Ap(*)({x}) - Ap(*)(U) =U,

we have Ap (< = =p) € U and hence y & Ay (< = =p). Thus,

Apy (= @ >p(*>) € Ay ().

Consequently, we obtain A, (=< @ =,u)) = Ay ({7}).
(2) Let z € X. Since {x} C=< = =), we have pCl({x}) € pCl(< = =p(,)). On the
other hand, we have < x >, C pCl({z}) and so

pCl=< T =p ) € pCl(pCl({z})) = pCl({x}).

Thus, piCl(< @ =p () = pCl({x}).

(3) Let V' be any pre-.#-open set and x € V. Then, A, (<  >=p)) € V and hence
=T )< V.

(4) Let F be any pre-.#-closed set and x € F. Therefore, we have

<z =p0= pCl({x}) N Apy({z}) € mCl({z}) € mCUF) = F.

4. (A, p(*))-closed sets

In this section, we introduce the concept of (A, p(x))-closed sets and investigate some
properties of (A, p(x))-closed sets.

Definition 6. A subset A of an ideal topological space (X, T,.7) is said to be (A, p(x))-
closed if A="TNC, where T is a Ap,)-set and C is a pre-¥ -closed set. The collection of
all (A, p(*))-closed sets in an ideal topological space (X, T,.7) is denoted by (A, p(x))C(X).

Theorem 1. For a subset A of an ideal topological space (X, 1,.7), the following properties
are equivalent:

(1) A is (A, p(x))-closed.
(2) A=TNmCUA), where T is a Ay, -set.
(3) A= Ap(*) (A) ﬂpol(A).
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Proof. (1) = (2): Suppose that A = T'N C, where T is a A,y-set and C' is a pre-
& -closed set. Since A C C, we have piCl(A) C C and A=TNC D T nNnmCl(A) DO A.
Consequently, we obtain A =T N piCl(A).

(2) = (3): Suppose that A = T'N pCl(A), where T is a Ap(,)-set. Since A C T, we
have Ay (A) € Ap(T) = T and hence A C A,\(A) N mCl(A) € T NpCl(A) = A.
Thus, A = Ay (A) NpCL(A).

(3) = (1): Since Ap,)(A) is Ap-set, prCl(A) is a pre-#-closed set and

A= Ap(*) (A) N mCl(A).

This shows that A is (A, p(x))-closed.

Remark 2. Every Aj,-set (resp. pre--#-closed set) is (A, p(x))-closed.
The converse of Remark 2 is not true in general as shown by the following example.

Example 2. Let X = {1,2} with a topology 7 = {0, {1}, X} and an ideal .# = {0,{1}}.
Let A = {1}. Then, A is (A, p(x))-closed but it is not pre--# -closed. Moreover, let B = {2},
then B is (A, p(x))-closed but it is not a Ap(,-set.

Definition 7. A subset A of an ideal topological space (X, T,.%) is said to be (A, p(x))-
open if the complement of A is (A, p(*))-closed. The collection of all (A, p(x))-open sets
in an ideal topological space (X, T, %) is denoted by A,,)O(X).

Theorem 2. Let A, (y € I') be a subset of an ideal topological space (X, 7, 7). Then, the
following properties hold:

(1) If Ay is (A, p(*))-closed for each v € I', then N{A, | v € I'} is (A, p(*))-closed.
(2) If Ay is (A, p(%))-open for each v € T, then U{Ay | v € T'} is (A, p(x))-open.

Proof. (1) Suppose that A, is (A, p(x))-closed for each v € I'. Then, for each 7,
there exist a A,y-set T, and a pre--#-closed set C, such that A, = T, N C,. Thus,
MNyerAy = Nyer(T, N C;) = (NyerTy) N (NyerCy). Since NyerCy is pre-#-closed and
NyerTy is a Ay, -set by Proposition 2(4), we have Nyer A, is (A, p(x))-closed.

(2) Let A, is (A, p(%))-open for each v € I'. Then, X — A, is (A, p(x))-closed. Since
X — Uyerdy = Nyer(X — A,) and by (1), Uyer 4, is (A, p(x))-open.

Theorem 3. For a subset A of an ideal topological space (X, T,.%), the following properties
are equivalent:

(1) A is (A, p(x))-open.
(2) A= SUV, where S is a dy,)-set and V' is a pre-.¥-open set.

(3) A= SUpint(A), where S is a dpy(,)-set.
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(4) A= 0 (A) U prInt(A).
Proof. The proof follows from Theorem 1.
Definition 8. Let A be a subset of an ideal topological space (X, T,.#). A point v € X is
called a (A, p(x))-cluster point of A if ANU # 0 for every (A, p(x))-open set U containing

x. The set of all (A, p(x))-cluster points of A is called the (A, p(x))-closure of A and is
denoted by ALPX))

Lemma 3. Let A and B be subsets of an ideal topological space (X,T,.#). For the
(A, p(%))-closure, the following properties hold:

(1) AC AMP) gpd [AAPI)](Ap() = AMPH)

(2) AMPH) =N{F | AC Fand Fis (A, p(x))-closed }.
(3) If A C B, then AAMPX) C BAp(X))

(4) A is (A, p(x))-closed if and only if ANP) = A,
(5) AAPH) 45 (A, p(x))-closed.

