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Abstract. The purpose of the present article is to introduce the notion of (A, s)-closed sets.
Especially, some properties of generalized (A, s)-closed sets are obtained. Several characterizations
of some low separation axioms are given. Characterizations of (A, s)-extremally disconnected
spaces are investigated. Furthermore, some characterizations of almost (A, s)-continuous functions
are discussed.
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1. Introduction

General topology plays an important role in many fields of applied sciences as well as
branches of mathematics. The concepts of maximality and submaximality of general topo-
logical spaces were introduced by Hewitt [16]. He discovered a general way of constructing
maximal topologies. The existence of a maximal space that is Tychonoff is nontrivial and
due to van Douwen [28]. The first systematic study of submaximal spaces was undertaken
in the paper of Arhangel’skﬁ and Collins [2]. They gave various necessary and sufficient
conditions for a space to be submaximal and showed that every submaximal space is
left-separated. This led to the question whether every submaximal space is o-discrete
[2]. Gillman and Jerison [14] introduced the notion of extremally disconnected topological
spaces. Thompson [26] introduced the notion of S-closed spaces. Herrman [15, 16] showed
that every S-closed weakly Hausdorff (or almost regular) space is extremally disconnected.
Cameron [6] proved that every maximally S-closed space is extremally disconnected. In
[21], the present author introduced the concept of locally S-closed spaces which is strictly
weaker than that of S-closed spaces. Noiri [22] showed that every locally S-closed weakly
Hausdorff (or almost regular) space is extremally disconnected. Sivaraj [25] has obtained
some characterizations of extremally disconnected spaces by utilizing semi-open sets due
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to Levine [17]. In [23], the present author obtained several characterizations of extremally
disconnected spaces by utilizing preopen sets and semi-preopen sets.

The notion of Ry topological spaces was first introduced by Shanin [24]. Davis [8] intro-
duced the notion of a separation axiom called R;. This notions were further investigated
by Naimpally [20], Dube [10] and Dorsett [9]. Cammaroto and Noiri [7] have defined a
weak separation axioms m-Ry in m-spaces which are equivalent to generalized topological
spaces due to Lugojan [19]. Levine [18] introduced the concept of generalized closed sets
of a topological space and a class of topological spaces called T1-spaces. Dunham [12]

and Dunham and Levine [13] further studied some properties ongeneralized closed sets
and T 1-spaces. In [17], the present author offered a new concept to the field of general-
ized topology by introducing semi-open sets, i.e., a subset of a topological space which
is contained in the closure of the interior of its closure. Caldas and Dontchev [5] intro-
duced the notions of As-sets and generalized A;-sets and studied some characterizations of
semi-T"1-spaces. Buadong et al. [4] introduced and investigated some separation axioms

in genezralized topology and minimal structure spaces. Dungthaisong et al. [11] investi-
gated several characterizations of pairwise pu-1° 1-spaces. Torton et al. [27] introduced and
studied the concepts of pu(, ,,)-regular spaces and fi(,, »)-normal spaces.

The article is organized as follows. In Section 3, we introduce the notion of (A, s)-
closed sets. Moreover, some properties of (A, s)-closed sets are discussed. In Section 4, we
introduce the notion of (A, s)-Ry spaces and investigate some characterizations of (A, s)-
Ry spaces. In Section 5, we introduce the notion of generalized (A, s)-closed sets and
investigate several fundamental properties of generalized (A, s)-closed sets. Furthermore,
some characterizations of (A, s)-normal spaces are explored. In Section 6, we introduce the
notion of (A, s)-extremally disconnected spaces and investigate several characterizations
of such spaces. In Section 7, we introduce the notion of almost (A, s)-continuous functions
and investigate several characterizations of such functions.

2. Preliminaries

Throughout the present paper, spaces (X, 7) and (Y, o) (or simply X and Y') always
mean topological spaces on which no separation axioms are assumed unless explicitly
stated. For a subset A of a topological space (X, 7), Cl(A) and Int(A) represent the
closure and the interior of A, respectively. A subset A of a topological space (X, )
is called semi-open [17] if A C Cl(Int(A)). The complement of a semi-open set is called
semi-closed. By SO(X, 1) and SC (X, 7) we denote the family of all semi-open sets and the
family of all semi-closed sets in a topological space (X, 7), respectively. The semi-closure
of a set A, denoted by sCI(A), is the intersection of all semi-closed sets containing A. The
semi-interior of a set A, denoted by sInt(A), is the union of all semi-open sets contained in
A. A subset A% [5] (resp. A%) is defined as follows: AMs = nN{U |U D A, A € SO(X,7)}
(resp. AV* = U{F | FC A, X — F € SO(X,71)}).

Lemma 1. [5] For subsets A, B and A,(y € V) of a topological space (X, T), the following
properties hold:
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(1) AC Abs,
(2) If A C B, then AMs C BMs.
(3) (Ahs)hs = Ahs,

As _ As
(1) [ A = Y ad.

(5) If A€ SO(X,T), then A= Abs.
(6) (X —A)rs = x — A%,

(7) AV C A.

(8) If Ac SC(X,7), then A= As.

As As
(9) [ QA1 € 0 Al

Vs D Vs
(10) [ Y A% 2 g A%

338

Definition 1. [5] A subset A of a topological space (X, T) is called a Ag-set (resp. Vs-set)

if A= A% (resp. A= AYs).

Lemma 2. [5] For a topological space (X,T), the following properties hold:

(1) The subsets ) and X are As-sets and Vy-sets.

(2) Every union of As-sets (resp. Vs-sets) is a Ag-set (resp. Vi-set).

(3) Every intersection of As-sets (resp. Vs-sets) is a Ag-set (resp. Vs-set).

(4) A subset A is a Ag-set if and only X — A is a Vs-set.

3. On (A, s)-closed sets

In this section, we introduce the notion of (A, s)-closed sets. Moreover, some properties

of (A, s)-closed sets are discussed.

Definition 2. A subset A of a topological space (X, T) is called (A, s)-closed if A =TNC,
where T is a Ag-set and C is a semi-closed set. The family of all (A, s)-closed sets in a

topological space (X, T) is denoted by (A, s)C(X).

Lemma 3. [1] For a subset A of a topological space (X, ), the following properties hold:

(1) sCl(A) = AU Int(CI(A));
(2) sInt(A) = AN Cl(Int(A)).
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Theorem 1. For a subset A of a topological space (X, T), the following properties are
equivalent:

(1) A is (A, s)-closed;

(2) A=TnNsCIA), where T is a Ag-set;
(3) A= A% N sCIA);

(4) Int(Cl(A)) N AP« C A.

Proof. (1) = (2): Suppose that A =T NC, where T is a As-set and C is a semi-closed
set. Since A C C, we have sCl(A) C C and hence A = TNC D TnNsClA) DO A
Consequently, we obtain A =T N sCI(A).

(2) = (3): Suppose that A =T N sCIl(A), where T is a As-set. Since A C T, we have
AMs C T2 =T and hence A C A% NsCl(A) C TNsCl(A) = A. Thus, A = A% NsCI(A).

(3) = (4): Let A= A% N sCI(A). Thus, by Lemma 3,

A= A% N[AUInt(CI(A))]
= (AN N A) U [A% N Int(CI(A))]
= AU[AY NInt(CI(A))]
and hence Int(Cl(A)) N A% C A.
(4) = (1): Let Int(Cl(A)) N AN C A. Then, we have AU [A% NInt(Cl(A))] = A and

by Lemma 3, A = (AU A%) N [AUInt(Cl(A))] = A% N sCI(A). This shows that A is
(A, s)-closed.

