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On M —quasi paranormal operators

Valdete Rexhébeqaj Hamiti!, Qefsere Doko Gjonbalaj!-*

L Department of Mathematics, Faculty of Electrical and Computer Engineering,
University of Prishtina “Hasan Prishtina”, Prishtiné, 10000, Kosové

Abstract. In this paper we introduce a new class of operators called M —quasi paranormal op-
erators. A bounded linear operator T in a complex Hilbert space H is said to be a M —quasi
paranormal operator if it satisfies

IT22]* < M| T - | T],

Vx € ‘H, where M is a real positive number.
We prove basic properties, the structural and spectral properties of this class of operators.
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1. Introduction

Throughout this paper, let H be a complex Hilbert space with inner product (-, -). Let
L(H) denote the C* algebra of all bounded operators on H. For T € L(H), we denote by
kerT the null space, by T'(H) the range of T. The null operator and the identity on H
will be denoted by O and I, respectively. If T is an operator, then T™* is its adjoint, and
|T|| = ||T*||- The closure of a set A will be denoted by A.

Recall that an operator T' € L£(H) is said to be (see [6]):

e an isometry if ||Tz|| = ||z||,Vx € H;
e an unitary operator if T*7T =TT* = I,

e a positive operator T' > O, if (T'z,x) > 0,Va € H.
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By o(T') we write the spectrum of T, the r(T) is the spectral radius of operator T' which
is defined by 7(T') = sup{|\| : A € o(T)}. The 04(T) is the approximate point spectrum of
operator 7" and it is proved that if A € o,(T), then exists sequence (x,), where ||z,| =1
and [[(T — M)z, || — 0,n — 400 (see [6]).

An operator T € L(H) is said to be:

e aparanormal operator if || Tz||? < ||T%z||,Vx € H, ||z| = 1, or equivalently if T*272 —
2kT*T + k2 > O,Vk > 0 (see [2] [4], [5], [11]);

e a M —paranormal operators if M2T*2T? — 2kT*T + k?> > O,Vk > 0 and for a fixed
real positive number M, or equivalently if || Tz||> < M||T2%z||,Vz € H, ||z|| = 1 and
for a fixed real positive number M (see [1], [3], [8]);

e a M—quasi hyponormal if || T*Tz|| < M|T?z||,Vz € H and for a fixed real positive
number M (see [9], [10]).

2. Main results

Analyzing the very good qualities of these classes of operators, M —paranormal and
M —quasi hyponormal operators, we came to the idea to introduce a new class of operators
M —quasi paranormal, which could include these classes of operators, to be their generality
and possibly to satisfy some of their properties.

Definition 1. An operator T € L(H) is said to be a M —quasi paranormal operator, for
a fixed real positive number M if T satisfies

ITz(|* < M|| Tz - | T,
Vo € H.

From the definition we can prove the proper inclusions relation among the M —quasi
hyponormal, M —paranormal and M —quasi paranormal operators as follows:

Proposition 1. Let be T € L(H).
1. Every M —quasi hyponormal operator is M —paranormal operator.

2. FEvery M —paranormal operator is M —quasi paranormal operator.

Proof. Let be T € L(H) and z € H, ||z|| = 1. We may assume that Tz # 0.

1. Since T is a M —quasi hyponormal operator we have
|IT*Tz|| < M| T,

Vz € H,||z|| = 1 and for a fixed real positive number M.
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We know that for any bounded linear operator 7" on H and Vo € H, ||| = 1 it is valid:
2
[ T]|* < | T"Tx]]

Therefore
M|T?z|| > || T*Tx|| > | Tz

Vx € H, ||| = 1. This prove that operator T is also M —paranormal.

2. Now let’s suppose that T' is a M —paranormal operator. Then we have:

3 0 9 T'x .
MIT s = M7 1T >
Tx |2
T NTxll =
7%z
| T|]

Therefore,
M| To|| - || Tx| > | T

Which prove that operator T is M —quasi paranormal operator.

From this proposition we have the inclusion:

M —quasi hyponormal C M —paranormal C M —quasi paranormal

In the following proposition we give the necessary and sufficient conditions under which
an operator T is a M —quasi paranormal operator.

Proposition 2. An operator T € L(H) is M —quasi paranormal operator if and only if
MPT*3T3 — 2kT**T? + K*T*T > 0
vk > 0.

