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Abstract. We verify the optimal upper bound and optimal lower bound for the convex combina-
tion of contra-harmonic and harmonic means by the generalized logarithmic mean L, when p is of
the linear form p = 2(1 — ¢)a + ¢ and p is of the reciprocal of linear form p = 1/[2(1 — ¢)a + ]
respectively. We prove that

1) L4p—1 = min, {L2(1_C)a+c | Ly(i—c)ate > aC + (1 — a)H} for « € (0,1/2),

2) L_s :Inaxc{L

13—12«

<aC+(1- a)H} for a € (1/2,1)

1 1
2(1—c)a+tc 2(1—c)a+tc

where C' (a b) and H(a,b) are contra-harmonic and harmonic means.

f{oe \M segrll?it]lgilrsa%lég?‘igegtll%ﬁ trllgI% 1zgg]?(}§dr1tql]?n21% rrzlggr% OWelghted arithmetic mean,
Harmonic mean, Contra-harmonic mean

1. Introduction

For any real number p, generalized logarithmic mean L,(a,b) of two positive numbers
a and b is defined by

([ qptl — ol 71/
[(p—l—l)(a—b)] , aFb, p#0, pFt—1;
1/ 1/(b—a)
Lp(a,b) = g <(IG‘> ) a 7& ba b= 07
b—a

- = - _1:

logb —loga’ a7 b p ’

a, a=b.
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Mean L, is continuous and strictly increasing with respect to p. It has many applications
in physics involving a heat conductor problem and a mean temperature between two points
at different temperature [6, 10].

Many classical bivariate means are special cases of generalized logarithmic means such
as

G(a,b) = L_5(a,b), L(a,b)=L_1(a,b), N(a,b)=L_;/(a,b),
I(a,b) = Lo(a,b), and A(a,b)= Li(a,b),

where G, L, N, I, and A are geometric, logarithmic, square-root, identric and arithmetic
means, respectively.
In view of generalized logarithmic means we have a well-known string of inequalities

min{a,b} < H(a,b) < L_3(a,b) < Li(a,b) < S(a,b) < C(a,b) < max{a,b}
for all distinct positive numbers a, b; here

2ab a? + b2 a® + b?
b — b =
P S(a,b) 5 C(a,b) >

H(a,b) =

are harmonic, root-square, and contra-harmonic means, respectively.

Generalized logarithmic mean has been the subject of intensive research in particular
those involving inequalities and monotonicity [1-4, 11-13, 18, 19]. Below we present some
recent works concerning the optimal bound of certain means by generalized logarithmic
means in one direction and weighted means by generalized logarithmic means in another.

For a problem of finding sharp double inequalities between generalized logarithmic
means and other means, recently it was found possible for Neuman-Sandor mean M and
Yang mean U which are defined by

a—2b ) a—b
M (a,b) = 2sinh~! (g—jrg Ula,b) = V2tan~! (%

a, a=>b, a, a=>b.

, a#b
)

In case of Neuman-Sandor mean, Li, Long and Chu [8] in 2012 found the best largest
value p = 1.8435 ... and smallest value ¢ = 2, where p is the unique solution of the equation
(p+ 1)1/? = 21og(1 4+ v/2) such that the double inequalities

Ly(a,b) < M(a,b) < Ly(a,b)

hold for all distinct positive numbers a, b.

In case of Yang mean, Qian and Chu [14] in 2016 found the best possible parameters
p=0.5451... and ¢ = 2, where p is the unique solution of the equation (p+1)/? = /27 /2
such that the double inequalities

Ly(a,b) < U(a,b) < Ly(a,b)



A. Sonubon, S. Orankitjaroen, K. Nonlaopon / Eur. J. Pure Appl. Math, 15 (3) (2022), 1120-1143 1122

hold for all distinct positive numbers a, b.

For a problem of finding optimal bound of weight either geometric or arithmetic means
by generalized logarithmic means, there are many recent works in this direction.

In case of weighted geometric mean, for «, 3,7 € (0,1) and o + f + v = 1, Chu and
Long [4] in 2010 found the optimal bound for A%(a,b)G?(a,b)H"(a,b). That is, they
discovered that the largest value p = 6 + 33 — 5 and the smallest value ¢ = —2/(2ac + )
are the optimal values such that the double inequalities

Ly(a,b) < A%(a,b)G?(a,b)H" (a,b) < Ly(a,b)

hold for all distinct positive numbers a, b.

In 2011, Qian and Long [16] presented the sharp upper and lower bound for the
weighted geometric mean of geometric and harmonic means by generalized logarithmic
means: for all positive numbers a and b

1) Lza—s5(a,b) = G*(a,b)H'"*(a,b) = L_5/,(a,b) for a =2/3,
2) L3a75(a7 b) > Ga(av b)Hl_a(a7 b) > L—Q/a(a7 b) for o € (07 2/3)7

and L3q_5(a,b) < G%(a,b)H'~%(a,b) < L_y), for a € (2/3,1), with equality if and only
if @ = b, and the parameters 3o — 5 and —2/a cannot be improved in either case.

Chunrong and Siqi [5] established the optimal bounds for G%(a,b)N'~%(a,b) in term
of L,(a,b). They found that for any positive numbers a and b

1) L_(1430)/2(a,b) = G*(a,b)N'"*(a,b) = Ly)(4—2)(a,b) for o = 2/3,
2) L_(1+3a)/2(a, b) > Go‘(a, b)Nl_a(a, b) > LQ/(Q_Q) (CL, b) for a € (0, 2/3),

and L_(1434)/2(a,b) < G*(a,b)N'"*(a,b) < Lyj(a—2)(a,b) for a € (2/3,1), and the pa-
rameters —(1 + 3a)/2 and 2/(a — 2) cannot be improved in either case.