Definition 9. Let A be a subset of an ideal topological space (X, T,.#). The union of all
(A, p(%))-open sets contained in A is called the (A, p(x))-interior of A and is denoted by

Aap))-
Lemma 4. Let A and B be subsets of an ideal topological space (X,T,.%). For the
(A, p(x))-interior, the following properties hold:

(1) [Anpe) ) = Awpe)-

(2) If AC B, then A(A,p(*)) - B(A,p(*))'

(4) A is (A, p(x))-open if and only if A py) = A.
(5) A pey is (A, p(x))-open.

Definition 10. A subset A of an ideal topological space (X, T,.7) is called semi-(A ,p( ))
open (resp. pre-(A, p(x))-open, a-(A, p(x))-open, B-(A, p(x))-open) if A C C [A(a (] P
(resp. A C [ANPON] iy, A C TAM pe] AP (4 peyys A C [TARPED] g )| AP ).
The complement of a semi-(A,p(x))-open (resp. pre-(A,p(x))-open, a-(A, p( ))-open, -
(A, p(%))-open) set is called semi-(A\, p(*))-closed (resp. pre-(A,p(x))-closed, a-(A,p(x))-
closed, B-(A, p(x))-closed).

)

Definition 11. An ideal topological space (X, T,.%) is called (A, p(x))-extremally discon-
nected if the (A, p(x))-closure of every (A, p(x))-open set of X is (A, p(x))-open.

Example 3. Let X = {a,b,c} with a topology 7 = {0,{a},{a,b},{a,c}, X} and an ideal
S ={0,{c}}. Then (X,7,.%) is a (A, p(x))-extremally disconnected space.
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Theorem 4. For an ideal topological space (X, T,.%), the following properties are equiv-
alent:

(1) (X,7,.9) is (A, p(x))-extremally disconnected.
(2) Fapxy) 18 (A, p(x))-closed for every (A, p(x))-closed set F' of X.

(3) [Ape) ](A ) C [A(A’p(*))](AJ,(*)) for every subset A of X.

(4) Every semi-(A, p(x))-open set is pre-(A, p(x))-open.
(5) The (A, p(*))-closure of every 5-(A,p(x))-open set of X is (A, p(x))-open.

(6) Every B-(A,p(x))-open set is pre-(A, p(x))-open.

(7) For every subset A of X, A is a-(A,p(*))-open if and only if it is semi-(A, p(x))-
open.

Proof. (1) = (2): Let A be any (A, ( ))-closed set. Then, X — A is (A, p(x))-open
and by (1), we have (X — A)A»() = — Aapx) 18 (A, p(x))-open. Thus, Ay pe) 18
(A, p(x))-closed.

(2) = (3): Let A be any subset of X. Then, X — A ) is (A, p(x))-closed and
by (2), [X — A@pe)lapx)) 18 (A, p(x))-closed. Therefore, we have [A(AJ)(*))](AJJ(*)) is
(A,p( )) -open and hence [A(A’p(*))](/\,p(*)) - [A(A,p(*))](A’p(*)).

(3) = (4): Let V be any semi-(A, p(x))-open set. By (3), we have

vV C [V(A,p(*))](A’p(*)) C [V(A’p(*))](/\’p(*))

and hence V' is pre-(A, p(x))-open.

(4) = (5): Let V be any S-(A, p(x))-open set. Then, VAP is semi-(A, p(*))-open
and by (4), we have VAP®) is pre-(A, p(x))-open. Thus, VAPH) C [V(A’p(*))](A,p(*)) and
hence VAP is (A, p(x))-open.

(5) = (6): Let V be any S-(A, p(%))-open set. By (5), V(A2() = [V(A’p(*))](/\m(*)).
Therefore, V C V(A2() = [V(A’p(*))](Am(*)) and hence V is pre-(A, p(x))-open.

(6) = (7): Let V be any semi-(A, p(x))-open set. Then, V is 8-(A, p(x))-open and by
(6), V is pre-(A, p(%))-open. Since V is semi-(A, p(x))-open and pre-(A, p(*))-open, V is
a-(A, p(x))-open.

(7) = (1): Let V be any (A, p(x))-open set. Then, VAP is semi-(A, p(x))-open and
by (7), we have V(AP() is a-(A, p(%))-open. Thus,

V2D [V APED) L JPEN] ) gy = VPO

and hence VAr() — [V(A’p(*))](Ayp(*)). Therefore, VA2() ig (A, p(x))-open. This shows
that (X, 7,.7) is (A, p(x))-extremally disconnected.
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Definition 12. An ideal topological space (X, 7,.7) is said to be (A, p(x))-normal if, for
any pair disjoint (A, p(x))-open sets U and V', there ezist disjoint (A, p(*))-closed sets F'
and H such thatU C F andV C H.

Theorem 5. For an ideal topological space (X, T,.%), the following properties are equiv-
alent:

(1) (X,7,.9) is (A, p(x))-normal.
(2) (X,7,.9) is (A, p(x))-extremally disconnected.

Proof. (1) = (2): Let U be any (A,p(x))-open set. Then, we have U and V =
X — UArH) are disjoint (A, p(x))-open sets. There exist disjoint (A, p(x))-closed sets F
and H such that U C F and V C H. Since

ghr®)) c phr)) —c pCc X —HC X -V =UheH),

we have UMM = F. Since VC HC X —F =V, V =H. Thus, UMM = X — H is
(A, p(x))-open. This shows that (X, 7,.#) is (A, p(x))-extremally disconnected.