Proof. Since T is a M —quasi paranormal operator, for a fixed real positive number
M, then
IT%2||* < M| T - | T,

Vz € ‘H. Then,
|1 T%2(|” — M| Tz - | T|| <0,

ie.,
A(IT%]*)? — 4M2|| T || - || T2]* < 0.
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By elementary properties of real quadratic forms, this gives
k2| Tx||? — 2k||T%2||2 + M2 || T3] > 0,Vz € H,Vk > 0;
k2 (T*Tx|x) — 2k(T**T?x|2) + M*(T*3T3z|z) > 0,Yz € H,Vk > 0;
(MPT*3T3 — 2kT**T? + kK*T*T)x|x) > 0,V € H,Vk > 0.

Hence,
M2T3T3 — 2kT*2T? + K2T*T > 0,Vx € H,Vk > 0.

The reverse implication follows by retracing the steps back.
In following we give an example of M —quasi paranormal operator.

10

Example 1. Let T = (1 0

VM > 1.
By simple calculation we have that:

. (11
=5 o),

11
*2 _ k3
rer (3 ).

2 3_10

2 0
kr _ k2mn2 k33
TT=T"“T"=T T—(O O)

M2T*373 — 2kT*2T? + K*T*T
_(2M? — 4k +2k? 0
- 0 0

_ (2[(1 — k)2 + M? —1] 0> ‘

> € L(Ia ®1l3). Then T is M—quasi paranormal operator

0 0

Therefore T is M —quasi paranormal operator VM > 1,Vk > 0.

The next proposition give the necessary and sufficient conditions for a weighted shift
operator T with decreasing weighted sequence (v, ) to be a M —quasi paranormal operator.

Proposition 3. Let T be a weighted shift operator with decreasing weighted sequence (o).
Then T is a M —quasi paranormal operator if and only if

lan 1] < Moo

Vn € N.
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Proof. Since T is a weighted shift, its adjoint T™ is also a weighted shift and defined
by T'(en) = |anlent+1 we have:

T*(en) = |Oln—1 |6n717
(T*T)(en) = |am|?en,
(T*2T%)(en) = |otn|?|atns1|?en,

(T*STg)(en) = ‘O‘n|2|0‘n+1|2|0‘n+2|26n-
Now, since T is a M —quasi paranormal operator then,

M2T3T73 — 2kT**T?% + K*T*T > 0,k > 0
<:>M2]an|2|an+1|2|an+2|2 — 2k|an|2|an+1\2 + l’<:2|ozn|2 >0,k >0

SM?|an1)?|lonsal® — 2k|an 1> + k2 > 0,VEk > 0.

By elementary properties of real quadratic forms, this gives

a1t = 4MP|ag 1] lansa|* <O

|an 11| < Mo 12|

Example 2. A weighted shift operator T with decreasing weighted sequence o, = 2", n €

1
N is a M —quasi paranormal operator for every fized real number M > 3 (it is clear from

Proposition 3).

Proposition 4. Let T be a non singular weighted shift operator with decreasing weighted
sequence (o). Then T~ is a M — quasi paranormal operator if and only if

‘an73| < M|an72|
Vn > 3.

In the next propositions we will prove some properties of M —quasi paranormal oper-
ators.

Proposition 5. Let T € L(H) be a M —quasi paranormal operator.

a) If T' double commutes with an isometric operator S, then T'S is a M —quasi paranormal
operator.

b) If S is unitarily equivalent to operator T, then S is a M —quasi paranormal operator.
c) If A is a closed T invariant subset of H, then, the restriction Tj is a M—quasi para-
normal operator.
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Proof. Let be T € L(H) a M —quasi paranormal operator.
a) Let be S an isometric operator and let be B = T'S. Since operator 7' double commutes
with operator S we have T'S = ST, 5*T = T5* and S*S = I. Now,
M?B*3B3 - 2kB**B? + k*’B*B
= M*(TS)*3(TS)? — 2k(TS)**(TS)* + k*(T'S)*(TS)
= M*T*3T73 — 2kT**T? + K*T*T > 0,Vk > 0
so T'S is a M —quasi paranormal operator.

b) Since operator S is unitarly equivalent to operator T, then there exists an unitary
operator U such that S = U*TU. Since T is a M —quasi paranormal operator then

M2T*3T3 — 2kT**T? + K*T*T > 0,Vk > 0.
Hence,
M?5%383 — 2k5*25? 1 k25*S
= M*(U*TU)*(U*TU)3 = 2k(U*TU)**(U*TU)? + k*(U*TU)*(U*TU)
= U*(M*T*3T3 — 2kT**T? + K*T*T)U > 0,Vk > 0

so S is a M —quasi paranormal operator.