In the case of weighted arithmetic mean, Long and Chu [9] in 2010 proposed the
inequalities involving generalized logarithmic means and weighted arithmetic means of
arithmetic and geometric means:

1) Lza—2(a,b) = aA(a,b) + (1 — a)G(a,b) for o = 1/2,
2) L3q—2(a,b) < aA(a,b) + (1 — a)G(a,b) for a € (0,1/2),
3) Lsq—2(a,b) > aA(a,b) + (1 — a)G(a,b) for a € (1/2,1).

Moreover, in each case, the bound Ls,—2(a,b) for the sum of «A(a,b)+ (1 — a)G(a,b)
is optimal.

The harmonic and contra-harmonic means have recently been used to investigate the
optimal bounds for means inequalities as mentioned in the following.

In 2017, Qian, Zhang and Chu [17] discovered the greatest values o and A, and the
smallest values § and g in [0,1/2] such that

Hlaa+ (1 — a)b,ab+ (1 — a)a] < TQ(a,b) < H[Ba + (1 — B)b,Bb+ (1 — B)al,
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GAa+ (1 =Nb, b+ (1 —N)a] < TQ(a,b) < H[pa + (1 — p)b, ub + (1 — p)al

hold for all a,b > 0 with a # b, where TQ(a,b) = 2 [7/? qeos*0pn?04g is the Toader-Qi
mean of a¢ and b.

In 2018, Xu, Chu and Qian [20] found the optimal parameters a5, 3; € (0,1) (i =
1,2,3,4) to ensure that four double inequalities

C(a,b)A' =% (a,b) < Rga(a,b) < CP'(a,b)AY P (a,b),
C°(a,b)A*2(a,b) < Ras(a,b) < C?2(a,b) A1 (a,b),

as [;C(a, b) + gA(a, b)} +(1- a3)01/3(a, b)A2/3(a, b)

< Rga(a,b) < B3 1C(a, b) + gA(a, b)| + (1 — B3)CY3(a,b)A%3(a, b),
3 3

1 [0 + GG + (1= a)CVo(a 54 a.b)

< Rus(a,b) < By [éC(a, b+ gA(a, b)] + (1= B)CYS(a, b) A%/ (q, b)

hold for all distinct positive numbers a,b and

I

1
Rsa(a,b) = 5A(a,b) [ 1+u?+

(1+u?) tan_l(u)]

sinh ™! (u)]

Ras(a,b) = %A(a,b) [1 +

where ¢ > b >0 and u = (a — b)/(a +b).
In 2019, Qian, He, Zhang and Chu [15] found the best values \; = A\ (v),u1 =
w1 (v), A2 = Aa(v) and po = pe(v) on the interval [1/2,1] such that the double inequalities

W)\l’y(a7 b) < RSA(CL, b) < Wuh,,(a, b),
W, v(a,b) < Ras(a,b) < Wy, ,(a,b)

hold for all distinct positive numbers a,b and v > 1/2 where
Wy (a,b) = C*[Aa+ (1 — N)b,Ab+ (1 — N)a]A ™ (a,b).

In 2022, Li, Miao and Guo [7] discovered the largest values «; and the smallest values
Bi (1 =1,2,3) such that the inequalities

aq 11— 1 Bl 1- 61
Clab) ~ A(ab) = M(ab) ~C@b)  Ala,b)
oo 1—an 1 B2 1 — B9

C2a,b) T A2(a,0) S D@ b) S Cab) T A2(ab)’
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and
a3C?(a,b) + (1 — az)A%(a,b) < M?(a,b) < B3C%(a,b) + (1 — B3)A%(a,b)

hold for all positive real numbers a and b with a # b.

The purpose of this paper is to present the inequalities with optimal upper bound
and optimal lower bound of weighted arithmetic means of contra-harmonic and harmonic
means by generalized logarithmic means L, when p is of the linear form p = 2(1 —c)a+c¢
and p is of the reciprocal of linear form p = 1/[2(1 — ¢)a + ¢] respectively and c is the
value to be determined in both cases. Precisely, we prove that

1) Ljo—1 = min, {L2(1—c)0c+c | LQ(I—C)OH-C > aC + (1 - Oé)H} for a € (07 1/2)7

2) L1 :maXC{L

13—12«

L . <aC—i—(1—a)H} for o € (1/2,1).

2(1—c)a+c

2(1—i)a+c
Details of the results are Theorem 1 and Theorem 2 in section 3. Some complicated
computations are carried out using MatlabR2021a software computer system.

2. Preliminaries

In this section, we present four lemmas necessary in the proof of our main results
in section 3. More specifically Lemma 1 is used in all Theorems whereas Lemma 2 to
Lemma 4 are used only in Theorem 1.

Lemma 1. Ifpe R, t > 1 and

F(t) = 2 [In (# 1) —In(p+ 1) — In(t — 1)]

p
—In[a(t®+1) +2(1 — a)t] + In(t + 1), (1)
then Go)
) = o D@ D@ )20 —a)i 2)
where

G(t) = (=3ap+2p—a) (P73 — 1) + (5ap — 2p + a — 2) (P72 — 1)
+(—ap+a—2) (tp+1 - t2) —a(p+1) (¢ - t3) .
Furthermore, G(1) = G'(1) = G"(1) = 0.
Proof. Differentiating F'(t) yields (2) and by taking derivative of G, we obtain

G'(t) = (=3ap+2p — a)(p + 3)P*2 + (bap — 2p + a — 2) [(p + 2)tP T — 1]
+(—ap+a—2)[(p+1t? —2t] —a(p+ 1) (ptP ' — 3¢%),

G"(t) = (=3ap+2p — a)(p+3)(p + 2)t"™ + (5ap — 2p + a — 2)(p + 2)(p + 1)t*
+(—ap+a=2)[(p+1)ptP ' —2] —a(p+1) [pp— )P 2 —6t],

respectively. It follows immediately that G(1) = G'(1) = G" (1) = 0.
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Lemma 2. Let a € (0,1/8) and t > 1 and

1 2 -1
JO) =50 | i1 120 — o)t

Function f is strictly increasing for t satisfying the inequality
22 —2(a® = 3a+ 1)t +a® < 0.