(2) = (1): Let U and V be any two disjoint (A, p(x))-open sets. Then, UA2(*) and
X — U@2M) are disjoint (A, p(x))-closed sets containing U and V, respectively. Thus,
(X,7,7) is (A, p(*))-normal.

Definition 13. A subset A of an ideal topological space (X, T,.%) is said to be:
(1) regular (A, p(x))-open if A= [ANPEN] (o)
(2) regular (A, p(*))-closed if A= [A(Am(*))](/\’p(*)).

Theorem 6. For an ideal topological space (X, T,.%), the following properties are equiv-
alent:

(1) (X,7,.9) is (A, p(x))-extremally disconnected.
(2) Every regular (A, p(x))-open set is (A, p(x))-closed.
(8) Every regular (A, p(x))-closed set is (A, p(*))-open.

Proof. (1) = (2): Suppose that (X, 7,.#) is (A, p(*))-extremally disconnected. Let V'
be any regular (A, p(x))-open set. Then, we have V = [V(A’p(*))](A,p(*)). Since VAPX) g
(A, p(x))-open, V = [V(A’p(*))](A,p(*)) = VAP() and hence V is (A, p(x))-closed.

(2) = (1): Suppose that every regular (A, p(x))-open set is (A, p(x))-closed. Let V be
any (A, p(x))-open set. Then, we have [V(A’p(*))](/\’p(*)) is regular (A, p(x))-open and by (2),
[V(A’p(*))](,\,p(*)) is closed. Thus, VA2®) C [[V(A,p(*))](A’p(*))](/\vp(*)) = [V(Avp(*))](A’p(*))
and hence VAPX) is (A, p(x))-open. Therefore, (X,7,.7) is (A, p(*))-extremally discon-
nected.

(2) < (3): This is obvious.
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Theorem 7. For an ideal topological space (X, T,.%), the following properties are equiv-
alent:

(1) (X,1,.9) is
(2) The

p(x))-extremally disconnected.

(A,
(A, p(x))-closure of every semi-(A, p(x))-open set is (A, p(x))-open.
(8) The (A, p(*))-closure of every pre-(A, p(x))-open set is (A, p(*))-open.
(A, p(x))-

(4) The

Proof. (1) = (2): Let V' be any semi-(A, p(x))-open set. Then, V' is 8-(A, p(*))-open
and by Theorem 4, VAP™) is (A, p(x))-open.

(2) = (4): Let V be any regular (A, p(x))-open set. Then, VP is semi-(A, p(x))-
open and by (2), we have [V (AP0)](Ap(+) — 1 (Ar() is (A, p(%))-open.

(4) = (1): Let V be any (A, p(x))-open set. Then, we have [V(A’p(*))](A’p(*)) is regular
(A, p(x))-open and by (4), [[V® ’p(*))]( p(x ))]( P(+)) is (A, p(%))-open. Thus,

(%))-closure of every reqular (A, p(x))-open set is (A, p(x))-open.

Yy Ar() [[V(A,p(*))](A7p(*))](1\,p(*)) = H[V(Am(*))](/\,p(*))](A’p(*))](/\,p(*)) — [V(A’p(*))](A,p(*))

and hence V(MP() is (A, p(%))-open. Therefore, (X, 7,.#) is (A, p(x))-extremally discon-
nected.

(1) = (3): Let V be any pre-(A, p(x))-open set. Then, V is §-(A, p(*))-open and by
Theorem 4, VAPX) is (A, p(x))-open.

(3) = (4): Let V be any regular (A, p(x))-open set. Then, we have V is pre-(A, p(x))-
open, by (3), V&2() is (A, p(x))-open.

5. Characterizations of (A, p(x))-continuous functions

In this section, we introduce the notion of (A, p(x))-continuous functions. In particular,
several characterizations of (A, p(x))-continuous functions are investigated.

Definition 14. A function f : (X,7,.%) — (Y,0, #) is called (A, p(*))-continuous at a
point x € X if, for each (A, p(*))-open set V of Y containing f(x), there exists a (A, p(*))-
open set U of X containing x such that f(U) CV. A function f: (X,7,.7) = (Y,0, 7)
is called (A, p(x))-continuous if f has this property at each point x € X.

Example 4. Let X = {a,b,c} with a topology 7 = {0,{a}, X} and an ideal & = {0,{a}}.
LetY = {1,2,3} with a topology 0 = {0,{1},{2},{1,2},Y} and an ideal 7 = {0,{2}}. A
function f (X, 7,.9) = (Y,0, 7) is defined as follows: f(a) =1, f(b) =2 and f(c) =
Then, f is (A, p(x))-continuous.

Lemma 5. Let A be a subset of an ideal topological space (X,7,.%). Then, x € AAp()
if and only if ANU # 0 for every (A, p(x))-open set U of X containing x.