Definition 3. A subset A of a topological space (X,T) is said to be (A, s)-open if the
complement of A is (A, s)-closed. The family of all (A, s)-open sets in a topological space
(X, 7) is denoted by (A, s)O(X).

Proposition 1. Let A (y € V) be a subset of a topological space (X, 7). Then, the
following properties hold:

(1) If Ay is (A, s)-closed for each v € V, then N{A, | v € V} is (A, s)-closed.
(2) If Ay is (A, s)-open for each v € V, then U{A, | v € V} is (A, s)-open.
Proof. (1) Suppose that A, is (A, s)-closed for each v € V. Then, for each ~, there
exist a As-set T, and a semi-closed set C, such that A, =T, NC,. We have
MevAy = Mev(Ty N Cy) = (MevTy) N (NyevCy).

By Lemma 2, NyevTy is a Ag-set and NyeyCy is a semi-closed set. Thus, NyeyAy is
(A, s)-closed.

(2) Let A, is (A, s)-open for each v € V. Then, X — A, is (A, s)-closed for each v € V.
Thus, by (1), we have X — UyevA, = Nyev(X — A,) is (A, s)-closed and hence Uyev A,
is (A, s)-open.
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Theorem 2. For a subset A of a topological space (X, T), the following properties are
equivalent:

(1) A is (A, s)-open;

(2) A=TUG, where T is a V*-set and U is a semi-open set;
(8) A=TUsInt(A), where T is a V*-set;

(4) A=AV UsInt(A);

(5) AC Cl(Int(A)) U AVs.

Proof. (1) = (2): Suppose that A is (A, s)-open. Then, X — A is (A, s)-closed and
hence X — A = TN F, where T is a Ag-set and F is a semi-closed set. Thus, we have
A=(X—-A)U(X —F), where X — T is a Vs-set and X — F' is a semi-open set.

(2) = (3): Suppose that A = T'UU, where T'is a V*-set and U is a semi-open set. Since
U C A and U is semi-open, we have U C sInt(A) and hence A = TUU C T'UsInt(A) C A.
Thus, A =T U sInt(A).

(3) = (4): Suppose that A =T U sInt(A), where T is a V*-set. Since T'C A, we have
AVS DTV and hence A D AV  UsInt(A4) D TV UsInt(A) = TUsInt(A) = A. This shows
that A = AV U sInt(A).

(4) = (5): Let A= AV UsInt(A). Thus, by Lemma 3,

A=AV UsInt(A)

= AV  U[ANCl(Int(A))]

=[AY= U A] N [Cl(Int(A)) U AY]

= AN [Cl(Int(A)) U AY*]

and hence A C Cl(Int(A4)) U A",
(5) = (1): Let A C Cl(Int(A)) U AYs. Then, we have
Int(CI(X — A)) N [X — A]* = [X — Cl(Int(A))] N [X — A"

= X — [Cl(Int(A)) U AY*]
CX-A

and by Theorem 1, X — A is (A, s)-closed. Thus, A is (A, s)-open.

Definition 4. Let A be a subsets of a topological space (X, 7). A point x € X is called a
(A, s)-cluster point of A if for every (A, s)-open set U of X containing x we have ANU # ().

The set of all (A, s)-cluster points of A is called the (A, s)-closure of A and is denoted by
AWs),

Lemma 4. For subsets A and B of a topological space (X, 1), the following properties
hold:
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(1) AC AN gnd [AL)](As) = A(Ns),
(2) If AC B, then AMs) C B(As),
(3) A3 = {F|ACF and F is (A, s)-closed}.
(4) AD9) s (A, s)-closed.
(5) A is (A, s)-closed if and only if A= ANS),
Proposition 2. For a subset A of a topological space (X, T), the following properties hold:
(1) If A is (A, s)-closed, then A = AMs 0 ANS),
(2) If A is semi-closed, then A is (A, s)-closed.

Proof. (1) Let A be a (A, s)-closed set. Then, there exist a As-set T' and a semi-closed
set C' such that A=TNC. By ACT, we have A C Abs C TAs = T, and also by A C C,
Ac AL C ) = . Now A C AN N AN CTNC = A. Thus, A= Al 0 ANs),
(2) It is sufficient to observe that A = X N A, where the whole set X is a As-set.

Definition 5. Let A be a subset of a topological space (X, 7). Then, 'y (A) is defined
as follows: Ty o(A) = N{U € (A,s)O(X) | ACU}.

Proposition 3. For subsets A and B of a topological space (X, T), the following properties
hold:

(1) If A C B, then F(A,s)(A) - I’(A’s)(B).
(2) If A€ (A,5)O(X), then T'(y 4(A) = A.
(3) T(as)[Las)(A)] = La0(A).

Proposition 4. Let (X, 7) be a topological space and x,y € X. Then, y € Iy o({z}) if
and only if x € {y}(19),

Proof. Let y & T'(p o ({w}). Then, there exists a (A, s)-open set V' containing x such
that y ¢ V. Thus, z ¢ {y}®*). The converse is similarly shown.

Definition 6. Let (X,7) be a topological space and x € X. Then, (x) ) is defined as
fOllOU}S.’ <x>(1\,5) = F(A,S)({x}) N {LE}(Avs)

Proposition 5. For a topological space (X, T), the following properties hold:
(1) for each x € X, T'(s 5 [(x)(a,9)] = Ta,5({z});

(2) for each x € X, [<$>(A7s)](A’s) _ {x}(A,s)'
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Proof. (1) Let € X. Then, we have {z} C {z}**) n L ({z}) = (7)s. By
Proposition 3, T'(x )({7}) € T'(p¢[(7)(as)]- Next, we show the opposite implication.
Suppose that y & 'y s({z}). There exists a (A, s)-open set V such that x € V and
Yy Q/ V. Since <£C>S - F(Aﬁ)({ZE}) c F(A,s)(V) = V, we have F(A,s)[<x>(/\,s)] cV. Since
y &V, y €T sl Thus, T o[(@)a5] € Tias({z}) and hence

Ciase({7}) = Tia o [{z) (a,9)]-

(2) By the definition of (z)(4 ), we have {z} C (z)(4 ) and {z}Ms) C [<x>(A,s)](A’S) by
Lemma 4. On the other hand, we have (z)( 5 C {z}A9) and

(2} (a0 ) C [{a}B9)A9) = (73 (M),
This shows that [(a;>(A7S)](A:S) C {z}9),

Theorem 3. For any points x and y in a topological space (X, 1), the following properties
are equivalent:

(1) Tas({2}) # Tas ({})-

(2) {2} £ {yy ),

Proof. (1) = (2): Suppose that I'(y oy({z}) # (a5 ({y}). There exists a point z € X

such that z € Iy o ({z}) and 2 € T4 oy({y}) or z € T'x 5y ({y}) and 2 & Ty 5 ({x}). We
prove only the first case being the second analogous. From z € I'(x 4)({z}) it follows that

{z}n{z}19) =£ () which implies z € {z}(A%). By z ¢ La,s)({y}), we have {y3n{z}(As) = .
Since € {z}M9) {2303 C {2309 and {y} N {2z}M*) = (. Therefore, it follows that
{09 o fy}09) Thus, Ty ({2}) # T(a,s({y}) implies that {z}(*) £ {y} (),

(2) = (1): Suppose that {z}(A%) £ {y}(A5) Then, there exists a point z € X such
that z € {z}(™%) and 2z & {y}M®) or z € {y}M9) and 2 ¢ {2}(*). We prove only the first
case being the second analogous. It follows that there exists a (A, s)-open set containing
z and therefore x but not y, namely, y & I'(y o ({z}) and thus T'y o({z}) # a6 ({y})-

Theorem 4. For any points x and y in a topological space (X, 1), the following properties
hold:

(1) y € Ta({z}) if and only if z € {y}*).