Proof. Differentiating f(t) with respect to ¢ yields

o) = e <. e { [a(t? + 1) +2(1 — a)t] (2t) — (12 — 1) [2at +2(1 — )] }
[a(t2 +1) +2(1 — )]

21
— t2pa@+D)+2(1-a)t

Simplifying f/(¢t) and setting f/(t) > 0, we obtain
2t +1) +2(1 — a)t)t2 — t(t2 — 1) [2at +2(1 — @)] — [a(2 +1) +2(1 — a)t]* > 0
or

?t? — (202 — 6a + 2)t + a® < 0.

Lemma 3. Fora,b> 0 and o, 3 € (0,1) with o > 3, we have
aC(a,b) + (1 — a)H(a,b) > BC(a,b) + (1 — B)H (a,b).

Proof. Because C(a,b

) > H(a,b) and a > 3, the result follows immediately from the
inequality (o — 3)C(a,b) > (

a— B)H(a,b).
Lemma 4. Fort > 1, we have
Loyp(Lt)> 20018 + SH(, 1)
—1/2\4s 4 ) 4 s U).
Proof. The proposed inequality is
1+2VE+t U1 t2+1 L3 2
4 4\ t+1 4\t+1

which is equivalent to (vt — 1)% > 0.
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3. Main Results

We first establish the optimal upper bound for the weighted arithmetic mean of contra-
harmonic and harmonic means by generalized logarithmic means L, where p has the linear
form p =2(1 — ¢)a+ ¢ and « € (0,1/2). Precisely, we have

Theorem 1. Let a,b > 0 with a # b. Then
1) Lig-1(a,b) = aC(a,b) + (1 — a)H(a,b) for o =1/2;

2) Lyo-1(a,b) > aC(a,b) + (1 — a)H(a,b) for a € (0,1/2), and the parameter 4o — 1
cannot be improved in the sense that

Ljo—1 = chin {Loa—cjare | Lai—cjare > aC+ (1 —a)H} for a € (0,1/2)
t.e. c=—1;
3) Lin-1(a,b) < aC(a,b)+ (1 —a)H(a,b) forae (1/2,1).
Proof.

1) For a =1/2, on one hand we have

a+b
L4(%)_1(a,b):L1(a,b): 5 .
On the other hand, we have
2 2
Cla,b) + H(a,b) S +2%  a+b
2 N 2 2

2) Without loss of generality, we assume that b > a > 0 and set t = b/a > 1. The
proposed inequality becomes

[t“a—l)] 1/(4a—1) . <t2 +11> -a) <2t1> a € (0,1/2). (3)

do(t —1 t+ t+

Inequality (3) is equivalent to F'(t) > 0 in (1) with p = 4a — 1. Using Lemma 1, we have
a formula for F'(t), G'(t), G"(t) where G(t) is the numerator of F’(t) appearing in (2).
Taking derivative of G”(t), we have

111

Sﬁffi = (4o +2)(4a + 1)(3a — 1)(1 — 20)t* — 20(4a + 1) (4a — 1)(3 — 5a)t?

+2(20% — o+ 1)(4a — 1)(1 — 2a)t
—a(4a — 1)(1 — 2a)(3 — 4a) + 3att™1, (4)

We divide our proof into four cases: a € [1/3,1/2), a € [1/8,1/4), € [1/4,1/3) and
a € (0,1/8).
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2.1) Case a € [1/3,1/2): Observe that the coefficients of 3> and t in (4) are positive
while that of t? and constant term are negative for a € [1/3,1/2). Since t > 1, we have
t? < t*=4 < #3 and consequently
G/// (t)
i > [(4a +2)(da + 1)(Ba — 1)(1 - 2a) — 2a(4a + 1)(da — 1)(3 — 5a)
+ 304} Ao
+ [2(20% — a+ 1) (4a — 1)(1 — 20) — a(da — 1)(1 — 22)(3 — 4a)] ¢
> (1 - 2a)(4a — 1)(=8a” + 5ar +2) (t*4* —t) > 0.
Together with G(1) = G'(1) = G”(1) from Lemma 1, we conclude that F'(t) > 0 for all
a€[1/3,1/2).
2.2) Case ae € [1/8,1/4): Since monotonicity property of L, implies that
Lia-1(1,t) = L_y/5(1,t) for a > 1/8, it is sufficient to prove instead the inequality
L_y1)5(1,t) > aC(1,t) + (1 — a)H(1,t) or

(1 —4a)VE +4(1 — 2a)VE+ (1 — 4a) > 0.
which is true for ¢ > 1 and o € [1/8,1/4).
2.3) Case v € [1/4,1/3): Monotonicity of L, and Lemma 3 imply that
L4a71(17t) > LO(lvt) > L—1/2(17t) for o > 1/47
Lo(1,1) = (1/e)t" 71 > t/e,
(1/3)C(1,t) + (2/3)H(1,t) > aC(1,t) + (1 — a)H(1,t) for a € [1/4,1/3).
To prove this case, it is thus sufficient to show that there exist t1 < to < t3 s.t.
(1) L_1yo(1,8) > (1/3)C(1,t) + (2/3)H(1,t), 1<t <t;
(i) t/e > (1/3)C(L 1) + 2/3H(L1), t5 <t
(iii) Lo(1,t) > (1/3)C(1,t) + (2/3)H(1,t), t1 <t <ts.