Theorem 8. For a function f : (X,7,7) — (Y,0,_#), the following properties are
equivalent:
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(1) f is (A, p(*))-continuous at x € X.
(2) z € [f7' (V)] (ap)) for every (A,p(x))-open set V of Y containing f(z).
(8) x € fH[f(A)]APR)) for every subset A of X such that x € ALPH),
(4) = € f~HBWMPX)) for every subset B of Y such that x € [f~1(B)]A»H),
(5) z € [f 1 (B)|(apw)) for every subset B of Y such that x € [~ (B p(x)))-
(6) x € f~YK) for every (A, p(x))-closed set K of Y such that

z e [fHI)WPHD),

Proof. (1) = (2): Let V be any (A, p(x))-open set of Y containing f(z). Then, there
exists a (A, p(x))-open set U of X containing = such that f(U) C V. Thus, U C f~1(V).
Since U is (A, p(x))-open in X, we have z € [f (V)] (A p(s))-

(2) = (3): Let A be any subset of X and x € ANPX). Let V be any (A, p(x))-open
set of Y containing f(z). By (2), z € [f~1(V)](ap(x)) and there exists a (A, p(x))-open set
U of X such that 2 € U C f~1(V). Since x € AMPH) by Lemma 5, U N A # () and

0#FUNA)CFU)NFA) SV A

Thus, f(z) € [f(A)]APH) and hence z € f=([f(A)]A2()),
(3) = (4): Let B be any subset of Y and z € [f~1(B )] (Ap()) By (3),

z € U B)APE)) € pmH(BAPRD)

and hence z € f~1(BAP()),
(4) = (5): Let B be any subset of Y such that = & [f~(B)](s p(x))- Then,

2 € X = [ (B)apey = [X = FHBIAP) = [f71(v — B)rl)

and by (4), € fH([Y — BJMP0)) = f7HY — By py) = X — f7H(Bapy)- Thus,

& [N (Bapx))-
(5) = (6): Let K be any (A,p(x))-closed set of Y such that z ¢ f~!(K). Then, we

have z € X — f_l(K) = f_l(Y - K) = f—l((y - K)(A,p(*)))v by (5)7
2 € [fTNY = K)lape) = X = 1 ) apey = X = [ H(E)) AP

and hence z ¢ [f~1(K)]A2(),
(6) = (2): Let x € X and let V be any (A,p(x))-open set of Y containing f(z).
Suppose that = ¢ [f_l(V)](AJ,(*)). Then,

2 € X = [[TWlapey = X = V)G = [J7Hy = V)2,
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By (6), we have z € f~1(Y — V) = X — f~1(V) and hence = ¢ f~(V). This contraries
to the hypothesis.

(2) = (1): Let V be any (A, p(*))-open set of Y containing f(x). By (2), we have
z € [f7H(V)](ap()) and so there exists a (A, p(x))-open set U of X containing  such that
r €U C f~1(V); hence f(U) C V. This shows that f is (A, p(x))-continuous at x.

Theorem 9. For a function f : (X,7,.7) — (Y,0,_ 7), the following properties are
equivalent:

(1) § is (A, p(x))-continuous.
(2) F71(V) is (A, p(x))-open in X for every (A, p(%))-open set V of Y.
(3) FALPED) C[f(A)APO) for every subset A of X.

(4) [f1B) AP C f=1(BAPW)) for cvery subset B of Y.

(5) f_l(B(A,p(*))) c [f_l(B)](Avp(*)) for every subset B of Y.
(6) f~UK) is (A, p(x))-closed in X for every (A, p(x))-closed set K of Y.

Proof. (1) = (2): Let V be any (A, p(x))-open set of Y such that z € f~1(V). Then,
f(x) € V and there exists a (A, p(x))-open set U of X containing x such that f(U) C V.
Since U is (A, p(x))-open in X, z € [f~1(V)](a p)) and hence f~1(V) C [f (V)] (A p))-
Thus, f~1(V) is (A, p(x))-open.

(2) = (3): Let A be any subset of X. Let € AXPM) and let V be any (A, p(x))-
open set of Y containing f(z). By (2), we have € [f~1(V)](a p(x)) and there exists a
(A, p(%))-open set U of X such that z € U C f~1(V). Since z € ANPH) by Lemma 5,
UNA#Qand § # f(UNA)C f(U)Nf(A) CV N F(A). Thus, f(z) € [f(A)]DPF) and
hence f(AAPH)) C [£(A)]A2X),

(3) = (4): Let B be any subset of Y. By (3),

BTN € [F(rH B AreD € B,

Therefore, [f—l(B)](Ayp(*)) C f—l(B(A,p(*)))'
(4) = (5): Let B be any subset of Y. By (4), we have

X — 7B (s = [X — f7HB) AP
[f—l(y _ B)](A,p(*))
Yy - B](A,p(*)))
FHY = Biapiy)

X = 1B p)

1N

and hence [~ (B px)) € [f7HB)] (A px)-
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(5) = (6): Let K be any (A, p(x))-closed set of Y. Then, Y — K = [Y — K] ,(+)) and
by (5),

X —fHEK) = 'Y - K)
=Y = K](aps))
C Y = K)ape)
= [X — 7 )] (apte)
= X — [ (1))
Thus, [f~(K)]AP) C f~1(K) and hence f~(K) is (A, p(%))-closed.
(6) = (2): The proof is obvious.
(2) = (1): Let z € X and let V be any (A, p(x))-open set of Y containing f(z). By

(2), z € [f (V)] (ap(») and so there exists a (A, p(x))-open set U of X containing x such
that € U C f~%(V); hence f(U) C V. Thus, f is (A, p(x))-continuous at x. This shows
that f is (A, p(x))-continuous.

Definition 15. An ideal topological space (X, T, %) is said to be (A, p(*))-connected if X
cannot be written as a disjoint union of two nonempty (A, p(*))-open sets of X.