(2) Tias({x}) =T(as({y}) if and only if {a} ) = {y} (A,

Proof. (1) Let x & {y}®*). Then, there exists U € (A,s)O(X) such that 2 € U and
y ¢ U. Thus, y € I'(p sy({z}). The converse is similarly shown.

(2) Suppose that I 4 ({7}) = T'(a,s)({y}) for any x,y € X. Since z € [y o ({z}),
v € I'ia({y}) and by (1), y € {z}A%) By Lemma 4, we have {y}&%) C {2}(1),
Similarly, we have {z}(**) C {y}(*%) and hence {x}(M%) = {3} (A9),
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Conversely, suppose that {z}(**) = {y}(&9), Since x € {x}*%), we have © € {y}**)
and by (1), y € ['(p 5)({z}). By Proposition 3,

Lo ({y}) € Tas(Liae({2}) = Tae ({2})-
Similarly, we have I'(y o ({z}) C T'(a,)({y})- Thus, I'(x o ({z}) = T (a5 ({y})-

4. On some low separation axioms

In this section, we introduce the notion of (A, s)-Ry spaces and investigate some char-
acterizations of (A, s)-Ry spaces.

Definition 7. A topological space (X, T) is called (A, s)-Ry if, for each (A, s)-open set U
and each x € U, {x}%) C U,

Theorem 5. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is (A, s)-Ry;
(2) forany F € (A,s)C(X), x & F implies F CU and x € U for some U € (A, s)O(X);
(8) for any F € (A, s)C(X), x ¢ F implies F N {z}(&) = §);

(4) for any distinct points x and y of X, {x}(M) = {y}(As) or
{a}4) 1 ) =,

Proof. (1) = (2): Let F € (A,s)C(X) and = ¢ F. Then by (1), {z}(&) C X — F.
Put U = X — {z}*%) then U € (A,s)O(X), FC U and z ¢ U.

(2) = (3): Let F € (A,s)C(X) and x & F. There exists U € (A, s)O(X) such that
FCUandzgU. Since U € (A,s)O(X), UN{z}™) =@ and F N {z}d) =0,

(3) = (4): Let x,y be distinct points of X. Suppose that {z}(M%) £ {5} (A9) By (3),
z e {y}™) and y € {£}M). Thus, {2} C {y}*) C {2}(A9). Consequently, we
obtain {z}(&5) = {3} (As),

(4) = (1): Let V € (A, s)O(X) and z € V. For each y ¢ V, VN {y}»* = () and hence
x & {yy™) . Thus, {x}M%) £ {y}A9) By (4), for each y ¢ V, {z}M9) 0 {y}Ads) = ¢
Since X — V is (A, s)-closed, {y}(») € X —V and X — V = Uyex_v{y}**). Thus,
(X = V) 0 {a} ™) = [Uyex—v{y} )] 0 {a} ) = Uyex v [{y} M) N {2} 9] = 0 and
hence {z}("%) C V. This shows that (X,7) is a (A, s)-Ry space.

Corollary 1. A topological space (X,7) is (A, s)-Ry if and only if for any points x,y in
X, {xy ) # {y} ) implies {2} 0 {y} ) = 0.

Proof. This is obvious by Theorem 5.

Conversely, let U € (A, s)O(X) and z € U. If y ¢ U, then U N {y}(**) = §. Thus,
z & {y} %) and {2319 £ {y}(N5) | By the hypothesis, {z}**) N {y}(A5) = @ and hence
y & {x}M%). This shows that {z}(**) C U. Consequently, we obtain (X,7) is (A, s)-Ry.
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Theorem 6. A topological space (X,7) is (A, s)-Ro if and only if for any x,y € X,
Lips)({2}) # Dias)({y}) implies U(a 5 ({2}) VT (a5 (y}) = 0.

Proof. Let (X,7) be a (A, s)-Ro space. Suppose that I'(y o({x})NT (a5 ({y}) # 0. Let
z € Tae)({x}) NT (A 5)({y}). Then, we have z € T'( 4 ({z}) and Theorem 4, z € {2} (9),
Thus, z € {2} N {z}A9) and by Corollary 1, {2} = {£}(A) Similarly, we have
{z}(A’S) = {y}(A’S) and hence {x}(A’S) = {y}(Avs). By Theorem 4, F(A,s)({x}) = F(A’s)({y}).

Conversely, suppose that {z}(*) £ {y}(A5) By Theorem 4, Cia)({x}) # Tias)({y})
and hence T'(y o({z}) N T (a5 ({y}) = 0. Thus, {x}M9) N {y}As) = . In fact, assume
z € {x}M) N {y}A3) . Then, we have z € {z}M%) implies = € [(a,5)({#}) and hence
r € (x5 ({2})NT(a,5)({7}). By the hypothesis, 'y 4 ({2}) = (A 5)({7}) and by Theorem
4, {z}09) = {2} (09) | Similarly, we have {z}(**) = {5}(%%) and hence {z}(**) = {y} (),
This contradicts that {}(%%) £ {51 (%) Thus, {£}(*) N {y}A%) = § and by Theorem 4,
(X,7) is a (A, s)-Ro space.

Theorem 7. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is (A, s)-Ry;
(2) {x}(Ms) = La,s)({z}) for each x € X.

Proof. (1) = (2): Let # € X and = ¢ T'(y 5({z}). There exists V € (A, s)O(X)
such that z € V and y € V; hence {y}(»*) NV = (). Since (X,7) is (A, s)-Ro, we have
{2}(N%) C V. Therefore, {y}(M*) N {z}(*5) = (. Thus, y € {x}(**) and hence

{2} C T (p g ({2}).

By Corollary 1, {z}®%) = {}(&9), Thus, y € {z}*) and so Liae({z}) € {z}(A9) This
shows that {z}(4*) = La,s)({7})
(2) = (1): Let U € (A,s)O(X) and = € U. By (2) and Proposition 3,

{z}M) =T o ({z}) CT(u0(U) =TU.

Consequently, we obtain (X, 7) is a (A, s)-Rp space.

Corollary 2. Let (X,7) be a (A,s)-Ro topological space and x € X. If (x)(n ) = {7},
then {x}M9) = {2}

Proof. This is a consequence of Theorem 7.

Theorem 8. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is (A, s)-Ro;
(2) x € {y}™) if and only if y € {x}9).
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Proof. (1) = (2): Suppose that = € {y}(**). By Theorem 4, y € La,s({z}) and
hence Tn (1)) M Tam({5}) # 0. By Theorem 6, Ty ({r}) = Tian(ly}) and so
r € Ty ({y}). Thus, by Theorem 4, y € {x}9) The converse is similarly shown.

(2) = (1): Let U € (A, s)O(X) and z € U. If y € U, then = ¢ {y}™* and hence
y & {x}™9). This implies that {z}(*) C U. Hence, (X,7) is a (A, 5)-Ry space.

Lemma 5. Let (X,7) be a topological space. Then, [<$>(A,S)](A’5) = {2} for each
reX.

Proof. Since {r} C ()(As); {x}As) C [<x)(A,s)](A’s) by Lemma 4. On the other
hand, we have (z)x s C {2} and [<a:)(A73)](A’S) C [{z}@9))As) = f2}(A9) - Thus,
[(2) (0] ) = {a}B9),

Theorem 9. For a topological space (X, T), the following properties are equivalent:
(1) (Xv T) is (Aa S)'RU;
(2) (T)(rs) = {x}(A’s) for each x € X;
(3) (z)(A,s) is (A, 5)-closed for each x € X.