Since the inequality in (i) is just

1+2Vt+t > 4+4t+1
TAVERE P AL e o,
1 3061 1)

which is true for 1 < ¢ < (2 + /3)? and we choose to = (2 + v/3)? ~ 13.92 so that (i) is
valid. Now, consider the inequality in (ii) or

t 244t +1

-> —— 3—e)t? +(3—4e)t — 0
> 3+ 1) or (3—e)t”+( e)t —e >0,

which is true for

de —34+12e2 —12e+9
t>

~ 28.28.
6 — 2e




A. Sonubon, S. Orankitjaroen, K. Nonlaopon / Eur. J. Pure Appl. Math, 15 (3) (2022), 1120-1143 1128

Hence, we choose t3 to be the right-side number so that (ii) is valid. Now, we consider
t < t3. Since t/(t=1) is a decreasing function for ¢ > 1, we have

(1/6)751+$ >1t/c where c¢= e/t31/(t3_1).
To find #; for (iii), it is enough to find it from

t P44t +1 5
-> 3—c)t 3 —4c)t — 0
e 3G+ 1) or (3—c)t"+( o)t —e >0,

which is true for

de — 3+ V12¢2 —12¢+ 9
t>

~ 11.47.
6 — 2¢

We therefore choose t; = 4¢=3+ V61_2§?12C+9 so that (iii) is valid. Now t; < to < t3 and
satisfy (i), (ii) and (iii).

2.4) Case a € (0,1/8): Monotonicity of L, implies that Lio—1(1,t) > L_1(1,t) for o > 0.
Hence we will seek ¢ which satisfies L_;(1,t) > aC(1,t) + (1 —a)H(1,t) or

t-1 t2+1 L a 2t 1 2 —1 .
a | ————— — e —— or —ex .
Int t+1 t+1 t P la@@+ 1) + 201 — a)t

Setting f(t) := t~Lexp [m}, we can see that f(1) = 1 and use Lemma 2 to

conclude that f'(t) > 0 where o?t? — 2(a? — 3a + 1)t + o? < 0. Function f(¢) is an
increasing function when




A. Sonubon, S. Orankitjaroen, K. Nonlaopon / Eur. J. Pure Appl. Math, 15 (3) (2022), 1120-1143 1129

t€<(042—3a+1)—\/—6a3+11a2—6a+1

a? ’

(a2—3a+1)+\/—6a3+11a2—6a+1>
2 )
«

which implies that for « € (0,1/8),

2 — 1
f(t)>1 when te <17a32a+} .
(6]
Hence
Lia_1(1,t) > aC(1,t) + (1 —)H(1,t) for 1<t<(a®—3a+1)/a? (5)

Now, observe that the qualities

1 1
tlo — 1 AT 1\ a1 a(l+2) + (1 —a)(2t)
- - - 2 _
[404(15—1)] >t<4a> and ot+(2—a)> 1T+

hold for all a € (0,1/8). We will show that

= =
t<4a) >at+(2—a) or t <4a) —a| >2-«

for all t > (a? — 3a + 1)/a?. Tt is sufficient to show that

a?—-3a+1 1\ AT - (1)4@.1_1> a — o2
- — —« —a or [— S
a? 4o 4o 0?2 —3a+1

However, this is a direct consequence of a simple string of inequalities,

1\ 1o —a?

4a—1 (0% [0
— 2 ——— forall 1/8).
(404) > a>a2—3a+1 orall «€(0,1/8)
Thus
Lia-1(1,t) > aC(1,t) + (1 —a)H(1,t) for t> (a®—3a+1)/a% (6)

From inequalities (5) and (6), we conclude that for o € (0,1/8)
Lin—1(1,t) > aC(1,t)+ (1 —a)H(1,t) forall ¢>1. (7)

Finally, we will prove that the parameter 4o — 1 cannot be improved in this case.

Suppose, to the contrary, that inequality (7) is true with parameter 2[1 — (=1 —¢€)]a+
(=1 — ¢) for a sufficiently small € > 0. That is

Lop—(—1—olat(—1-0(1,t) = [aC(1,t) + 1 —a)H(1,t)] >0 forall ¢>1.
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Hence

Lofi—(1-a)ja+(—1-0 (1, t) = [aC(1,t) + (1 — a)H(1,1)]

; >0 forall ¢>1.

Taking limits to both sides of the above inequality leads to

L —(—1l—¢)ja+(—1—€ 17t_ Cl,t 1— Hl,t
lim e L2i-1-elat(-1-9 (L) — [aC(1,1) + (1 — o) H( ﬂ)
€ + t*>+00 t
= [579]
€
_2(2+6)<0,

which is a contradiction.

3) As in 2), the proposed inequality becomes

[45(6;:11)]1/(4&1)<a<tt2:-r11>+(l_a) <tit1) ae(1/2,1). (8)

Inequality (8) is equivalent to F(t) < 0 and the term G"(¢) is still that in (4). It is
sufficient to show that G"(t) < 0 for all @ € (1/2,1). To that end, we divide our proof
into three cases: o € (1/2,3/5], a € (3/5,3/4] and o € (3/4,1).

(a) Case a € (1/2,3/5]: In (4), observe that the constant term is positive while the
coefficients of 3,¢? and t are negative for a € (1/2,3/5]. Since t > 1, it follows that
t4=4e < 2 < #3 and consequently

111

85#1(();—)4 <[ (@a+2)(4a+1)(Ba—1)(2a — 1)
+ 2050 — 3)(4a + 1) (4o — 1) + 3at*
+[=2(202 —a+1)(4a — 1)(2a — 1)
+alda—1)2a—1)(3 - 4a)]
<(a—-1)(da—1) [ — (—8a2 + 5o + 2)t4 71 — (802 — 5o+ 2)}

< (20— 1) (4o — 1) [ — (=82 +5a +2) — (82 — 5+ 2)}
= —4(2a — 1)(4a — 1) < 0.

