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Applications of double fuzzy Sumudu Adomian
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Volterra integral equations
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Abstract. In this paper, we combine double Sumudu transform with Adomian decomposition
method to solve two dimensional fuzzy convolution Volterra integral equations. We give some
definition for fuzzy number, fuzzy valued function which are prerequest for combine the double
fuzzy Sumudu transform with Adomian decomposition transform method. We describe the method
and finally, numerical examples are given to illustrate the efficiency and applicability of our method.
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1. Introduction

An important branch in fuzzy mathematics is the topics of fuzzy integral equations.
The concept of fuzzy numbers and arithmetic operations firstly introduced by Zadeh [11].
The topic of integration of fuzzy functions was initially coined out by Dubois and Prade
[12]. The study of fuzzy Volterra integral equations begins in Kaleva [20], Seikkala [26] and
Mordeson and Newman [24], such integral equations are applied in control mathematical
models.

The problems posed in the study of fuzzy integral equations are: existence and unique-
ness, boundedness of the solutions [13, 16] and the construction of numerical methods for
the approximate solution.

Integral transforms constitute fundamental tools in operational calculus. They are
mathematical operators that have been used widely in solving many practical problems
in applied mathematics, physics and engineering [25, 27]. There are a number of papers
on the theories and applications of integral transforms, some of which are Laplace, Mellin
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and Hankel transforms [23, 28, 29]. Subsequently, the concept of integral transforms was
expanded to remove the necessity of finite intervals. Watugala [18, 19] has proposed a
new integral transform called the Sumudu transform. One of the most recent methods in
handling problems modelled under fuzzy environment is fuzzy Sumudu transform (FST).
FST has been used for solving various kinds of fuzzy differential and integral equations
[21, 30]. By using FST, the problem is reduced to algebraic problem which is much simpler
to be solved. This fall under the topic of operational calculus and under this topic, FST
is considered as one of a powerful method alongside with fuzzy Laplace transform. .
The Adomian decompositon method (ADM) has been recently intensively studied by sci-
entists and engineers and used for solving nonlinear diferencial and integral problems. The
adomian decompositon method (ADM) intruduced by Adomian [1, 2] for solving different
kind of functional equations and has been subject of extensive numerical and analytical
studies. Babolian at al.[7], ADM to solve fuzzy Fredholm integral equations, respectively
Allahviranloo at al.[8], solved fuzzy system of Fredholm integral equations. Also, Behzadi
[5], solving nonlinear i fuzzy Volterra Fredholm integral equations with Adomain decom-
positon method.
In many papers have combine with Laplace -Adomian transform method and Sumudu
-Adomain transform to solve diferential and integral equations. Alidema [3] using Ado-
mian decomposition method for solving two-dimensional nonlinear Volterra fuzzy integral
equations.
Morever in the recent years contributed in this field [36-38] and [39-41]. Bushnaq at al.
[9] find solution a fuzzy Volterra Abel’s integral equation of the second kind with Laplace
- ADM. Georgieva [4, 5, 14], gave solution two dimensional fuzzy Volterra-Fredholm with
Adomain and use double fuzzy Sumudu Transform to solve partial Volterra Fuzzy Integro-
Differential Equations and fuzzy Sawi decompositon for nonlinear differential equations.
L. Al-Taee at al.[34, 35|, solving system of nonlinear Volterra integral equations with
Sumudu-ADM and fuzzy system of Volterra integro-differential equations by using ADM.
The subject of this paper is to apply the double fuzzy Sumudu transform with Ado-
mian decomposition method for solving fuzzy convolution Volterra integral equation in
two variables.

We give some preliminaries on fuzzy numbers, fuzzy functions and fuzzy integrals.
Then we provide the proposed DFST with ADM, properties with DFST. We introduced
the concept of double fuzzy convolution. Later we construct in detail procedure for solving
two-dimensional fuzzy convolution Volterra integral equation using DFST with ADM.
Numerical example is provided to demonstrate the proposed method.