Proof. (1) = (2): By Theorem 7, {z}(%) = La({z}) for each z € X. Thus,

{2} = {2} NT ) o ({z}) = (@)(a.9)-
(2) = (1): Let U € (A,s)O(X) and = € U. By (2), we have

{x}) = (T)As) = {2} 0 Ciae({z}) STa({z)) ST o(U)=U
and hence (X, 7) is (A, s)-Ry.
(2) < (3): This is a consequence of Lemma 5.
Theorem 10. For a topological space (X, T), the following properties are equivalent:
(1) (Xv T) is (Aa S)'RO;

(2) for each nonempty set A of X and each U € (A, s)O(X) such that ANU # 0, there
exists a (A, s)-closed set F such that ANF # () and F CU;

(3) F'=T (58 (F) for every (A, s)-closed set F;

(4) {x}As) = La,s)({z}) for each x € X.

Proof. (1) = (2): Let A be any nonempty set of X and U € (A,s)O(X) such that
ANU # (. Then, there exists € U N A and hence {z}("%) C U. Put F = {z}("9), then
Fis (A, s)-closed, ANF # (0 and F CU.

(2) = (3): Let F be any (A, s)-closed set of X. On the other hand, we have F' C
La,5)(F). Next, we show that F' 2 I'(y o(F). Suppose that ¢ F. Then, v € X — F
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and X — F € (A,s)O(X). By (2), there exists a (A, s)-closed set K such that x € K and
K C X —F. Now, put U = X — K. Then, we have F C U € (A,s)O(X) and = € U.
Thus, x € T'(5 ¢)(F) and hence F' C ' 4 (F). This shows that F' =Ty (F).

(3) = (4): Let v € X and y € I'(5 5 ({z}). There exists a (A, s)-open set U such that
z€Uandy ¢ U. Thus, {y}*) NU = 0 and by (3), F(Aﬁ)({y}(A’S)) NU = (. Since
x & F(A,s)({y}(A’S)), there exists a (A, s)-open set G such that {y}(**) C G and = ¢ G.
Hence, {z}*) NG = 0. Since y € G, y & {x}N9). Therefore, {z}**) C LCias)({x}).
Moreover, {z}M8) C Lias({x}) C F(A7S)[{:B}(A’S)] = {2}(»9), This shows that {z}(M%) =

P(A,s)({x})‘
(4) = (1): This is obvious by Theorem 7.

Definition 8. A topological space (X, 7) is called (A, s)-symmetric if, for each z,y € X,
z € {y}s) implies y € {x}(9),

Theorem 11. A topological space (X,T) is (A,s)-Ro if and only if (X,7) is (A,s)-
symmetric.

Proof. Let z € {y}™* and U be a (A, s)-open set such that y € U. Since (X,7) is
(A, 5)-Rg, we have z € {z}(") C U. Thus, every (A, s)-open set which contains y contains
x.

Conversely, let U € (A, s)O(X) and € U. If y ¢ U, then = ¢ {y}(™*) and hence
y & {x}™9). This implies that {y}**) C U. Thus, (X, 7) is a (A, s)-Ro space.

5. On generalized (A, s)-closed sets

In this section, we introduce the notion of generalized (A, s)-closed sets and investi-
gate several fundamental properties of generalized (A, s)-closed sets. Furthermore, some
characterizations of (A, s)-normal spaces are discussed.

Definition 9. A subset A of a topological space (X, T) is said to be generalized (A, s)-closed
(briefly g-(A, s)-closed) if ANS) C U whenever A C U and U € (A, s)O(X).

Remark 1. Every (A, s)-closed set is g-(A, s)-closed.
The converse of Remark 1 need not be true as shown in the following example.

Example 1. Let X = {1,2,3} and 7 = {0,{1,2}, X}. Then, A= {1} is a g-(A, s)-closed
set, which is not (A, s)-closed.

Theorem 12. A topological space (X, T) is (A, s)-symmetric if and only if {z} is g-(A, s)-
closed for each x € X.

Proof. Let V € (A,s)O(X) and = € V. Suppose that {z}(*) ¢ V. Therefore,
(X = V)n{z}®9) £ ). Let y € (X — V)N {z}™). Thus, y € {2} and hence
z € {y}»). Now, we have 2 € {y}(%) which is a subset of the complement of V and
x ¢ V. This is a contradiction.
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Conversely, let 2 € {y}(%). Suppose that y & {z}(%). Thus, y € X — {2}(»%) and
hence {y}**) C X — {x}A%). Now, the complement of {z}**) contains z which is a
contradiction.

Theorem 13. A subset A of a topological space (X,T) is g-(A,s)-closed if and only if
AWNS) — A contains no nonempty (A, s)-closed set.

Proof. Let F be a (A, s)-closed subset of AX%) — A, Now, A C X — F and since A is
g-(A, s)-closed, we have A C X — F and F C X — AN9), Thus,

FCAM) n (X — AWy = ¢

and F' is empty.
Conversely, let A C U and U be (A, s)-open. If AAX%) ¢ U, then AX) N (X ~U)is a
nonempty (A, s)-closed subset of A) — A,

Proposition 6. Let A, B subsets of a topological space (X, 7). If A is g-(A, s)-closed and
ACBC AN then B is g-(A, s)-closed.

Proof. Let B C U and U € (A,s)O(X). Then, we have A C U. Since A is g-(A, s)-
closed, AWS) C UL Since AC B C A(A“S), BWs) = A9 and hence BW®) C U. Thus, B
is g-(A, s)-closed.

Definition 10. Let A be a subset of a topological space (X, 7). The union of all (A, s)-open
sets contained in A is called the (A, s)-interior of A and is denoted by A 4)-

Lemma 6. Let A and B be subsets of a topological space (X, 7). For the (A, s)-interior,
the following properties hold:

(1) Aas) €A and [Aa gl = A

(2) If AC B, then Ar5) C B(p,s)-

(3) Aa,s) s (A, s)-open.

(4) A is (A, s)-open if and only if Ay = A.

Theorem 14. A subset A of a topological space (X,T) is g-(A,s)-open if and only if
F C A(Aﬁ) whenever FF ' C A and F is (A, s)-closed.

Proof. Suppose that A is g-(A, s)-open. Let FF C A and F be (A, s)-closed. Then,
we have X — A C X — F. Since X — F is (A,s)-open and X — A is g-(A, s)-closed,
X —Apg =[X—A®) C X — F and hence F C Ay ).

Conversely, let X—A C U and U € (A, s)O(X). Then, we have X —U C Aand X —U is
(A, s)-closed. By the hypothesis, X —U C A, ) and hence [X — A] (As) = X — A CU.
Thus, X — A is g-(A, s)-closed and so A is g-(A, s)-open.
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Corollary 3. Let A, B subsets of a topological space (X, 7). If A is g-(A,s)-open and
A(A,s) g B g A, then B 1is g-(A,S)—Open.

Proof. This follows from Proposition 6.

Lemma 7. Let A be a subset of a topological space (X,7) and G € (A,s)O(X). If
ANG =0, then AN NG = 0.

Theorem 15. For a subset A of a topological space (X, T), the following properties are
equivalent:

(1) A is g-(A, s)-closed;
(2) A3 — A contains no nonempty (A, s)-closed set;
(3) ANS) — A s g-(A, s)-open.

Proof. (1) = (2): This follows from Theorem 13.
(2) = (3): Let F € A% — A and F be (A, s)-closed. By (2), we have F = ) and

F C [AW) Al(a,s)- It follows from Theorem 14 that AN — A s g-(A, s)-open.
(3) = (1): Let AC U and U € (A,s)O(X). Thus, AX) — U € AN — A, Since
AW — Ads g-(A, 5)-open and A — U is (A, s)-closed. By Theorem 14,

AR — g C [ANS) — Ay ) = 0.