(b) Case a € (3/5,3/4]: For such a, the coefficient of t* and the constant term in (4) are
positive while the coefficients of t3 and t are negative. Since ¢ > 1, we have t? < t3
and consequently

111

G (1)

it < [~ (ot 2)(da+ 1)(Ba - 1)(2a - 1)

+ 2a(5a — 3)(4a + 1) (4a — 1)] ¢
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+[-2(20° — a + 1)(4a — 1)(2a — 1) + a(4a — 1) (2 — 1)(3 — 4a)]
+ 3ot
= —2(1 — a)(4a + 1)(8a* — ba + 1)t
— (2a — 1)(4a — 1)(8a? — 5a + 2) + 3att™4,
Now, consider the term on the right side of the above inequality. Since the coefficient

—2(1 — a)(4a + 1)(8a? — 5ar + 1) of 2 is negative for o € (3/5,3/4] and t*~4* < ¢2,
we get

—— < [=2(1 — a)(da + 1)(8a® — 5 + 1) + 3att 4
— (2a — 1)(4a — 1)(8a2 — 5ar + 2)
= (20 — 1)(4a — 1)[(8a® — 5 — 2)t* 4 — (8a* — 5 + 2)]
< (2a —1)(4a — 1)[(8a® — 5o — 2) — (8% — 5 + 2)]
= 420 — 1)(4a — 1) < 0.

(c) Case o € (3/4,1): For « in this interval the coefficients of 3 and ¢ in (4) are negative
while the coefficient of t? is positive. Because ¢ > 1, we have t474¢ < t? < 3. Thus

GIII (t)
Satta—4 < [ -
+ 2a(5a — 3) (4a + 1) (4o — 1) |2

a(da+2)(da+1)B3a—1)2a—1)

+ [ —2(202 — a + 1)(4a — 1)(2a — 1) + 3a |44
—a(da—1)2a —1)(4a —3)
= —2(1 — a)(4a +1)(8a% — 5a + 1)t
+ (=320t 4 400% — 320° + 17a — 2)t*™4* — a(4a — 1)(2a — 1) (4a — 3).
Now consider the term on the right side of the last equality sign above. The coefficient

—2(1 — a)(4a + 1)(8a2 — ba + 1) of 2 is negative and ¢4 < ¢? as o € (3/4,1).
Hence

——— < [-2(1 - a)(da+1)(8a® — 5o+ 1)
+ (—320* +400° — 3207 + 170 — 2) 440
—a(da —1)2a —1)(4a — 3)
= (2a —1)(4a — 1)[ — (—4a® + 3o + 4)t* 4o
—a(da—1)2a —1)(4a — 3)]
< (2a—1)(4a - 1)[ - (—4a® + 3a + 4)
—a(da—1)(2a — 1)(4a — 3)]
—4(2a—1)(4a—1) < 0.
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The proof is complete.

The next theorem is concerned with determining the optimal lower bound for the
weighted arithmetic mean of contra-harmonic and harmonic means by generalized loga-
rithmic means L,, where p is of the reciprocal of linear form p = 1/[2(1 — ¢)a + ¢] where
a € (1/2,1).

Theorem 2. Let a,b > 0 with a # b. Then
1) L7/(13—12a)(a7 b) = O{C((L, b) + (1 - OZ)H((L, b) fOT’ = 1/27
2) L7/(13—12a)(a7 b) > aC’(a, b) + (1 - OZ)H((L, b) fOT’ o€ (Oa 1/2)¢

3) L7/3-12a)(a,0) < aC(a,b) + (1 — a)H(a,b) for a € (1/2,1), and the parameter
7/(13 — 12a) cannot be improved in the sense that

L_~ :maX{L 1
2(1—c)a+c

13—12« C

L_ . <aC+(1—a)H} fora e (1/2,1)

S—cjate
i.e. ¢ =13/7.
Proof.
1) For a = 1/2, we have

a+b C(a,b)+ H(a,b)

L7/[13—12(1/2)}(aa b) = Li(a,b) = 9 9 :

2) Treated as in Theorem 1.2), the proposed inequality becomes

t20_12a 1 (13—12a0)/7 22 41 o
13—12a¢ —

1-— — 1
[(2012&)(t_1)] >0‘<t+1>+( ) <t+1> a€(0,1/2), (9)

13—12a

for t = b/a > 1. Inequality (9) is equivalent to F'(¢) > 0 in (1) with p = 7/(13 — 12a).
Using Lemma 1, we have a formula for F'(t), G'(t), G”(t) and by taking derivative of
G"(t), we obtain

A—4
G(t) = Mﬂ@ (10)

where

20— 12a

=" 11
13 —12a’ (11)

and

H(t) = 2(1 - 202)(7 — 3a)(23 — 18a) (11 — 8a)t?
— 14(30® — 18 + 10) (11 — 8a)t? 4 14(6a* — 15a + 13)(1 — 2a)t
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— 7a(1 — 2a)(19 — 24a) + a(13 — 12a)3t* 4. (12)

Note that the coefficients of t3 and t4=4 in (12) are positive but that of ¢ is negative for
a € (0,1/2). Since t*=4 > ¢2 and t? > 2t — 1, we further have

H(t) > 2(1 — 2a)(7 — 3a)(23 — 18a)(11 — 8a)t(2t — 1)
+ [a(13 — 12a)® — 14(3a* — 18 + 10)(11 — 8a)]t?
414602 — 150 + 13)(1 — 2a)t — Ta(1 — 2a)(19 — 24q)
—(1-2a) [(—86405” +6,0720% — 10,723 + 5, 544)t2

—32(5 — 3) (90 — 29a + 21)t — Ta (19 — 24a)|.

Now consider the term on the right side of the above equality sign. The coefficient (1 —
20))(—864a3+6,072a2% —10, 723+ 5, 544) of t? becomes positive for a € (0,1/2). Together
with ¢ < ¢2, we finally have

H(t) > (1 —20)|(—864a® + 6,0720% — 10, 723c + 5, 544)

—32(5 — 3)(9a® — 29a + 21) — T (19 — 24a) |t
= 168(1 — )(13 — 12a)(1 — 2a)t > 0.

Therefore G (t) > 0 for all « € (0,1/2).

3) Here the proposed inequality becomes

it e 241 %
[(2012a)(t_ 1)] <o) ra-a () ecapzn )

13—-12a

for t = b/a > 1. Inequality (13) is equivalent to F'(t) < 0in (1). Terms G""(t), A and H(t)
are still of the forms (10), (11) and (12), respectively. It is then sufficient to show that
H(t) <0 for all @ € (1/2,1). To that end, we divide our proof into two cases o € (8/9,1)
and a € (1/2,8/9].