2. Basic Preliminaries

Definition 1. [31]A fuzzy number is a function u : R — [0,1] satisfying the following
properties:
(i) u is upper semi-continuous on R,
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(74) u(z) = 0 outside of some interval [c,d],

(ii1) there are the real numbers a and b with ¢ < a < b < d, such that u is increasing on
[c,a], decreasing on [b,d] and u(x) =1 for each = € [a, D],

(1) w is fuzzy convex set i. e. that is u(Ax + (1 — A)y) > min{u(x), u(y)} for all z,y € R

The set of all fuzzy numbers is denoted by E'. Any real number ¢ € R can be
interpreted as a fuzzy number a = x|, and therefore R C E'.

According to [32] for any 0 < r < 1 we denote the r—level set [u]" = {z € R:u(z) >
r} that is a closed interval and [u]" = [u”,u]] for all r € [0,1]. These lead to the usual
parametric representation of a fuzzy number, by an ordered pair of functions (u’,u’),
which satisfies the following properties: u” is bounded left continuous non-decreasing
function over [0,1], v/, is bounded left continuous non-increasing function over [0, 1] and
u” <l

For u,v € E', k € R, the addition and the scalar multiplication are defined by

T T 3 >

[u@v]” = [u]"+[v]" = [u_+o", v+ ] and [k ©u]” = k.[u]"” = { {ZZ&:ZZ?,‘}: i z - 8

for all r € [0, 1].

The neutral element respect to @ in E', denoted by 0 = X[o]- The algebraic properties
of addition and scalar multiplication of fuzzy numbers are given in [32].

As a distance between fuzzy numbers we use the Hausdorff metric [32] defined by
D(u,v) = sup maz{|u” —v"|, |uy —v',|} for any u,v € E.
rel0,1]
The metric space (E', D) is complete, separable and local compact.

Lemma 1. [32] The Hausdorff metric has the following properties:
(i) D(u @ w,v ®w) = D(u,v) for all u,v,w € E*,
(i) D(u@v,w®e) < D(u,w) + D(v,e) for all u,v,w,e € E,
(i41) D(u @ v,0) < D(u,0) + D(v,0) for all u,v € E,
(iv) DIA®u, A ®v) = |k|D(u,v) for all u,v € E! for allA € R,

(Ui) D()\l ® U, Ay @u) = ‘)\1 — )\Q\D(u, 6) for all A, Ao € El, with A1, Ay > 0 and
for all u e E.

For any two-variable fuzzy-valued function f : R%r — E' we can define the functions
SCoar), f(ar) Ri — R. These functions are called the left and right r—level
functions of f.
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Definition 2. [35] A fuzzy-number-valued function f: Rx R — El is said to be contin-
uous at (so,to) € Rx R if for each € > 0 there is § > 0 such that D(f(s,t), f(so,t0)) <&
whenever ((s — so)* + (t — to)Q)% < 0. If f be continuous for each (s,t) € R x R then
we say that f is continuous on R x R. A fuzzy number v € E' is upper bound for a
fuzzy-number-valued function f : R x R — E' if f(s,t,r)" < u” and f(s,t,r) < u';
for all (s,t) € Rx R, r € [0,1]. A fuzzy number u € E' is lower bound for a fuzzy
number-valued function f : Rx R — E' ifu’, < f(s,t,r) and u” < f(s,t,r) for all
(s,t) € Rx R, r €0,1. A fuzzy-number-valued function f : A — El is said to be
bounded it has a lower bound and an upper bound.

For any two-variable fuzzy-valued function f : R? — E' we can define the functions
SCor), f( 7)) R%r — R. These functions are called the left and right r—level
functions of f.

Definition 3. [31] A fuzzy-valued function f : R?® — E' is said to be continuous at
(s0,t0) € RZ if for each € > 0 there is 0 > 0 such that D(f(s,t), f(s0,t0)) < € whenever

|s — so| + |t — to] < 0. We say that f is continuous on R? if f is continuous at each
(s,t) € R2.