Example 5. Let X = {a,b,c} with a topology 7 = {0,{a,b}, X} and an ideal ¥ =
{0, {a},{b},{a,b}}. Then, (X,7,.%) is (A, p(*))-connected.

Proposition 9. If f : (X,7,.7) = (Y,0, #) is a (A, p(x))-continuous surjection and
(X,7,.7) is (A, p(x))-connected, then (Y,0, #) is (A, p(x))-connected.

Proof. Suppose that (Y,o0, #) is not (A,p(x))-connected. There exist nonempty
(A, p(x))-open sets U and V of Y such that UNV = () and U UV =Y. Then, we
have f=HU)Nf~1(V) =0 and f~H(U)U f~1(V) = X. Moreover, f~1(U) and f~1(V) are
nonempty (A, p(x))-open sets of X. This shows that (X, 7,.#) is not (A, p(x))-connected.

Definition 16. An ideal topological space (X, T,.%) is said to be (A, p(x))-compact if every
cover of X by (A, p(x))-open sets of X has a finite subcover.

Proposition 10. If f : (X,7,%) — (Y,0, #) is a (A, p(*))-continuous surjection and
(X, 7,7) is (A, p(x))-compact, then (Y,o, 7) is (A, p(x))-compact.

Proof. Let {V, | v € T'} be any cover of Y by (A,p(x))-open sets of Y. Since f is
(A, p(x))-continuous, by Theorem 9, {f~(V,) | v € T'} is a cover of X by (A, p(x))-open
sets of X. Thus, there exists a finite subset I'g of I such that X = U{f~1(V;) | v € T'o}.
Since f is surjective, Y = f(X) = U{V, | v € I'o}. This shows that (Y,o, _#) is (A, p(x))-
compact.

Definition 17. A subset A of an ideal topological space (X, T, %) is said to be a (A, p(x))-
neighbourhood of x if there exists a (A, p(x))-open set U of X such that x € U C A.
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Definition 18. Let A be a subset of an ideal topological space (X,7,.%). A subset
Aap))(A) is defined as follows: A p))(A) = N{U | A CU;U is (A, p(x))-open}.

Proposition 11. For subsets A, B and Cy(vy € I') of an ideal topological space (X, T,.7),
the following properties hold:

(1) AC Ay (A)-

(2) If AC B, then A p(s))(A) C A pes)) (B)-

(3) Aap(e) (Aa () (A)) = Aap(a) (A)-
(4) If Ais a (A, p(x))-open set, then A pee))(A) = A.

(5) Aape) (M{Cyly € T} € N{A @ ) (Cy) 1y € T

(6) Aapiep (WO |y € T}) = U{A (4 ey (Cy) [y € T}
Lemma 6. Let A be a subset of an ideal topological space (X,7,.%) and x € X. Then,
x € A p))(A) if and only if ANE # O for every (A, p(x))-closed set F of X with x € F.

Theorem 10. For a function f : (X,7,.9) = (Y,0, %), the following properties are
equivalent:

(1) f is (A, p(*))-continuous.

(2) For each x € X and each (A, p(x))-open set V of Y such that f(z) € V, f=1(V) is
a (A, p(x))-neighbourhood of x.

(3) F(AMpx))) C Aapx)) (f(A)) for every subset A of X.

(4) lf~ ( )] (Ap0)) S FTHA @ p)) (B)) for every subset B of Y.

Proof. (1) = (2): Let x € X and let V be any (A, p(%))-open set of Y such that
f(x) € V. Since f is (A, p(x))-continuous, there exists a (A, p(x))-open set U of X con-
taining x such that f(U) C V. Thus, x € U C f~1(V) and hence f~1(V) is a (A, p(x))-
neighbourhood of x.

(2) = (1): Let x € X and let V be any (A, p(x))-open set of Y containing f(x). By
(2), f~1(V) is a (A, p(x))-neighbourhood of = and there exists a (A, p(x))-open set U of X
such that z € U C f~%(V). Thus, f(U) C V and hence f is (A, p(x))-continuous.

(1) = (3): Let A be any subset of X and let y & A ) (f(A4)). By Lemma 6,
there exists a (A, p(x))-closed set F of Y such that y € F and f(A) N F = (. Thus,
AN f7HF) =0 and hence f~(F) N A(x p(x)) = 0. Therefore, f(A(pw)) NF = 0. This
shows that y € f(A(a p(x)))- Consequently, we obtain f(A p))) S A pe)) (f(A))-

(3) = (4): Let B be any subset of Y. By (3) and Proposition 11(2), we have

(B )](A,p( 1) S Aapeoy (F(FHB))) S Aqapray (B)
and hence [f~ (B)] (A px) € A pe (B))-
4) = (1) Let V be any (A, p(%))-open set of Y. By (4) and Proposition 11(4),

D)) ape)) € FH AL pe) (V) = F7H(V) and hence [f (V)] (A px)) = f (V). Thus,
FHV) is ( ( )) open by Theorem 9, f is (A, p(x))-continuous.