Thus, A C U and hence A is g-(A, s)-closed. Now, the proof of [As) — Alpsy =10
is given as follows. Suppose that [AA) — Alas) # 0. Let x € [AAs) Al(p,5)- Then,
there exists G € (A, s)O(X) such that z € G C AN®) — A, Since G C X — A, we have
GNA =0 and by Lemma 7, G N A®) = (). This implies that G C X — AN, Thus,
G C[X — AWM N AWS) = (). This is a contradiction.

Theorem 16. A subset A of a topological space (X,T) is g-(A,s)-closed if and only if
F N ANS) = whenever ANF =0 and F is (A, s)-closed.

Proof. Let F be a (A, s)-closed set such that AN F = (. Then, we have A C X — F.
Since A is g-(A, s)-closed and X — F is (A, s)-open, A C X — F. Thus, FNA®M) = (),

Conversely, let A C U and U € (A, s)O(X). Then, we have AN (X —U) = 0 and
X — U is (A, s)-closed. By the hypothesis, (X — U) N A®%) = () and hence AX) C U.
This shows that A is (A, s)-closed.

Theorem 17. A subset A of a topological space (X, T) is g-(A,s)-closed if and only if
AN{z} N9 £ ) for every x € AN,

Proof. Suppose that AN {z}("%) = () for some x € AM5). Then, A C X — {x}(M9),
Since A is g-(A, s)-closed and X — {z}(*) is (A, s)-open, AN € X —{2}(M9) € X —{z}.
This contradicts that x € A,
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Conversely, suppose that A is not g-(A, s)-closed. Thus, () # AW U for some
U € (A, s)O(X) containing A. There exists 2 € A —U. Since x ¢ U, by Lemma 7,
Un{z}™%) = ¢ and hence An{z}M%) C UN{x}A%) = (). This shows that AN{z}1) =0
for some x € AMS),

Corollary 4. For a subset A of a topological space (X, 1), the following properties are
equivalent:

(1) A is g-(A, s)-open;

(2) A— A contains no nonempty (A, s)-closed set;
(3) A— A is g-(A, s)-open;

(4) (X —A)n{z} X9 £ 0§ for every z € X — Aps)-

Proof. This follows from Theorem 15 and Theorem 16.

Theorem 18. A subset A of a topological space (X,T) is g-(A,s)-open if and only if
U = X whenever U is (A, s)-open and (X — A)U A ) CU.

Proof. Let U be a (A, s)-open set and (X — A) U A(, ) € U. Then, we have
X-UC(X—-AW) (X -4).

Since X — A is g-(A, s)-closed and X — U is (A, s)-closed. By Theorem 13, X —U = () and
hence X =U.
Conversely, suppose that F' C A and F is (A, s)-closed. Then,

(X —A)UAQ C (X = F)UA,R, € (A 5)O(X).
By the hypothesis, we have X = (X — F) U A(a,s) and hence
F=FnNn[(X-F)U A(A,s)] =Fn A(A,s) - A(A,s)‘

It follows from Theorem 14 that A is g-(A, s)-open.

Definition 11. A subset A of a topological space (X, T) is said to be locally (A, s)-closed
if A=UNF, where U € (A, s)O(X) and F is a (A, s)-closed set.

Theorem 19. For a subset A of a topological space (X, 1), the following properties are
equivalent:

(1) A is locally (A, s)-closed;
(2) A=UnANS) for some U € (A, s)0(X);
(3) A3 — A s (A, s)-closed;



C. Boonpok, C. Viriyapong / Eur. J. Pure Appl. Math, 16 (1) (2023), 336-362 350
(4) AU[X — A(p )] is (A, s)-open;
(5) AC[AULX — Ay .

Proof. (1) = (2): Suppose that A = U N F, where U € (A,s)O(X) and F' is (A, s)-
closed. Since A C F', we have ALs) ¢ pAs) = B Since A C U,

ACUNABNS) cunF = A.

Thus, A =U N AW,

(2) = (3): Suppose that A = U N AD9) for some U € (A,s)O(X). Then, we have
AN A= (X —[UNADSI) N AL = (X —U) N AD9). This shows that AN — A is
(A, s)-closed.

(3) = (4): Since X —[AM) — A] = [X — AN5)]UA and by (3), we obtain AU[X —AM9)]
is (A, s)-open.

(4) = (5): By (4), ACAU[X — AN = [AU (X — ABD)] 4 .

(5) = (1): Weput U = [AU[X — A(A’s)]](Ays). Then, we have U is (A, s)-open and
A=ANUCUNADS C[AU[X — AL N AL = A0 AN = A, Therefore, we
obtain A = UNAM) where U € (A, s)O(X) and AA9) is (A, s)-closed. Thus, A is locally
(A, s)-closed.

Theorem 20. A subset A of a topological space (X, 7) is (A, s)-closed if and only if A is
locally (A, s)-closed and g-(A, s)-closed.

Proof. Let Abe (A, s)-closed. By Remark 1, A is g-(A, s)-closed. Since X is (A, s)-open
and A= X N A, we have A is locally (A, s)-closed.

Conversely, suppose that A is locally (A, s)-closed and g-(A, s)-closed. Since A is locally
(A, s)-closed and by Theorem 19, A C [AU (X — A(A’S))](Aﬁ). Since [AU (X — A(A’S))](A,S)
is (A, s)-open and A is g-(A, s)-closed,

AN CTAUX — ARy g CAUX — AD)

and hence A%) C A. Thus, A% = A and by Lemma 4, A is (A, s)-closed.

Definition 12. A subset A of a topological space (X, T) is said to be:
(i) (A, s)-dense if AL = X;
(ii) (A, s)-codense if its complement is (A, s)-dense.

Definition 13. A topological space (X,T) is said to be (A, s)-submaximal if, for each
(A, s)-dense subset of X is (A, s)-open.

Theorem 21. For a topological space (X, T), the following properties are equivalent:

(1) (X,7) is (A, s)-submazimal;
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(2) every subset of X is a locally (A, s)-closed set;
(3) every subset of X is the union of a (A, s)-open set and a (A, s)-closed set;

(4) every (A, s)-dense set of X is the intersection of a (A, s)-closed set and a (A, s)-open
set;

(5) every (A, s)-codense set of X is the union of a (A, s)-open set and a (A, s)-closed set.

Proof. (1) = (2): Suppose that (X, 7) is (A, s)-submaximal. Let A be any subset of
X. Then, [X —[AW9) — A])(A9) = [AU[X — AW9)])(A9) = X Therefore, X — [AM) — A] is
(A, 5)-dense and so X —[AM%) — A] is (A, s)-open. Thus, X —[AM) — A] = AU[X — AM9)]
is (A, s)-open. This shows that A = [AU[X — AN N AA9) is locally (A, s)-closed.

(2) < (3): Suppose that every subset of X is a locally (A, s)-closed set. Let A be any
subset of X. By (2), we have X — A = U N F, where U is a (A, s)-open set and F is a
(A, s)-closed set. This implies that A = (X —U)U(X — K), where X —U is a (A, s)-closed
set and X — F'is a (A, s)-open set. The converse is similar.

(2) = (4) and (4) < (5) are obvious.

(4) = (1): Let A be a (A, s)-dense set. By (4), there exist a (A, s)-open set U and
a (A, s)-closed set F' such that A = UNF. Since A C F and A is a (A, s)-dense set,
X C F. Thus, FF = X and hence A = U is (A,s)-open. This shows that (X,7) is
(A, s)-submaximal.