Theorem 1 ([4]). Let the fuzzy-valued function of two-variable f : R2 — E' repre-
sented by (f(x,y,7), f(x,y,7)). For any r € [0,1] assume that the functions f(x,y,r) and

f(z,y,7) are Riemann-integrable on [0, X] x [0,Y] and there are positive constants N(r)
and N(r), such that

Y X Y X
[ [ty nidedy <N, [ [ 7@ ldndy < W)
0 0 0 0

for every X, Y > 0.
Then the function f(x,y) is improper fuzzy Riemann-integrable on Ri and

FR) /OO(FR)7f(x,y)dxdy: /OO/OOf(:L',y,r)d:rdy,/oo/oo f(z,y,r)dzdy
0 0 00 00

Theorem 2. [}] Let f : Ri — E' be fuzzy-valued function of two-variable. Suppose that

for each x € [0,00), the fuzzy integral (FR) [ f(x,y)dy is convergent and moreover the
0

o0

fuzzy integral (FR) [ f(z,y)dz as a function of y is convergent on [0,00). Then
0

o0 [ee] o0 o0
FR)/ /fxydydx— FR/ /fxydxdy
0 0 0 0
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Theorem 3. [6] Let f and g be fuzzy-valued functions. Let F(u,v) and G(u,v) be double
fuzzy Sumudu transforms for f and g, respectively. Then the DFST of the double fuzzy
convolution f and g,

xT

Y
(f *xg)(z,y) = fla, B)g(x — a,y — B)dadf
/]

s given by
S[(f *9)(x,y)] = uwoF (u,v)G(u,v).

Definition 4. [6] Let f: A — E', for Al :a =20 <21 < ... <apn=0band A} : ¢ = yo <
Y1 < ... < yn =d, be two partitions of the intervals |a,b] and [c,d], respectively. Let one
consider the intermediates points & € [x;—1,x;] and n; € [yj—1,y;],i=1,...,n;j=1,...,n
and ¢ : [a,b] = Ry and o : [c,d] - Ry. The divisions Py = ([x;— 1,3;1] fz) i=1,..,n,
and Py = (lyj—1,%il;n), j = 1,..,n are said to be 0-fine and o-fine, respectively, if
[wi—1, i) © (& — 6(&), & +6(&)) and [y;-1,y;] € (n; — o(n;),m; + o (n;))-

The function f is said to be two-dimensional Henstock integrable to I € EV if for every
e > 0 there are functions 0 : [a,b] - Ry and o : [c,d] — R4 such that for any §-fine and

n

n

o-fine divisions we have D(>" >~ (zi—xi—1)(y; —yj—1)© f(&,n5), I) < €, where ) denotes
j=li=1
the fuzzy summation. Then, I is called the two-dimensional Henstock integral of f and is

d b
denoted by I(f) = (FH) [(FH) [ f(s,t)dsdt. If the above § and o are constant functions,
then one recaptures the concept of Riemann integral. In this case, I € E' will be called

d b
two-dimensional integral of f on A and will be denoted by (FR) [(FR) [ f(s,t)dsdt.

3. Double Fuzzy Sumudu Transform

Definition 5. [6] Let f : R x R — E' be a continuous fuzzy-valued function . Sup-

pose that e *7Y © f(ux,vy) is improper fuzzy Riemann-integrable on Ry x R, then
oo o0

(FR) [(FR) [ e ™Y ® f(uz,vy)dzdy is called the double fuzzy Sumudu transform and is
0 0
denoted by

F(u,v) = S[f(z,y)] = (FR)/ /e YO f(ux,vy)dzdy, for u € [—T1,m2] and v € [—01,09],
0 0

(1)
where the variables u,v are used to factor the variables x,y in the argument of the fuzzy-
valued function and 11, T2, o1, 02 > 0.

DFST also can be presented parametrically as follows

S[f(x,y)] = (s[i(m,y,r)],s[ (x,y,r)]) = (E<uvvvr)7f<uvvvr)) - F(“’?”)'
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From the classical double Sumudu transform, we have

flz,y,r // Y f(ux, vy, r)dedy and s[f(z,y,r // Y f (ux, vy, r)dzdy

0 0

Definition 6. [6]/ Double fuzzy inverse Sumudu transform can be written as the formula

Sil [F(u,v)] = f(xvy) = (Sil[E(uﬂ U,T)], Sil[F(uer?T)]) )

where
Y4100 §+100
) = o [ ebdug [ P
s U, V, T — evdu— ev F(u,v,r)dv,
— 2m 2m
Y—100 §—100
Y4100 d+100
1= 1 z ]- Y=
s [F(u,v,r)] = — euvdu— ev F(u,v,r)dv.
2m 2m
Y—100 d—100

For all v € [0,1] the functions F(u,v,7) and F(u,v,7) must be analytic functions for all
u and v in the region defined by the inequalities Reu > v and Rev > §, where v and 0 are
real constants to be chosen suitably.