C. Boonpok / Eur. J. Pure Appl. Math, 15 (3) (2022), 1023-1046 1039

6. Some low separation axioms

We begin this section by introducing some low separation axioms.
Definition 19. An ideal topological space (X, T,.%) is said to be:

(i) pre-Z-Ty if, for each pair of distinct points of X, there exists a pre-#-open set
containing one of the points but not the other;

(ii) pre-#-T if, for each pair of distinct points x and y of X, there exists a pair of
pre-% -open sets one containing x but not y and the other containing y but not x;

(11i) pre-¥-Ry if every pre-¥ -open set contains the pre-#-closure of each of its single-
tons.

Example 6. Let X = {a,b,c} with a topology T = {0,{b},{b,c}, X} and an ideal ¥ =
{0,{b}}. Then, (X,7,.#) is a pre-Ty space.

Remark 3. For an ideal topological space (X, T,.7), the following implications hold:
pre-¥ -Ry < pre-#-T1 = pre--#-1y.
The following examples show that these implications are not reversible.

Example 7. Let (X, ,.%) be the same ideal topological space as in Example 2. Then,
(X,7,.9) is a pre-&-Ty space but (X, 1,.7) is not pre-&-T.

Example 8. Let X = {a, b} with a topology 7 = {0, X} and an ideal & = {0, {a},{b}, X }.
Then, (X,71,.%) is a pre--#-Ry space but (X, 7,.%) is not pre-&-T7.

Theorem 11. An ideal topological space (X, T,.7) is pre-Z -1y if and only if, for each
x € X, the singleton {z} is (A, p(*))-closed.

Proof. Suppose that (X, 7,.#) is a pre-#-Tj space. For each x € X, we have

{z} € Ao ({z}) NpeCl({z}).

If y # x, (i) there exists a pre-.#-open set U such that y ¢ U and « € U or (ii) there
exists a pre--#-open set V such that x ¢ V and y € V.. In case of (i), y & A, ({}) and
y & Apy({z}) NprCl({x}). This shows that {z} 2 A, ({z}) N mCl({z}). In case (ii),
y & pCl({z}) and y & Ayy({z}) N pCI({a}). Thus, {2} 2 Ayy({z}) 1 pCl({z}) and
hence {z} = Ay ({x}) N peCl({x}).

Conversely, suppose that (X, 7,.#) is not pre-#-Ty. There exist two distinct points
x,y of X such that (i) y € U for every pre-#-open set U containing x and (ii) x € V
for every pre-.#-open set V' containing y. From (i) and (i), we obtain y € A, ({})
and y € pCl({z}), respectively. Thus, y € A,({z}) N pCl({z}). By Theorem 1,
{r} = Ay ({x}) N peCl({x}) since {x} is (A, p(x))-closed. This is contrary to z # y.
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Theorem 12. For an ideal topological space (X, ,.7), the following properties are equiv-
alent:

(1) (X,7,.9) is pre--T}.
(2) For each x € X, the singleton {x} is a pre-¥-closed set.
(8) For each x € X, the singleton {x} is a Ay, -set.

Proof. (1) = (2): Let y € X and x € X — {y}. There exists a pre-.#-open set G, such
that z € G and y € G,. Therefore, we have X — {y} = U,cx_{,} G and hence {y} is a

pre-#-closed set.
(2) = (3): Let x € X and y € X — {z}. Then, we have z € X — {y} and

Ay ({2}) € X — {y}.

Thus, y & Ay({z}) and hence Ay, ({x}) € {z}. This implies that A, )({z}) = {z}.
Consequently, we obtain {z} is a Ap,)-set.

(3) = (1): Let x and y be any distinct points of X. Then, we have y ¢ A, ({7}) and
so there exists a pre--#-open set U such that x € U and y ¢ U. Similarly, & A, ({y})
and there exists a pre-#-open set V such that y € V and « ¢ V. This shows that (X, 7, %)
is a pre-.#-T) space.

Corollary 1. For an ideal topological space (X, 1,.%), the following properties are equiv-
alent:

(1) (X,7,.9) is pre-¥-T;
(2) (X,7,.9) is pre-#-Ty and pre--7-Ry.

Proof. (1) = (2): Suppose that (X, 7, .#) is pre-.#-T1. By Remark 3 and Theorem 12,
every pre-.#-T7 space is pre-#-Ty and pre-7-Ry.

(2) = (1): Suppose that (X, 7,.#) is pre-#-Tp and pre-#-Ry. Since (X,7,.7) is
pre-#-Ty, for any distinct points z and y of X, there exists a pre-#-open set V such
that x € V and y € V. Since (X, 7,.¥) is pre--#-Ry, we have piCl({z}) C V. Thus,
x ¢ X —mCl({z}) and hence y € X —V C X — mCl({z}). Therefore, (X,7,.#) is
pre--#-T7.

Lemma 7. An ideal topological space (X, T,.%) is pre-#-Ry if and only if, for each pre-
S -open set U, v € U implies Cl(Int*({z})) C U.

Proof. Let U be any pre-.#-open set and x € U. Then, we have piCl({z}) C U and
by Lemma 2, Cl(Int*({z})) C U.

Conversely, let U be any pre-.#-open set and x € U. By the hypothesis, we have
Cl(Int*({z})) € U and by Lemma 2, mCl({z}) C U. This shows that (X,7,.#) is a
pre--#-Rg space.



C. Boonpok / Eur. J. Pure Appl. Math, 15 (3) (2022), 1023-1046 1041

Theorem 13. For an ideal topological space (X, T,.7), the following properties are equiv-
alent:

(1) (X,7,.9) is pre-¥-Ry.