)

(T La)?ull?
= 7%u]* < M(IT%u] - || Tull)
= M(I(T [a)ull - | Tul).

This implies that T' |4 is a M —quasi paranormal operator.

Proposition 6. If T € L(H) is a invertible M —quasi paranormal operator then T~ is
also M —quasi paranormal operator.

Proof. Since T is a M —quasi paranormal operator, for a fixed real positive number
M, then
1T < M| T - | T,

Vz € ‘H. Then,

|1T%x| _ M|Tx]
5ol S T2
TP = T2

Va € H. Now replacing = by T4z, we have
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|IT°T~ || _ M| TT x|

[ I
IT7%z]) _ M| T~ ]|
1T~ l] = T2

IT7%2|® < M|IT %] - | T~ =]

Va € H. This shows that T~! is a M —quasi paranormal operator.

Proposition 7. Let T € L(H) be a M —quasi paranormal operator. If T* has dense range,
then T is a M —paranormal operator.

Proof. Since T* has dense range, T*(H) = H. Let y € H. Then there exists a sequence
{2,}12 in H such that T*(z,) — y, n — +oo. Since T is a M—quasi paranormal
operator, then

((MPT*T® — 2kT**T? + K*T*T)xp, 2,) > 0,k > 0;
(T*(M?T**T? = 2kT*T + k*)T)zp, x) > 0,Vk > 0;
((MPT**T? = 2kT*T + k*) T2y, Tp) > 0,k > 0.

By the continuity of the inner product, we have
(MPT**T? - 2kT*T + k?)y,y) > 0,Vy € H,Vk > 0.

Therefore T' is a M —paranormal operator.

In following we give the inclusion of approximate point spectrum of this class of oper-
ators.

Proposition 8. Let T € L(H) be a regular M—quasi paranormal operator. Then the
approzimate point spectrum of operator T lies in the disc

o.(T)C{reC

1
: < A< 1713
VM|T=2[| - /[ T2]]

Proof. Let T be a regular M —quasi paranormal operator, Vo € H, ||z|| = 1 we have:

lz)|* = 1T~ - T2||?
<72 (1T
<| T2 M| TP]| - | T
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<M T2 |72 - || Tl - || Tl
=M - [T |7 - || T

So,
_ 2
L< M- (|72 T2 - || T,

where we have 1

Tz| > .
VM|T=2| - /T2

Now, assume that A € 0,(T), then 3(xy,), ||xn|| =1 and ||(T — AI)z,| — 0,n — +oo.

From the last inequation we have:

1

[T2n = Azn|| 2 [ Tzn|| = A - [[zn] 2 — Al
VM|T=2| - /T2

Now, when n — +00 we have

Al > !
- VM|TE VTR

So, we have
1

cC: < A< IT1[3-
VM|IT2| - /T2

Therefore the proof is completed.

0a(T) C {A

837

Now we will give some results for the matrix representation of M —quasi paranormal

operators.

Proposition 9. Let T' € L(H & H) be the operator defined as

A B
T = .
If A is a M —paranormal operator, then T is a M —quasi paranormal operator.

Proof. A simple calculation shows that:

. (AT 0
A2 0

*2

T _<B*A* 0)’
A% AB

2 _

w0 V)

A0
*3 __
T - <B*A*2 0> )
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A3 A2B
3
e )

T*3T3 _ A*BAS A*3A2B
B*A*2A3 B*A*2AQB .
M2T*3T3 — 2k T*2T2% + K2T*T
C[(AY(MPAPA? - 2kA*A+ K2 A AY(M2A*2A% - 2kA*A + KB Vi > 0
T\ B (M2A2A% - 2kA*A+ K*)A B*(M?A*2A% - 2kA*A+ k*)B)° '