Some properties of Sumudu transform and double Sumudu transform in [9, 10, 22].
The convolution theorem is provided below.

Definition 7. [6] If f(x,y) and g(x,y) are fuzzy Riemann integrable functions, then double
fuzzy convolution of f(x,y) and g(x,y) is given by

(f  #g) (&, ) = / / f(e, B)g(z — ayy — B)dadp
0 0

and the symbol xx denotes the double convolution respect to x and y.

From the definition 6, it can easily be verified that the following properties of convo-
lution hold :
(i) (f *#9)(5,9) = (g + +£)(2,y), (commutative);
(i0) o(f + +9)(w,5) = [(cf) * *g](z,),  is constant;
(131) [f = *(g * xh)](x,y) = [(f * *g) * xh](x,y), (associative).

4. Double fuzzy Sumudu ADM for solving 2D-VIEs

This section contains Sumudu decomposition method for solving two dimensional fuzzy
convolution Volterra integral equations.
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The general form of this integral equation is given by

f(z,9) = g(z,9) @ / / (z—a,y - B)© G(f(a. B))dadB, (x.y) € [0,bx[0,8], (2)
0

where k(x —«,y— () are arbitrary given convolution kernel functions and g is a continuous
fuzzy-valued function.

5. Main results

We combine DFST with ADM to solve two dimensional fuzzy convolution VIEs. Op-
erating Sumudu transform method in both sides of equation (2). After that using the
property and convulotion theorem of Sumudu transform.

By using convolution, we have,

S[f(z,y)] = Slg(z,y)] & wwS[K(z,y)] © S[Gf(x,y)], (3)
Operating inverse fuzzy Sumudu transformation on both sides.
f(l’,y):g(w,y>@UUS_l(K((L',y))@S(Gf(l’,y)), (4)
Zfl(x,y,r)zg(x,y, )+S foyv
i=0

In the case k(z —a,y — ) =(z—a)(y—p) >0, for 0<a<z<1and 0<B<
y < 1. 0 <r <1 The parametric form of equations is

fin@yr) = gla,y,r) + S uvlk(z, »)ISIf,(z,y,r)]), i >0.

?i—&—l(x?%r) = ?(-ﬁ,y, T') + S_l[uv[k(:U?y)]S[?i(xv Y, T)Hv i > 0.

In the case k(z —a,y—B) =(x —a)(y—F) <0, for 0<a<z<1and 0<B<
y < 1. 0 <r <1 The parametric form of equations is

fin@y.r) = gla,y.r) + S uvlk(z, »)IS[fi(z,y,m)]), i >0.
?i+1(x7 Y, T) = ?(:Cv Y, T) + S_l[u’(}[k(l” y)]S[L(SC, Y, T)Ha { Z 0.
The ADM assume an infinite series solution for the functions (f(x,y,7)) and (f(z,y,7))
fyr) =Y filzyr), fleyr)=>Y_ filzyr (5)
i=0 =0

The parametric form of the equations is [3]
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> fi@yr) =g,y )+ S uwlk(z, v)SD £z y,7)] (6)
i=0 i=0

Mg

i@,y 1) = g(z,y,r) + 577 NS Filw,y,r)]) (7)
1=0

The operator G( f(z,y,r)) and G(f(z,y,r)) into an infinite series of polynomials given
by 00
G(i(.’ﬂ, Y, T)) = Zéz(io(xa Y, T)vil(x) Y, 7’), ""ii(x’ Y, T))a

1=0
oo

G(?(xvva)) = XZ(f (35 y,r )’fl('xvi%r)v"‘7?@'(567:%7‘))7

i=0
where the A; = (4;, 4;), i > 0 are the so-called Adomian polynomials defined by

The components f(z,y,r)and f(z,y,7), i > 0., computed using the following recur-
sive relations

io(l‘,y,T) :g(%yﬂ‘)) (8)

io(x,y,r) =g(z,y,7), filz,y,r)= S_l(u202S(AO)),é(:U,y,r) = S_l(u202S(A1)), -
f (o) = S k(. p)]S(A). i2 0
and, _
fO(xJ Y, T) = §($ Y, T)’

fil@,y,r) = S u?S(Ao)), falw,y,7) = STHwPS (A1), fs(x,y,7) = S (w0 S(Ay)), ..