N

Definition 14. A subset A of a topological space (X, T) is said to be:
(i) a [a,s)-set if A= I’(A’S)(A);
(i) a ®L(p )-set if T(p,5)(A) © F whenever A C F and F is a (A, s)-closed set.

Definition 15. A topological space (X, 1) is called (A, s)—T% if every g-(A, s)-closed set of
X is (A, s)-closed.

Lemma 8. For a topological space (X, T), the following properties hold:
(1) for each x € X, the singleton {x} is (A, s)-closed or X — {x} is g-(A, s)-closed;
(2) for each x € X, the singleton {x} is (A, s)-open or X — {z} is a ®(y ,)-set.

Proof. (1) Let x € X and the singleton {x} be not (A, s)-closed. Then, we have
X — {x} is not (A, s)-open and X is the only (A, s)-open set which contains X — {z} and
hence X — {z} is g-(A, s)-closed.

(2) Let z € X and the singleton {x} be not (A, s)-open. Then, we have X — {z} is
not (A, s)-closed and the only (A, s)-closed set which contains X — {z} is X and hence
X —{z} is a @'y 4)-set.

Theorem 22. For a topological space (X, T), the following properties are equivalent:
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(1) (X,71) is (A, s)-T%;
(2) for each x € X, the singleton {z} is (A, s)-open or (A, s)-closed;
(3) every &Iy s -set is a [y 4 -set.

Proof. (1) = (2): By Lemma 8, for each x € X, the singleton {z} is (A, s)-closed or
X —{z} is g-(A, s)-closed. Since (X, 7) is a (A, s)—T%—space, X —{z} is (A, s)-closed and
hence {z} is (A, s)-open in the latter case. Therefore, the singleton {x} is (A, s)-open or
(A, s)-closed.

(2) = (3): Suppose that there exists a ®['(5 ,)-set A which is not a I'y )-set. There
exists x € I'(y 4)(A) such that = ¢ A. In case the singleton {z} is (A, s)-open, A C X —{z}
and X — {z} is (A, s)-closed. Since A is a ®I(y z)-set, [y 5(4) € X — {x}. This is a
contradiction. In case the singleton {z} is (A, s)-closed, A C X —{z} and X —{z} is (A, s)-
open. By Proposition 3, I'(y 5)(A) € T'(p (X — {z}) = X — {z}. This is a contradiction.
Thus, every ®I'( 5)-set is a I'(y 4)-set.

(3) = (1): Suppose that (X, 7) is not a (A, s)—T%—Space. Then, there exists a g-(A, s)-
closed set A which is not (A, s)-closed. Since A is not (A, s)-closed, there exists z € AM9)
such that = ¢ A. By Lemma 8, the singleton {z} is (A,s)-open or X — {z} is a 'y o-
set. (a) In case {2} is (A, s)-open, since z € A {2} N A # () and z € A. This is a
contradiction. (b) In case X —{x} is a ', 5)-set, if {x} is not (A, s)-closed, X — {z} is not
(A, s)-open and I'(p 4)(X —{z}) = X. Hence, X — {x} is not a Iy 4)-set. This contradicts
(3). If {z} is (A, s)-closed, A C X — {z} € (A,5)O(X) and A is g-(A, s)-closed. Thus, we
have A% C X — {z}. This contradicts that z € A%, Therefore, (X,7) is (A, s)—T%.

Now, as an application of g-(A,s)-closed sets, we introduce the concept of (A, s)-
normality in a topological space (X, 7). This concept enables us to unify several modifi-
cations of normal spaces.

Definition 16. A topological space (X, T) is said to be (A, s)-normal if, for any disjoint
(A, s)-closed sets Fy and Fy, there exist disjoint (A, s)-open sets Uy and Uy such that
F1 g U1 and F2 g UQ.

Theorem 23. For a topological space (X, 1), the following properties are equivalent:
(1) (X, 1) is (A, s)-normal;

(2) for every disjoint (A, s)-closed sets Fy and Fy, there exist disjoint g-(A, s)-open sets
Ui and Us such that F; C Uy and Fy C Us;

(3) for each (A, s)-closed set F' and each (A, s)-open set G containing F, there exists a
g-(A, s)-open set U such that F C U C Us) C G;

(4) for each (A, s)-closed set F' and each g-(A,s)-open set G containing F, there exists
a (A, s)-open set U such that F C U C UM C G(As);
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(5) for each (A, s)-closed set F' and each g-(A,s)-open set G containing F, there exists
a g-(A, s)-open set U such that F C U C UM C Grs);

(6) for each g-(A,s)-closed set F and each (A, s)-open set G containing F, there exists
a (A, s)-open set U such that F(M%) C U C UMW) C G;

(7) for each g-(A,s)-closed set F' and each (A, s)-open set G containing F, there exists
a g-(A, s)-open set U such that FA) C U c UM C G.

Proof. (1) = (2): The proof is obvious.

(2) = (3): Let F be a (A,s)-closed set and G be a (A, s)-open set containing F.
Then, F' and X — G are two disjoint (A, s)-closed sets. Hence by (2), there exist disjoint
g-(A, s)-open sets U and V such that FF C U and X — G C V. Since V is g-(A, s)-open
and X — G is (A, s)-closed, by Theorem 14, X — G C V(, 5. Since UNV = (), we have
UM C (X = V)R =X —Vp ) €G. Thus, F CU C UM C G.

(3) = (1): Let Fy and F5 be any disjoint (A, s)-closed sets. Then, we have X — Fy
is a (A, s)-open set containing Fy. Thus by (3), there exists a g-(A, s)-open set U such
that F; CU C UM% C X — F, and hence F, C X — UNS) . Since F) is (A, s)-closed
and U is g-(A, s)-open, by Theorem 14, we have Fy C U, ). This shows that (X, 7) is
(A, s)-normal.

(6) = (7) and (7) = (3): The proofs are obvious.

(3) = (5): Let F be a (A, s)-closed set and G be a g-(A, s)-open set containing F.
Since G is g-(A, s)-open and F is (A, s)-closed, by Theorem 14, F' C G5 5). Thus by (3),
there exists a g-(A, s)-open set U such that F C U C UM) C G(A)-

(5) = (6): Let F be a g-(A,s)-closed set and G be a (A, s)-open set containing F.
Then, we have F(&%) C G. Since G is g-(A, s)-open and by (5), there exists a g-(A, s)-
open set U such that F(A%) € U € UM% C G. Since U is g-(A, s)-open and FA9) is
(A, s)-closed, by Theorem 14, Fs) C U,s)- Put V-="U, 4. Then, V is (A, s)-open and
Fs) cy cyes = [U(A,s)](A’s) c UWs) C q.

(4) = (5) and (5) = (2): The proofs are obvious.

(6) = (4): Let F be a (A, s)-closed set and G be a g-(A, s)-open set containing F. By
Theorem 14, F' C G, ). Since F is g-(A, s)-closed and G, ) is (A, s)-open, by (6), there
exists a (A, s)-open set U such that F' = Fs) cy cus C Ga,s)-

6. On (A, s)-extremally disconnected spaces

In this section, we introduce the notion of (A, s)-extremally disconnected spaces and
investigate several characterizations of such spaces.

Definition 17. A subset A of a topological space (X, T) is said to be:
(i) s(A,s)-open if A C [A(Aﬁ)}(A’S);

(ii) p(A,s)-open if A C [A(A’S)](A,s);
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(iii) oA, s)-open if A C [[An.5)] ™) (a0

(iv) B(A, s)-open if A C [[AN)]y ](A);

(v) b(A, s)-open set if A C [A(A’S)](A’S) U [A(A’s)](ms).