Let u=2x®y € HDH. Then,

(MPT*3T3 — 2kT**T? + K*T*Tu, u)

= (A*(M?A*2 A% — 2kA* A+ k) Az, x) + (A* (M2 A*2A? — 2kA*A + k%) By, z)
+ (B (M?A*? A% - 2k A* A + k?) Az, y) + (B* (M2 A*2 A — 2kA* A + k%) By, y)
= ((M?A*?A? — 2kA* A + k*) Az, Az) + (M?A*?A? — 2kA* A + k*) By, Ax)
+ (M? A2 A% — 2kA* A + k*) Az, By) + (M?A*2 A% — 2kA* A + k*) By, By)
= ((M?A*?A? — 2kA* A + k*)(Ax + By), (Az + By)) > 0,Vk > 0

838

because A is a M —paranormal operator this prove that T is a M —quasi paranormal

operator.

Proposition 10. Let T be a M—quasi paranormal operator, the range of T not to be

dense, and

T—<O C’) on H=T(H)®kerT".

Then, A is a M —paranormal operator on T(H), C = O and o(T) = o(A) U {0}.
Proof.

Suppose that T" is a M —quasi paranormal operator. Since that T' does not have dense

range, we can represent 71" as the upper triangular matrix:

T:<0 C’) on H=T(H)®kerT".

Since T' is a M —quasi paranormal operator, we have
M?T*T? — 2kT**T? + K*T*T > 0,Vk > 0
= T*(M?T**T? — 2kT*T + k*)T > 0,k > 0.
Therefore, after some calculation similar as in Proposition 9 we get:

(MPT**T? — 2kT*T + k*)z, x) = (M?A*2 A% — 2k A* A + E)y, y) > 0,

Vy € T(H),Vk > 0.
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Hence
M2A2A% —2EA*A+ K > 0,VE > 0.

This shows that A is a M —paranormal operator, on T'(H).
Let P be the orthogonal projection of H onto T'(H). For any

r = <$1> €EH=T(H)®kerT".
T2
Then
(Cxg,x9) = (T(I — P)x,(I — P)x) = ((I — P)x,T*(I — P)x) = 0.

Thus T* = 0.

Since 0(A)Uo(C) = o(T) U1, where ¥ is the union of the holes in o(T"), which happen
to be a subset of 0(A)Na(C) by [7, Corollary 7]. Since o(A)No(C) has no interior points,
then o(T) = o(A) U (C) = o(A) U {0} and CF = 0.

References

[1] S. C. Arora and R. Kumar. M— paranormal operators. Publications De L’Institut
Mathematique, 29(49):5-13, 1981.

[2] N. L. Braha, M.Lohaj, F.H. Marevci, and Sh.Lohaj. Some properties of paranor-
mal and hyponormal operators. Bulletin of Mathematical Analysis and Applications,
1(2):23 =35, 2009.

[3] P. Dharmarha and S. Ram. (m,n)—paranormal operators and (m,n)*—paranormal
operators. Commun. Korean Math. Soc., 35(1):151-159, 2020.

[4] T. Furuta. On the class of paranormal operators. Proc. Jap. Acad., 43(7):594 —598,
1967.

[56] T. Furuta. Invitation to Linear Operators. Taylor & Francis, 2001.
[6] P. R. Halmos. A Hilbert space problem book. Moska, 1970.

[7] J. K. Han, H. Y. Lee, and W. Y. Lee. Invertible completions of 2 x 2 upper triangular
operator matrices. Proc. Amer. Math. Soc., 128(1):119-123, 2000.

[8] M. M. Kutkut and B. Kashkari. On the class of class M-paranormal (m*-paranormal)
operators. M. Sci. Bull. ( Nat. Sci), 20(2), 1993.

[9] S. Panayappan, D. Senthilkumar, and R. Mohanraj. M —quasihyponormal composi-
tion operators on weighted hardy space. Int. Journal of Math. Analysis, 2:1163-1170,
2008.

[10] P. Suri and N. Singh. M —quasi hyponormal composition operators. Internat. J.
Math. and Math. Sci., 10(3):621-623, 1987.



REFERENCES 840

[11] A. Uchiyama. On the isolated points of the spectrum of paranormal operators. Integral
Equations and Operator Theory, 55(1):145 —151, 2006.