3.1) Case a € (8/9,1): For such «, we have 4 — A € (—4,0) and

1t4—"‘<1<1+(4—A)(t—1)+(4_‘4)2(3_A)(zt—1)2

(43202 — 726 + 304)t? + (—432a2 4 600a — 192)t + (144a? — 186ar + 57)
(13 — 12a)?
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Hence

H(t) < 2(2a — 1) [ — (7 3a)(23 — 18a)(11 — 8a)3
+ 2(—6480a> + 1,5090% — 1,191cr + 385)t2
— (—1,2960° + 2,59802 — 1,353 + 91)t
—2a(24a — 19)(9a — 8)|.
Now consider the term on the right side of the above inequality sign. As the coefficient of
t3 is negative for a € (1/2,1) and 3 > ¢(2t — 1), we have
H(t) < 2(2a — 1) [ — (7 - 3a)(23 — 18a)(11 — 8a)t(2t — 1)
+ 2(—6480> + 1,50902 — 1,191cr + 385)t>
— (—1,2960° + 2,59802 — 1,353 + 91)¢
~ 2a(24a — 19)(9ar — 8)}
=2(2a — 1) [(-43203’ —1,29002 + 4, 484a — 2, T72)t*
+ (8640® — 44402 — 2,080c + 1, 680)t
— 2a(24a — 19)(9a — 8)} .
Examine the term on the right side of the equality sign above. The coefficient —432a3 —
1,29002 + 4,484a — 2,772 is an increasing function of o € (1/2,1) with negative value

(-10) at a = 1. Since the coefficient of #? is negative for a € (8/9,1) and ¢ > 2t — 1, we
obtain

H(t) < 22 — 1) [(—432043 —1,29002 + 4, 484a — 2,772)(2t — 1)
+ (8640 — 4440* — 2,080c + 1,680)t
~ 2a(24a — 19)(9a — 8)}
= 2(2a — 1) { —168(1 — a)(23 — 18a)t + 252(1 — a)(11 — 80[)]

Look at the term on the right side of the above inequality sign. Since the coefficient
—168(1 — «)(23 — 18«) of ¢t is negative and ¢ > 1, we finally have

H(t) < 2(2a — 1) [ —168(1 — a)(23 — 18a)t + 252(1 — a)(11 — 8a)]
< ~168(2a — 1)(1 — a)(13 — 12a) < 0.

3.2) Case a € (1/2,8/9]: For « in this interval, the coefficient of 3 in (12) is negative and
4 — A €10,2). Hence t*=4 < 2. These consequences and ¢3 > (2t — 1) imply that
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H(t) < —2(2a — 1)(7 — 30)(23 — 18a) (11 — 8a)t(2t — 1)
+ [a(13 — 12a)® — 14(3a® — 18a + 10)(11 — 8a)|¢?
— 14(6a% — 150 + 13)(2ac — 1)t — T (200 — 1)(24cx — 19)
= (86403 — 6,07202 + 10, 723a — 5, 544)t>
4 32(5 — 30)(9a? — 29a + 21)t — Ta(24a — 19).
Examine the term on the right side of the inequality sign shown above. Notice that the
coefficient 864a3 — 6,072a2 + 10,723a — 5,544 is an increasing function for a € (1/2,1)

with negative value (-29) at a = 1. The coefficient of #? is negative for a € (1/2,8/9]. We
have t? >t and then

H(t) < [(864@3 —6,07202 + 10,723 — 5, 544)
+32(5 — 3a)(9a” — 29a + 21) |t — Ta(24a — 19)
= (—1,848a% + 4,067 — 2,184)t — Ta(24a — 19).
Consider the term on the right side of the equality sign above. Coefficient —1, 8482 +
4,067 — 2,184 is increasing for a € (1/2,8/9] with negative value (-29.03) at o = 8/9, it
is therefore negative on the whole interval (1/2,8/9]. Since t > 1, we get
H(t) < (—1,848a% + 4,067 — 2,184) — Ta(24a — 19)
< —168(1 — a)(13 — 12c) < 0.

Finally, we will prove that the parameter 7/(13 — 12«) cannot be improved in this case.
Suppose, to the contrary, that inequality (13) is true for the parameter

1
20— (1+k+elat+(1+k+e)

for a sufficiently small € > 0. That is

(1,t) < aC(1,t) + (1 —a)H(1,t) forall > 1.

1
2[1—(1+k+e)]at(1+k+e)

Taking logarithm of both sides of the above inequality, we get

(1,t)] —In [aC(1,t) + (1 — a)H(1,8)] < 0.

1
[ S[1—(13/7+6)]a+(13/7+<)
With the notation in Lemma 1, this is just

1

F(t) <0 forallt>1 where p:2[1—(13/7+e)]o¢+(13/7+e)‘

(14)

From Lemma 1, G(1) = G'(1) = G”(1) = 0. Taking derivative of G”(t), we have
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G"'(t) = (=3ap+2p—a)(p+3)(p+2)(p + 1)t
+ (5ap—2p+a—2)(p+2)(p+1)ptP~!
+(—ap+a—2)(p+ p(p— 1)">
—alp+1) [plp—1)(p—2)t" > —6].
Hence
G"(1)=2(p+ 1)p(p—12a+5) for a € (1/2,1).
However,

. 686(7e — 8)¢
lim 2(p+ )p(p — 120+ 5) = ——— 2=
Jim. (p+ Dp(p — 120 +5) (Te—1p3

Therefore G(t) < 0 or F(t) < 0 in a small neighborhood of 1 if € < 1/7. This contradict
to statement (14).

> 0.

The proof is complete.

Remark 1. In statement 3) of Theorem 1, Lyo—1 is not the optimal lower bound of the
considered weighted arithmetic mean for o € (1/2,1). Neither is Ly/13-124) the optimal
upper bound of the one for o € (0,1/2) in statement 2) of Theorem 2.