The family of all s(A, s)-open (resp. p(A, s)-open, a(A, s)-open, B(A, s)-open, b(A, s)-
open) sets in a topological space (X, 7) is denoted by s(A,s)O(X) (resp. p(A,s)O(X),
a(A, s)O(X), B(A,s)O(X), b(A, s)O(X)).

The complement of a s(A,s)-open (resp. p(A,s)-open, «(A,s)-open, 5(A,s)-open,
b(A, s)-open) set is called s(A,s)-closed (resp. p(A,s)-closed, a(A,s)-closed, B(A,s)-
closed, b(A, s)-closed). The family of all s(A, s)-closed (resp. p(A, s)-closed, a(A, s)-closed,
B(A, s)-closed, b(A, s)-closed) sets in a topological space (X, 7) is denoted by s(A, s)C(X)
(resp. p(A, s)C(X), a(A,s)C(X), B(A, s)C(X), b(A,s)C(X)).

Definition 18. A subset A of a topological space (X, T) is said to be r(A,s)-open (resp.
r(A, s)-closed) if A = [A(A’S)](Aﬁ) (resp. A = [A(A’S)](A’S)).

The family of all r(A, s)-open (resp. r(A, s)-closed) sets in a topological space (X, T)
is denoted by r(A, s)O(X) (resp. (A, s)C(X)).

Proposition 7. For a subset A of a topological space (X, T), the following properties are
equivalent:

(1) A€ B(A,s)O(X);
(2) AN e r(A,5)C(X);

(4) AN € s(A
(5) AN € b(A, 5)O

Proof. (1) = (2): Let A € B(A,s)O(X). Then, we have A C [[A(A’S)](Aﬁ)](/\’s) and
hence AM9) C [[A(A’S)](A7s)](A’s) C AW Thus, AN = [[A(A’s)](Ays)](A’s). Therefore,
AWS) € (A, 8)C(X).

(2) = (3) = (4) = (5): Obvious.

(5) = (1): Let A9 € b(A, s)O(X). Then, we have

ANs)

N

[[AQ=)@9] ) U [[AND] ]
= [A] (o U [[AN] ]

)

— (A4 5 )4

and hence A C [[A(AVS)](A’S)](A’S). Thus, A € B(A, s)O(X).
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Corollary 5. For a subset A of a topological space (X, T), the following properties are
equivalent:

(1) A€ B(A,s)C(X);
(2) A €7(A,5)O(X);
(3) A(ns) € B(A,5)C(X);
(4) A A, 5)C(X);
(5) Aa,s) € b(A, 5)C(X)

Definition 19. A topological space (X, 7) is called (A, s)-extremally disconnected if UM
is (A, s)-open in X for every (A, s)-open set U of X.

€ s(A,s

) € s(
)Gb( X

Theorem 24. For a topological space (X, T), the following properties are equivalent:

(1) (X,7) is (A, s)-extremally disconnected;

(2) for each V € B(A,s)O(X), V&) € r(A, 5)O(X);

(8) for each V € b(A, s)O(X), V&) € r(A,5)O(X);

(4) for each V € s(A, s)O(X), VIA&s) € r(A, 5)O(X);

(5) for each V € a(A,s)O(X), V&) ¢ r(A,5)0(X);

(6) for each V € (A, 5)O(X), V&) € r(A, 5)O(X);

(7) for each V e r(A, s)O(X), VI3 e r(A, s)O(X);

(8) for each V € p(A,s)0(X), VI&) € (A, 5)O(X).

Proof. The proof follows from Theorem 2 of [3].

Theorem 25. For a topological space (X, T), the following properties are equivalent:

(1) (X, ) is (A, s)-extremally disconnected;

(2) (A, 5)C(X) € (A, 5)O(X);

(3) 7(A,5)C(X) € (A, 5)O(X);
(4) T(A,s)C(X) S p(A, 5)O(X);
(5) s(A,5)0(X) € a(A, 5)0(X);
(6) s(A,s)C(X) C a(A, s)C(X);
(7) s(A,s)C(X) C p(A, s)C(X);
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(8) s(A,s)O(X) € p(A, 5)O(X);
(9) B(A,5)O(X) € p(A, s)O(X);

(10) B(A,5)C(X) C p(A, s)C(X);

(11) b(A, s)C(X) € p(A, 5)C(X);
(12) b(A, 5)O(X) € p(A, s)O(X);
(13) r(A, 5)0(X) C p(A, s)C(X);
(14) r(A, s)O(X) C (A, 5)C(X);
(15) r(A, 5)O(X) C a(A, s)C(X).

Proof. The proof follows from Theorem 3 of [3].

Theorem 26. For a topological space (X, 1), the following properties are equivalent:
(1) (X, ) is (A, s)-extremally disconnected;
(2) Fias) is (A, s)-closed for every (A, s)-closed set ' of X;
(3) 1A ](A #) C [AWs ] (A,s) for every subset A of X.

Proof. (1) = (2): Let F be any (A, s)-closed set. Then, we have X — F'is (A, s)-open.
Since (X, 7) is (A, s)-extremally disconnected, [X — F](A%) = X — Fia,s) is (A, s)-open and
hence F(A s) is (A, s)-closed.

(2) = (3): Let A be any subset of X. Then, X — A, ) is (A, s)-closed and by (2),
[X — Aa9)la,s) 18 (A, 5)-closed. Thus, [A(A’s)](A’S) is (A, s)-open and hence

[Aa,] ™ € [AM)] 4 ).
(3) = (1): Let U be any s(A, s)-open set. Thus, by (3),
UM = [Up,0) ™ S U] (5
and so U*) is (A, s)-open. This shows that (X,7) is (A, s)-extremally disconnected.
Theorem 27. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is (A, s)-extremally disconnected;

(2) for every (A, s)-open sets Uy and Uy such that Uy N Us = (), there exist disjoint
(A, s)-closed sets Fy and Fy such that Uy C Fy and U C Fy;

(3) UlA "N U2A ) =) for every (A, s)-open sets Uy and Us such that Uy N U = ();
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(4) [[A(A’S)](Aﬁ)](/\’s) NUNS) =0 for every subset A of X and every (A, s)-open set U
such that ANU = 0.

Proof. (1) = (2): Suppose that (X, 7) is (A, s)-extremally disconnected. Let U; and
Us be (A, s)-open sets such that U; N Uz = (). Then, we have Ul(A’S) and X — UI(A’S) are
disjoint (A, s)-closed sets containing U; and Uy, respectively.

(2) = (3): Let Uy and Us be (A, s)-open sets such that U3 N Uy = (. By (2), there
exist disjoint (A, s)-closed sets F; and F» such that Uy C F} and Uy C Fy. Thus,

Ul(A’s) N UQ(A’S) CFNE=10
and hence UI(A’S) N UQ(A’S) = 0.
(3) = (4): Let A be any subset of X and U be any (A, s)-open set such that ANU = 0.
Since [A(A’S)](A,S) is (A, s)-open and [A(A7S)](A7S) NU = 0. By (3),

A )40 AU = g,

(4) = (1): Let U be any (A, s)-open set. Then, we have [X — UM N U = ). Since

X — UM is (A, 5)-open and by (4), [[U(A’S)](A7S)](A’s) N[X — UW))(A8) = (. Since U is

A, s)-open, we have UM N [X — [UR9)] ) 1] = 0 and hence UM C [UNM9)] 4 ). This
(As5) (Ass)

(As)

implies that U is (A, s)-open. Thus, (X, 7) is (A, s)-extremally disconnected.

Theorem 28. For a topological space (X, 1), the following properties are equivalent:
(1) (X,7) is (A, s)-extremally disconnected;
(2) for every r(A,s)-open set of X is (A, s)-closed;
(3) for every r(A,s)-closed set of X is (A, s)-open.