7¢+1(l',y,7') = S_l[uv[k‘(x,y)]S[Zl(x,y,r)]], i > 0.
Using relation (4.5) respectively (4.6), we find the values of f (z,y,7), f (z,y,7),

£2(l‘, Y, ’l“), i3($7 Y, ’I"), ?O(x’ Y, 7"), ?1(337 Y, ’l“), 72($7 Y, ’I"), ?3(1"’ Y, r)"'eaSiIY' After ﬁndlng
these values, we use for required solution.
Then, we find approximate solution for f(s,t,r)

6. Numerical Examples

Consider the following 2D-VFIEs

xT

f(@y) = glz.9)@ / / (r—a)(y— )@ f2(a, B)dadp, (x.y) € [0,1]x[0,1] r € [0,1] (10)
0 0
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where, . .

g(@,y,r) = ((2y = 772"y +0), (wy = 77ey B = 1)
and k(x —a,y — B) = (r — a)(y — B) > 0. The exact solution is fegqect(z,y,7) = (xy(1l +
r),xy(3 —7)).

Using double fuzzy Sumudu-Adomain, we have and the general form of the equations is

T

Y
Sf(,) = Sglz,y) + / / (z — a)(y — B) (0. B)dadB,
0 0

f(x,y) = g(z,y) + 5 (uvS(zy)S(f*(a, B))dadp,
f(@,y) = g(z,y) + S~ (W*v*S f*(a, B)dad,

> fi@y) = glay) + ST (WPS() ] A))
i=0 i—

io(l’,y,’l“) :g(l‘aya’r)
Ty r) = oy = )1+ 7)

Using of Sumudu transform for, S(z™y™) = (m!)(n!)u™ov"

2™y = (m!)(n) S~ (u™v")

fi(z,y,r) = STHuv?S(4g)) = S7H(w*v?S(fo)?) =

1 _ oy’ 2By
v2 4 1 2 _ 17,22 . 1 2 _
S™HuP0?S(xy 14437 v+ )7 = ST P S (a%y” 7 1 5073611 +7)
Using Sumudu properties,
iyt 2Ty7 210410
Iy ) =( + )(1+7)?

24 (42)272  (90)220736
fola,y,r) = STHuP0?S(A))) = STHw**S(2fo 1)) =

4,4 1.77 10,,10

S (oS [2((wy) - ﬁﬁym(mﬁ N ((42)2y* 72) " ((90%2 : 20736)) 1t o

5,5 151 8,8 499 11 11 14 14
Fyloyr) = ST WS (o — o - ;

1 3
12 254016 + 4115059200 12093235200)( +)
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Using Sumudu properties,

2Ty 1511010 499z'%y"? oy’
Lo(w::7) = (18141 ~ 2057529600 | 1001408069120  792542262067200

i3(x, y,r) = S_l(uQUQS(AQ)) = S_l(u2v252(f12 + 2uguz))
£y, r) = ST (uv?S(A3)) = ST W2 S2(f1fo + 2uous))

)(1+7)?

Using relation (4.7), we find the values ofi3(x, yr), [, = (x,y,r), L,)(x, Y, T), Lﬁ(x, Y,T),...easily.
After finding these values, we use (14) for required solution.
Analogously, we can obtain the solution of equation

Fole. ) = (2y — —— a3 — 1)

144
B 2yt 2Ty 210410
= _ 3—7r)2
Fi@w,m) = (5 =~ ayere T eoyzom3e) )
. ﬂf7y7 15156103/10 4991.133/13 1'163/16

B _ . _\3
Fo@:9:7) = ({3142 ~ 2057520600 T 1001408069120  792542262067200)° ")

Using relation (4.8), we find the values of f4(z,y,7), f4 = (z,v,7), f5(x,y,7), fe(z,y,7),...casily
After finding these values, we use for required solution of the approximate solution is

f(:):,y,r) = (f(m,y,r),f(ac,y,r)).