(2) For each pre-#-closed set F' and each x € X — F, there exists a pre-¥ -open set U
such that F CU and x ¢ U.

(8) For each pre-¥ -closed set F' and each v € X — F, mCl({z}) N F = (.

(4) For any distinct points x and y of X, either ;mCl({z}) = pr Cl({y}) or
pCll{}) N Cll{y}) = 0.

Proof. (1) = (2): Let F be any pre--#-closed set and z € X — F. Then, we have
x € X—Fandby (1), pnCl({z}) C X—F. Put U = X —pCl({z}), then U is a pre-.#-open
set such that FF C U and z ¢ U.

(2) = (3): Let F' be any pre-.#-closed set and z € X — F. Then by (2), there exists
a pre-#-open set V such that F CV and = € V. Since V is a pre-.#-open set, we have
pCl({z}) NV = and hence ;Cl({z}) N F = 0.

(3) = (4): Let 2,y be any points of X. Suppose that peC1({z})Np:C1({y}) # 0. By (3),
x & mCl({y}) and y & piCl({x}). This implies that ;Cl({z}) C mCl({y}) C pCl({z}).
Consequently, we obtain piCl({z}) = pCl({y}).

(4) = (1): Let U be any pre-#-open set and = € U. For each y ¢ U, we have
mCl{y}) NU = 0 and so = & piCl({y}). Therefore, ;mCl({z}) # pCl({y}). By (4), for
eachy & U, mCl({z})NmCl({y}) = 0. Since X —U is pre-.#-closed, y € mCl({y}) C X-U
and X — U = Uyex—y pCl({y}). Thus,

pCl({z}) N (X = U) = mCl({z}) N [Uyex—v prCl({y})]
= Uyex—o [pCl({}) N peCI({y})]
=0

and hence pqCl({z}) C U. This shows that (X, 7,.#) is a pre-#-Ry space.

Corollary 2. An ideal topological space (X, 1,.%) is pre-#-Ry if and only if, for each
z,y € X, pCl({z}) # peCll{y}) implies peCl({z}) N puCl({y}) = 0.

Proof. This is obvious by Theorem 13(4).

Conversely, let U be any pre-#-open set and x € U. For each y ¢ U, we have
mCl({y}) NU = 0. Thus, z ¢ mCl({y}) and hence mCl({z}) # mCl({y}). By the
hypothesis, piCl({z}) N peCl({y}) = 0 and so y & ptCl({z}). Therefore, ;Cl({z}) C U.
This shows that (X, 7,.#) is a pre-#-Ry space.

Lemma 8. Let (X, 7,.#) be an ideal topological space and v,y € X. Then, y € Ay ({z})
if and only if x € mCl({y}).
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Proof. Suppose that y ¢ A, ({z}). Then, there exists a pre-.#-open set V' containing
x such that y € V. Therefore, we have x ¢ mCl({y}).

Conversely, suppose that * € pmCl({y}). Then by Lemma 1, there exists a pre-.#-
open set V containing x such that V' N {y} = 0. Therefore, we have y ¢ V and hence

y & Mpo({2})-

Lemma 9. Let (X,7,.%) be an ideal topological space and x,y € X. Then, A,y({zr}) =
Ay ({y}) if and only if pCl({z}) = prCl({y}).

Proof. Let x,y be any points of X. Suppose that A, ({z}) = A, ({y}). Since
v € Apo({z}), we have x € Apy({y}) and by Lemma 8, y € mCl({z}). Therefore,
mCl({y}) € mCl({x}). Similarly, we have piCl({z}) C mCl({y}) and hence

pCl({y}) = pCl({x}).

Conversely, suppose that piCl({z}) = piCl({y}). Since z € mCl({z}), = € pCl({y})
and by Lemma 8, y € Ayy({z}). Thus, Ayoy({y}) € Apuy(Ap({7}) = Apy({z}).
Similarly, we have Ap(*)({:n}) C Ap(*)({y}) and hence Ap(*))({x}) = Ap(*)({y}).

Theorem 14. An ideal topological space (X, 7,.%) is pre-#-Ry if and only if, for each
T,y e X, Ap(*)({x}) £ Ap(*)({y}) implies Ap(*)({x}) N Ap(*)({y}) =0.

Proof. Let z,y be any points of X. Suppose that A,.)({z}) N A, ({y}) # 0. Let
2 € Ay ({2 )N AL ({y}). Then, z € Ay ({7}) and by Lemma 8, we have € prCl({z}).
Therefore, x € pCl({z}) N peCl({z}) and by Corollary 2, =z € mCl({z}) = mCl({z}).
Similarly, we have piCl({z}) = pCl({y}) and hence p:Cl({z}) = p«Cl({y}). By Lemma 9,
Ay (D) = Ay ({1}).

Conversely, let x,y be any points of X. Suppose that piCl({z}) # mCl({y}). By
Lemma 9, A,o({z}) # Appy({y}) and hence A,({z}) N Ap({y}) = 0. Therefore,
mCl({z}) N pCl({y}) = 0. In fact, assume that z € mCl({z}) N peCl({y}). Then,
z € pCl({z}) implies * € A, ({z}) and hence = € Ay, )({z}) N Apy({z}). By the
hypothesis, A,)({2}) = Apy({z}) and by Lemma 9, mCl({z}) = pCl({z}). Similarly,
we have mCl({z}) = pCl({y}) and hence piCl({z}) = mCl({y}). This contradicts that
mCl({z}) # mCl({y}). Thus, mCl({z}) N mCl({y}) = 0. This shows that (X,7,.#) is
pre--#-Ry.