Due to monotonicity property of generalized logarithmic means, we expect a sharper
result. Partial results are shown in the following theorem.

Theorem 3. Let a,b >0 witha #b and k =2/(2In2 —1). Then
1) Ll/[f2ka+(k+1)](a7 b) =aC(a,b) + (1 —a)H(a,b) = L2ka+(17k) (a,b) for a=1/2;
2) Lij—okatk+1))(a,b) > aC(a,b) + (1 — a)H(a,b) for a € (0,2/k) ~ (0,0.38);
3) Loka+(1-k)(a,b) < aC(a,b) + (1 — a)H(a,b) for a € ((k+2)/2k,1) =~ (0.7,1).
Proof.
1) This is obvious after inserting o = 1/2 into the left and right sides of the statement.

2) Treated as in Theorem 1(2), the proposed inequality becomes
—2ka+(k+1)

> (a)

t1+{1/[_2ka+(kz+l)]} -1
(TR T

for all @ € (0,2/k) and ¢t = b/a > 1. Inequality (15) is equivalent to F'(¢ ) > 0in (1)
with p = 1/ [-2ka + (k + 1)]. Using Lemma 1, we have formulae for F'(t), G'(t), G"(t).
Taking derivative of G”(t), we have

t2+1 2
L (l—a) 1
1 T (15)

24+ k—2ka —2+(6a=3)k

" t — t71+(2o¢71)k t
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where
J(t) = (1 —202)(2 — ka)(6ka — 3k — 4)(4dka — 2k — 3)t3
— (20%k — 5ka — 6a + 2k + 4)(—4ka + 2k + 3)t°
+ (1 = 20)k(20°k — 5k + 2k + 2)t — a(1 — 2a)k(—4ka + 2k + 1)

—2+(6a—3)k

+ 6 (1 4 k — 2ka)3t=—1+@a=Dk,

For a € (0,2/k), exponent [—1 + (4da — 2)k]/[—1 + (2ac — 1)k] > 1 and hence

—2+(6a—3)k —14+(4a—2)k
t=1+@a—Dk — ¢ [t 1+ (2a—1)k }

>t{1+ [—1+(4a—2)k](t_1)}

14 (2a-1)k
- Erm ot el

Furthermore coefficient 6a(1 + k — 2ka)® > 0 for such .. Therefore

J(t) > (1 - 2a) [(2 — ka)(6ka — 3k — 4)(dka — 2k — 3)3
+ (480K — 480%Kk® — 640k? + 12ak® + 40ak? + 39k — 4Kk* — 14k — 12)¢?
— k(24a3k? — 240°k* — 260k + 6ak? + 1Tka + 6 — 2k — 2)t
— ak(—4ka + 2k + 1)} .

Consider the term on the right side of the inequality sign above. Since t> > 2t — 1 and
coefficient (2 — ka)(6ka — 3k — 4)(4ka — 2k — 3) of 3 is positive, we have

J(t) > (1 2a) [(1ooa2k2 — 900k? — 121ka + 20k2 + 54k + 36)t2
+ (=5602k2 + 48ak? + Taka — 10k — 32k — 24)t — ak(—dka + 2k + 1)] :

Because t? > t and coefficient 10002k? — 90ak? — 121k + 20k? + 54k + 36 of t? on the
right side of the above inequality is positive for o € (0,2/k), we obtain

J(t) > (1 —2a)|(4402k? — 42ak* — 4Tka + 10k* 4+ 22k 4 12)t
— ak(—4ka + 2k +1)|.

Observe that coefficient 44a?k? — 42ak? — 4Tka + 10k? 4 22k + 12 of ¢ is positive for such
a. Since t > 1, we finally have

J(t) > 2(1 — 20)(12ka — 5k — 6)(2kar — k — 1) > 0.

Therefore G (t) > 0 for all « € (0,2/k).
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3) Treated as in Theorem 1(2), the proposed inequality becomes

$2ka+(2—k) _ 1 1/12ka+(1=k)] 241 2t
1-a) = 16
{[2ka+(2—kz)](t—1)} <O‘<t+1>+( O‘)<t+1> (16)

for all @ € ((k+2)/2k,1) and t = b/a > 1. Inequality (16) is equivalent to F'(t) > 01in (1)
with p = 2ka+ (1 — k). Using Lemma 1, we have formulae for F'(t), G'(t), G"(t). Taking
derivative of G”(t), we have

G (t) = (2ka — k + 2)t2 =2 K (1),
where

K(t) = —(2a — 1)(3ka — 2k + 2)(2ka — k + 4)(2ka — k + 3)t3
+ (100%k — 9k + 6 + 2k — 4)(2ka — k + 3) (2ka — k + 1)#?
— (20%k — ka + 2)(2ka — k 4+ 1)(2ac — 1)kt
—a(2ka — k4 1)(2ka — k — 1)(2a — 1)k + 6”2k t2, (17)
Since t3 > (2t — 1) and the coefficient of 3 in (17) is negative for o € ((k + 2)/2k, 1), we
have
K(t) < —(2ka — k +3)
(40°k? — 1202k* + 420°k + 9ak?® — 49ka — 2k? + 26a + 14k — 2)t?
+ 220 — 1)(2ka — k 4 2)(20%k? — 3ak? 4+ 10ka + k% — Tk + 6)t
— a(2ka — k4 1)(2ka — k — 1)(2a — 1)k + 6t~ 2kat2, (18)
Since t2 > 2t — 1 and the coefficient of ¢? in (18) is negative for a € ((k + 2)/2k, 1), it
follows that
K(t) < (1603k3 — 9603k? — 240°k3 + 1840k 4+ 120k — 2280°k
— 1120k? — 2k 4 250ka 4 22k? — 108 — 68k + 48)t
+ (=160°k® + 9603k% + 240°k3 — 17602k? — 120k + 18002k
+ 104ak? + 23 — 198ka — 20k + T8 + 54k — 36) + 6atF~2Fat2 (19)

The coefficient of ¢ in (19) is negative and t*=2k2+2 < 1 for a € ((k + 2)/2k, 1). Therefore,

K(t) < (8a%k* — 480k — 8ak? + 52ka + 2k% — 30a — 14k + 12) + 6ath—2ka+2
< (8a2k? — 480k — 8ak® 4 52ka + 2k? — 30a — 14k + 12) + 6
=2(k—6)2a0—1)(2ka—k+1) <0.