Conlusion

In this article, we successfully combine the double fuzzy Sumudu transform and Ado-
mian decomposition method to solve two dimensional fuzzy Volterra integral equations.
The results demonstrate the method are efficient and reliable. Moreover, the proposed
method was evaluated by solving numerical examples.

References

[1] G. Adomian. A review of the decomposition method in applied mathematics. Journal
Mathematics Anal App.,135:501-544, 1988.

[2] G.Adomian. Solving Frontier Problems of Physics. The Decompositon Method. Kluver
Academic Publishers,Boston, 12, 1994.

[3] A. Alidema, A. Georgieva Adomian decomposition method for solving two-dimensional
nonlinear Volterra fuzzy integral equations. AIP Conference Proceedings. 2048:050009,
2018.

[4] A.Georgieva. Double fuzzy Sumudu transfor to solve partial Volterra fuzzy integro-
differential equations. Mathematics 8(5), 692; 2020.



REFERENCES 1373

[5]

[6]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

A. Georgieva Fuzzy Sawi Decomposition Method for solving nonlinear partial fuzzy
differential equations Symmetry 13(9), 1580;2021.

A. Alidema A. Georgieva. Applications of the double fuzzy Sumudu transform for
solving Volterra fuzzy integral equations AIP Conference Proceedings 2172,060006
(2019); https://doi.org/10.1063/1.5133534

E. Babolian, H. S. Goghary ans S. Abbasbandy. Numerical solution of linear
Fredholm fuzzy integral equations of the second kind by Adomain method. Applied
Math.Comput., 161:733-744, 2005.

T. Allahvirnaloo, S. Abbasbandy. The Adomian decompositon method applied to
fuzzy system of Fredholm integral equations of the second kind . Int. J. Uncertainty
Fuzziness Knowl-Based Systems, 10:101-110, 2006

S. Bushnaq, Z. Ullah, A. Ullah and K. Shah. Solution of fuzzy singular integral equa-
tion with Abel’s type kernel using a novel hybrid method Advances in Difference Equa-
tions volume 2020, 156 (2020)

F. Belgacem, A.Karaballi. Sumudu transform fundamental properties investigations
and application. Journal of Applied Mathematics and Stochastic Analysisl Volume
2006, Article ID 91083,Pages 1-23,

S. Chang, L. Zadeh. On fuzzy mapping and control. IEEE Transactions on Systems,
Man, and Cybernetics,1:30-34, 1972.

D. Dubois , and H. Prade. Towards fuzzy differential calculus 11, I1I. Fuzzy Sets and
Systems,8:105-116, 225-233, 1982.

S. Enkov, A. Georgieva. Numerical solution of two-dimensional nonlinear Hammer-
stein fuzzy functional integral equations based on fuzzy Haar wavelets. AIP Conference
Proceedings, 1910:050004-1-050004-8, 2017.

A. Georgieva Solving two-dimensional nonlinear Volterra-Fredholm fuzzy integral
equations by using Adomian decomposition method. Dynamic Systems and Applica-
tions.27:819-837, 2018.

Z. Gouyandeh T. Allahvirnaloo, S. Abbasbandy and Armand A . A fuzzy solution of
heat equations under generalized Hukuhara differentiability by fuzzy Fourier transform,
Fuzzy Sets and Systems Mathematics,81-97 309, 2017.

A. Georgieva, 1. Naydenova. Numerical solution of nonlinear Urisohn-Volterra fuzzy
functional integral equations. AIP Conference Proceedings,1910:050010-1-050010-8,
2017.



REFERENCES 1374

[17]

[18]

[19]

[20]

[21]

[22]

[29]

[30]

[31]

A. Georgieva, A. Pavlova, 1. Naydenova. FError estimate in the iterative numerical
method for two-dimensional nonlinear Hammerstein-Fredholm fuzzy functional inte-
gral equations. Advanced Computing in Industrial Mathematics, Studies in Compu-
tational Intelligence,728:41-45, 2018.

G. K. Watugala. Sumudu transform a new integral transform to solve differential
equations and control engineering problems. Internat. J. Math. Ed. Sci. Tech.,24:35-
43, 1993.

G. K. Watugala. The Sumudu transform for functions of two variables. Mathematical
Engineering in Industry,8:293-302, 2002.