Proof. (1) = (2): Suppose that (X, 7) is (A, s)-extremally disconnected. Let U be any
r(A, s)-open set of X. Then, we have U = [U(Avs)](Avs). Since U is (A, s)-open, U9 is
(A, s)-open. Thus, U = [U(A’S)}(A,S) = UM) and hence U is (A, s)-closed.

(2) = (1): Suppose that for every r(A, s)-open set of X is (A, s)-closed. Let U be any
(A, s)-open set. Since [U(A’S)](A,S) is r(A, s)-open, we have [U(A’s)](,\ys) is (A, s)-closed and
hence UWM) C [[U(A’S)](A,S)](A’s) = [U(A’s)](ms). Thus, U™9) is (A, s)-open. This shows
that (X, 7) is (A, s)-extremally disconnected.

(2) < (3): The proof is obvious.

7. Characterizations of almost (A, s)-continuous functions

In this section, we introduce the notion of almost (A, s)-continuous functions. More-
over, some characterizations of almost (A, s)-continuous functions are discussed.
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Definition 20. A function f: (X,7) = (Y, 0) is said to be almost (A, s)-continuous at a
point x € X if, for each (A, s)-open set V of Y containing f(z), there ezists a (A, s)-open
set U of X containing x such that f(U) C [V(A’S)](A,S). A function f: (X, 7) = (Y,0) is
said to be almost (A, s)-continuous if f has this property at each point x € X.

Theorem 29. For a function f: (X,7) — (Y,0), the following properties are equivalent:
(1) f is almost (A, s)-continuous at x € X;
(2) x € [f_l([V(A’S)](AVS))](A,S) for every (A, s)-open set V' of Y containing f(x);
(3) x € [f1(V)](as) for every r(A, s)-open set V of Y containing f(x);

(4) for every r(A,s)-open set V of Y containing f(x), there exists a (A, s)-open set U
of X containing x such that f(U) C V.

Proof. (1) = (2): Let V be any (A, s)-open set of Y containing f(z). Then, there
exists a (A, s)-open set U of X containing x such that f(U) C [V(A’s)](Avs). Thus,

zeUC VA ag)

Since U € (A, s)O(X), we have x € [ffl([V(A’S)}(A7s))](,\7s).

(2) = (3): Let V be any r(A, s)-open set of Y containing f(x). Since V = [V(A’S)](Ajs)
and by (2), we have z € [f~1(V)](a4)-

(3) = (4): Let V be any r(A, s)-open set of Y containing f(z). Thus, by (3), we have
z € [f71(V)](a,5)- Then, there exists a (A, s)-open set U of X containing z such that
U C f~Y(V) and hence f(U) C V.

(4) = (1): Let V be any (A, s)-open set of Y containing f(x). Then,

f@) eV S VA, .

Since [V(A’s)}(,\ 5) is7(A, s)-open and by (4), there exists a (A, s)-open set U of X containing
x such that f(U) C [V s)]( As)- This shows that f is almost (A, s)-continuous.

Theorem 30. For a function f:(X,7) — (Y,0), the following properties are equivalent:
(1) f is almost (A, s)-continuous;
(2) f71 V) SV as)las for every (A, s)-open set V of Y
(3) [f~H([Fia, 8)]( N]JAs) C f=1(F) for every (A, s)-closed set F of Y ;
(4) BN a0/ NAS) C f=H(BW)) for every subset B of Y;

(5) 7 (Bas) € [ Bus)™as)lias for every subset B of Y;
(6) f~5(V) is (A, s)-open in X for every r(A,s)-open set V of Y;



C. Boonpok, C. Viriyapong / Eur. J. Pure Appl. Math, 16 (1) (2023), 336-362 359
(7) f7YF) is (A, s)-closed in X for every r(A, s)-closed set F of Y.

Proof. (1) = (2): Let V be any (A, s)-open set of Y and = € f~1(V). By (1), there
exists a (A, s)-open set U of X containing x such that f(U) C [V(A’S)]( A,s)- This implies
that = € [/ (V)] a )]0 Thus, f7H(V) C [FH (V094

(2) = (3): Let F be any (A, s)-closed set of Y. Thus, by (2), we have

X—fH(V)=f(Y - F)
C Y = F1™N )l
= [/ = [Fas)®as
= X = [ ([Fa )M

and hence [~ ([F(s 5] € f71(F).
( ) = (4): Let B be any subset of Y. Since B is (A, s)-closed and by (3), we have
[FH BN, )N C fH(BO).
):

(4) = (5): Let B be any subset of Y. By (4),
FHBus) =X = f7H(Y = BI®)
C X —[f7HIY = BI™ (g 00

= [f_l ( [[B(A,s)] (A78)] (A,s) )] (A,s)-

(5) = (6): Let V be any r(A, s) -open set of Y. Since [[V{,, )]( )]SA y =V and by (5),
F7HV) C UM V))ays)- Thus, f=HV) = [f~*(V)],s) and hence f~H(V) is (A, s)-open.

(6) = (7): The proof is obvious.
(7) = (1): Let V' be any r(A, s)-open set of Y containing f(z). Thus, by (7), we
have X — f~4V) = fH(Y - V) = [f (Y - V)]™) = X — [/~ (V)](a,5) and hence
F7HV) = [f71(V))(a,s)- Since € [f71(V)](a,5), there exists a (A, s)-open set U of X
containing x such that U C f~%(V). Thus, f(U) C V and by Theorem 29, f is almost
(A, s)-continuous.

Theorem 31. For a function f: (X,7) — (Y, 0), the following properties are equivalent:
(1) f is almost (A, s)-continuous;
(2) [f~H))N9) C =1 UN)) for every B(A, s)-open set U of Y ;
(3) [f7HUN) C fmHUN) for every s(A, s)-open set U of Y
(4) F71U) € 1 HUA ] 0))nsy Sor every p(A,s)-open set U of Y.

Proof. (1) = (2): Let U be any S(A, s)-open set of Y. Since UM% is (A, s)-closed,
by Theorem 30, [f~1(17)]4) C [f~1(UR)](hs) = p=L(p (),
(2) = (3): The proof is obvious.
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(3) = (1): Let F be any r(A,s)-closed set of Y. Then, we have F is s(A, s)-open.
By (3), [fH(F)]™®) € fHFWs)] = f~1(F). Therefore, f~1(F) is (A, s)-closed and by
Theorem 30, f is almost (A, s)-continuous.

(1) = (4): Let U be any p(A, s)-open set of Y. Then, U C [U™ )]( s) and [T )](A,s)
is r(A, s)-open. By Theorem 30, /~(U) € f~ ([UA](y ) = [1 7 ([U)) a0

(4) = (1): Let U be any r(A, s)-open set of Y. Then we have U is p(A, s)-open and
by (4), f7(U) (UM as))ae = [ (U)]as)- Thus, f71(U) is (A, s)-open and

by Theorem 30, f is almost (A, s)-continuous.

8. Conclusion

The notions of closed sets and low separation axioms are fundamental with respect to
the investigation of topological spaces. Various types of generalizations of closed sets and
some new separation axioms have been researched by many mathematicians. Semi-open
sets, preopen sets, a-open sets and [-open sets play an important role in the researching
of generalizations of continuity in topological spaces. Using different forms of open sets,
several authors have introduced and studied various types of weak forms of continuity.
This work is concerned with the concepts of (A, s)-closed sets. Moreover, some properties
of generalized (A, s)-closed sets are obtained. Several characterizations of some low sep-
aration axioms are established. Characterizations of (A, s)-extremally disconnected are
obtained. Furthermore, some characterizations of almost (A, s)-continuous functions are
explored. The ideas and results of this work may motivate further research.
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