As a result, G"”'(t) < 0 for all « € ((k+2)/2k,1).
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Conjecture 1. Let a,b >0 witha #b and k =2/(2In2 —1).

1) Ly/—2ka+(k+1)) (@, b) > aC(a,b) + (1 — a)H(a,b) for a € (0,1/2);

2) Loka+a—k(a,b) <aC(a,b) + (1 — a)H(a,b) for a € (1/2,1).

If conjecture 1 is correct, Lj/[_oga(k+1)] Will be the optimal upper bound for the
considered weighted arithmetic mean fora € (0,1/2) and Lgpqy(1—x) Will be the optimal
lower bound for the considered weighted arithmetic mean for o € (1/2, 1), as shown in the
following theorem.

Theorem 4. Let a,b >0 witha #b and k =2/(2In2 —1).

1) If Ly j[—oka+(k+1) (@, b) > aC(a,b) + (1 — a)H(a,b) for a € (0,1/2), then the param-
eter 1/ [—2ka + (k 4+ 1)] cannot be improved in the sense that

L

L . >aC—|—(1—a)H} for a € (0,1/2)

1 = min { 1
—2ka+(k+1) c 2(1—c)a+tc 2(1—c)a+tc
ie.c=1+4+k;

2) If Loga+y(1—k)(a,b) < aC(a,b) + (1 — a)H(a,b) for a € (1/2,1), then the parameter
2ka + (1 — k) cannot be improved in the sense that

Logay1—k) = max {L2(1fc)a+c | Lo —c)ate < aC + (1 — O‘)H} for a € (1/2,1)
ie.c=1—k.
Proof.

1) Suppose, to the contrary, that inequality (15) is true for the parameter

1
20— (1+k+e)|a+(1+k+e)

for a sufficiently small € > 0. That is

1 (1,t) >aC(1,t)+ (1 —a)H(1,t) forall ¢>1.

2[1—(14+k+e)]at+(1+k+e)

Hence

1 1
- > _ )
t{LZ[HHWiMHM (1,t)} > {aC(l,t) +(1 a)H(l,t)} forall t>1

Taking limits on both sides of the above inequality lead to

1
.1 S 1 L B
lim {L2[1(1+k+e§]a+<1+k+e) (1, t)} lim ; [aC’(l, )+ (1—a)H(1, t)],

~ t—+o0
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which is equivalent to

> .

(1—20)(k+e)+1
(1—2a)(k+e) +2

:| (1—2a)(k+e€)+1

Taking logarithm of both sides of the above inequality, we get
(1—-2a)(k+e)+1
= [(1—-2a)(k 1]1 —Ina > 0.
Q) = (1= 20)(k+ ) + 1 [ f =30 e

0 for all @ € (0,1/2) and Q((1/2)~) = 0, it immediately follows that

Sine Q(«a) >
Q'((1/2)7) < 0. However,

—2(k +¢) e
—2(k +¢)In [(1 —2a)(k + €) +2] )

/ =
)= T mEro12
leading to
lim  Q'(a) = 2 >0
a—(1/2)~ ok ’

which is a contradiction.
2) Suppose, to the contrary, that inequality (16) is true for the parameter 2[1 — (1 — k —
€)Ja+ (1 — k — ¢) for a sufficiently small € > 0. That is

L2[1—(1—k—e)]o¢+(1—k—e)(17t) < CtC(l,t) + (1 — Oé)H(l,t) for all t> 1.

Hence
1 1
E{L2[1_(1_,6_6)]&“1_,%6)(1,t)} < z[aCLH+ (1 -a)HLY] foral t>1.

Taking limits on both sides of the above inequality lead to

1 .1

lim —9 Loji—(—1-)a+(—1-¢) (1, 1) ¢ < Jam = aC(L,t) + (1 —a)H(L1)|,

t—+oo t

which is equivalent to
< a.

1
[(204— 1)(k+ea+2

] 1/[(2a—1)(k+€)a+1]

Taking logarithm of both sides of the above inequality, we get
() :==—In[(2a —1)(k+¢€) +2] — [(2a — 1)(k + €) + 1] In(a) <0

R
Sine R(a) < 0 for all @ € (1/2,1) and R((1/2)T) = 0, it immediately follows that
<

R((1/2)7)

0. However,
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R(«)
(k + e){4a[1 +(a—1/2)(k + )] In(a) + 4(a — 1/2)2(k + €) + (8o — 3)} +2
ala—1)(k+e€) + 2

leading to

2¢
li R(a)==>0
oz—)(llr?Q)?L (CY) k ’

which is a contradiction.

4. Conclusions

In this paper, we seek the optimal upper and lower bounds of weighted arithmetic
means of contra-harmonic and harmonic means by generalized logarithmic means L, when
p is of the linear form p = 2(1 — ¢)a + ¢ and p is of the reciprocal of linear form p =
1/12(1 — ¢)a + ] respectively. When p has a linear form, we found that

Lin_1 = mcin {LQ(l—C)a+c ’ L2(1—c)a+c >aC+ (1 - OJ)H} for a € (0, 1/2)
When p has a reciprocal of linear form, we found that

L_ 7 =max { L__
2(1—c)a+c

13—12« C

L__. <aC’+(1—a)H}fora€(1/2,1).

2(1—c)a+c

We also show that, if conjecture 1 is correct, then Ly /[_oga(r+1)] Will be the optimal upper
bound for the considered weighted arithmetic mean for a € (0,1/2) and Lopqq(1—g) will
be the optimal lower bound for the considered weighted arithmetic mean for o € (1/2,1).
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