0. Kaleva, Fuzzy differential equations, Fuzzy Sets and Systems,24:301-317, 1987.

N. A. Khan, O. A. Razzaq and M. Ayyaz. On the solution of fuzzy differential equa-
tions by Fuzzy Sumudu Transform. Nonlinear Engineering,4:49-60, 2015.

A. Kilicman, H. Eltaybed and K. A. M. Atan. A note on the comparison between
Laplace and Sumudu transforms. Bulletin of the Iranian Mathematical Society,37:131—
141, 2011.

J. W. Layman. The Hankel transform and some of its properties. Journal of Integer
Sequences,4:1-11, 2001.

J. Mordeson, W. Newman. Fuzzy integral equations. Information Sciences,87:215-
—229, 1995.

V. Namias. The fractional order Fourier transform and its application to quantum
mechanics. IMA Journal Appllied Mathemathics,25:241-265, 1980.

S. Seikkala. On the fuzzy initial value problem. Fuzzy Sets and Systems,24:319-330,
1987.

S. Saitoh. The Weierstrass transform and an isometry in the heat equation. Appli-
cable Analysis, 16:1-6, 1983.

R. Spinelli. Numerical inversion of a Laplace transform. SIAM Journal Numerical
Analysis,3:636-649, 1966.

C. Tranter. The use of the Mellin transform in finding the stress distribution in an
infinite wedge, Q. J. Mech. Appl. Math.,1:125-130, 1948.

J. M. Tchuenche and N. S. Mbare. An application of the double Sumudu transform.
Applied Mathematical Sciences,1: 31 - 39, 2007.

R. Goetschel, W. Voxman. FElementary fuzzy calculus, Fuzzy Sets and Systems,
18:31—43, 1986.



REFERENCES 1375

[32]

[33]

[34]

[35]

[36]

[38]

[39]

C. Wu, Z. Gong. On Henstock integral of fuzzy-number-valued functions(I). Fuzzy
Sets and Systems, 120:523-532, 2001.

C. Wu, C. Wu. The supremum and infimum of these to fuzzy-numbers and its appli-
cations, J. Math. Anal. Appl., 210:499-511, 1997.

L.H. Al-Taece,W Al-Hayani. Solving systems of non-linear Volterra integral equations
by combined Sumudu transform-Adomian decomposition method.Iraqi Journal of Sci-
ence, 62(1), 252-268, 2021. DOI:10.24996/ijs.2021.62.1.24

M.T Younis, W.Al-Hayani Solving fuzzy system of Volterra integro-differential equa-
tions by using Adomian decomposition method, European Journal of Pure and Applied
Mathematics 15(1), 290-313, 2022.

Jin-Fa Cheng and Yu-Ming Chu Study of hybrid orthonormal functions methodfor
solving second kind fuzzy Fredholm integral equations.Mathematical Problems in En-
gineering Article ID 587068, 14 Volume 2011.

Yu-Ming Chu,Ehab Hussein Bani Hani,Essam R. El Zahar,Abdelhalim Ebaid,Nehad
Ali Shah Combination of Shehu decomposition and variational iteration transform
methods for solving fractional third order dispersive partial differential equations. Nu-
merical Methods for Differential Equations https://doi.org/10.1002/num.22755

Xiaoli Qiang, Kamran,Abid Mahboob,Yu Ming Chu Numerical Approximation
of Fractional-Order Volterra Integrodifferential Equation,Journal of function spaces
—Article ID 8875792 Volume 2020.

N.Ahmad,A Ullah,A Ullah,Sh Ahmad,K Shah,I Ahmad On analysis of the fuzzy frac-
tional order Volterra-Fredholm integro-differential equation, Alexandria Engineering
Journal 1827-1838,60, 2021.

T.Sitthiwirattham, M. Arfan,Kamal Shah, A. Zeb, S.Djilali, S.Chasreechai Semi
Analytical Solutions for Fuzzy Caputo Fabrizio Fractional Order Two-Dimensional
Heat Equation Fractal Fract 139, 5,2021.

A.Ullah,Z. Ullah,T.Abdeljawad, Z.Hammouch, K, Shah A hybrid method for solv-
ing fuzzy Volterra integral equations of separable type kernels Journal of King Saud
University Science 101246, 33,2021.