Theorem 15. For an ideal topological space (X, T, %), the following properties are equiv-
alent:

(1) (X,7,.7) is pre-7 -Ro;

(2) © € ps Cll{y}) if and only if y € pCl({x}).

Proof. (1) = (2): Suppose that (X, 7,.#) is pre--#-Ry and =z € piCl({y}). By Lemma
8, we have y € A,y({z}). Thus, Ayy({z}) N Ayy({y}) # 0 and by Theorem 14,
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Apo({z}) = Apy({y}). Therefore, x € Ay({y}) and by Lemma 8, y € pCl({z}).
The converse is similarly shown.

(2) = (1): Let V be any pre-#-open set and x € V. For each y ¢ V, we have
pCl({z}) NV = (. This implies that € mCl({y}) and y & pmCl({z}). Thus,

mCl({z}) CV
and hence (X, 7,.%) is pre--#-Ry.

Theorem 16. For an ideal topological space (X, T,.7), the following properties are equiv-
alent:

(1) (X,7,.7) is pre-7-Ry.

(2) For each nonempty subset A of X and each pre-%-open set V such that ANV # ),
there exists a pre-% -closed set F' such that ANF #( and F CV.

(3) F'= Ay (F') for every pre-#-closed set I

(4) mCU{e}) = Aoy ({}) for each = € X.
(5) pCl{w}) C Apy({z}) for each x € X.

Proof. (1) = (2): Let A be any nonempty subset of X and let V' be any pre-.#-open
set such that ANV # (). Then, there exists © € ANV and hence piCl({z}) C V. Put
F = mCl({z}), then F is pre--#-closed, ANF # () and F C V.

(2) = (3): Let F be any pre-.#-closed set and « ¢ F. Then, x € X — F and by (2),
there exists a pre-#-closed set K such that xt € K and K C X —F. Now, put V = X — K.
Then, V' is a pre-.#-open set such that ' C V and z ¢ V. Thus, & A, (F) and hence
F 2 Apoy(F). On the other hand, we have F' C A, (F). Consequently, we obtain
F = Ay (F).

(3) = (4): Let x € X and y & Apy({z}). Then, there exists a pre-.#-open set U such
that © € U and y ¢ U. Therefore, pCl({y}) NU = 0 and by (3), Ay (pCl({y}))NU = 0.
Since = € Ay, (p1Cl({y})), there exists a pre-#-open set V' such that prCl({y}) C V' and
x € V. Thus, mCl({z}) NV = 0. Since y € V, y &€ piCl({x}). Therefore,

mCl({z}) C Ay ({2}).

Moreover, piCl({r}) € Ap({z}) S Ay (mCl({r})) = pCl({z}). This shows that
PCI{}) = Ay (o).

(4) = (5): The proof is obvious.

(5) = (1): Let V be any pre--#-open set and x € V. Suppose that y ¢ V. Then,
pCl({y}) NV =0 and = ¢ pmCl({y}). By Lemma 8, y & A, ({x}) and by (5), we have
y & mCl({z}). Thus, mCl({z}) C V and hence (X, 7,.#) is pre-.#-Ry.

Corollary 3. An ideal topological space (X, T,.%) is pre--Ry if and only if A, ({r}) C
pmCl({x}) for each x € X.
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Proof. This is obvious by Theorem 16.

Conversely, suppose that A,,)({7}) € pCl({x}) for each z € X. Let x € mCl({y}).
By Lemma 8, we have y € A, ({z}) and hence y € pCl({x}). Similarly, if y € pCl({x}),
then x € piCl({y}). It follows from Theorem 15 that (X, 7,.#) is pre-.#-Ry.

Corollary 4. An ideal topological space (X,7,.7) is pre--#-Ro if and only if < x = p=
pmCl({x}) for each x € X.

Proof. Let z € X. By Theorem 16, we have piCl({z}) = Ap,)({z}) and hence
PO{}) = Ay ({}) N prCU{}) =< 2 >0

Conversely, suppose that < x == pCl({z}) for each x € X. Let z € X. By the
hypothesis, we have piCl({z}) =< = =, ({z}) = pCl({z}) N Ay ({2}) € Appy({x}).
It follows from Theorem 16 that (X, 7,.#) is pre-#-Ry.

7. Conclusion

Topology plays an important role in both pure and applied sciences such as quan-
tum physics, high energy physics, data mining, computational topology, digital topology
and mathematical sciences. The notions of closed sets and low separation axioms are
fundamental with respect to the investigation of topological spaces. Various types of gen-
eralizations of closed sets and some new separation axioms have been researched by many
mathematicians. This paper is concerned with the concepts of A,,-sets and (A, p(x))-
closed sets which are defined by utilizing the notions of pre-.#-open sets and pre-.#-open
sets. Furthermore, some properties of (A, p(*))-closed sets and (A, p(x))-open sets are
considered. Several characterizations of (A, p(x))-continuous functions are obtained. Ad-
ditionally, some characterizations of (A, p(*))-extremally disconnected and pre-.#-Ry ideal
topological spaces are explored. The ideas and results of this paper may motivate further
research.
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