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Abstract. The main aim of this work is to introduce and study the notions of generalized regu-
larity, normality, and symmetric in fuzzy soft topological spaces via fuzzy soft generalized closed
sets. Some of their basic properties are investigated. Many related theorems and relations of these
notions are presented. Moreover, the hereditary property and some preservation theorems are
discussed.

2020 Mathematics Subject Classifications: 54A40, 54C08, 54D15

Key Words and Phrases: Fuzzy soft set, fuzzy soft g-closed set, quasi coincident, fuzzy soft
g-continuous maps, fuzzy soft g-regular, fuzzy soft g-normal space

1. Introduction and Preliminaries

Levine [18] introduced the notion of generalized closed set, briefly g-closed in general
topology. A subset B of a topological space (X, 7) is called g-closed, if ¢l(B) C U whenever
B C U and U is open in (X, 7). This notion has been studied extensively in topology and
fuzzy topology by many authors as in ([3, 5, 7, 8, 13, 17, 25-27, 32]). The investigation
of g-closed sets has led to several new and interesting concepts, e.g. g-regular, g-normal
spaces, their generalizations which are studied in ([12, 15, 21-24]), and new separation
axioms weaker than T} are presented. In recent time, the topological structures play an
important role in many applications of complex real-life problems in various field, specially
the fields that concerned with handling all cases that contain uncertainties such as medical
diagnosis and decision making,...etc see e. g. ([10, 11]).

After the discovery of fuzzy set theory by Zadeh [33], many authors generalized and
applied this idea in different aspects see e. g. ([1, 2, 14, 19]. The concept of fuzzy topo-
logical space was introduced by Chang in [6]. Balasubramanian et. al [5] introduced the
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concept of fuzzy generalized closed sets. Then M. El-Shafei [12] introduced and studied
some applications of fuzzy generalized closed sets. Tanay et. al. [30] defined and studied
the notion of topological structure for fuzzy soft sets and studied many related concepts.
Recently, Tarrannum et. al. [31] introduced the concept of fuzzy soft generalized closed
sets, fuzzy soft generalized continuous maps, and studied some properties for them.

In this paper, we define and study the notions of fuzzy soft generalized regular spaces,
generalized normal spaces, and symmetric spaces by utilizing fuzzy soft generalized closed
sets. We obtain some characterizations. Several related theorems and relationships of
them are discussed. In addition, the hereditary property and some preservation theorems
are presented.

Throughout this work, U refers to an universe set, F is the set of all parameters, P(U)
is the power set of U, IV is the set of all fuzzy sets on U, where I = [0, 1], F'S- refers to
fuzzy soft, and (U, J, F) means fuzzy soft topological space. In the next, we recall some
basic definitions and notations which are used in this sequel.

A fuzzy set(or F-set) A in U is a mapping A : U — I assigns the value A(z) € I for
all z € U. An F-point z, is an F-set such that z,(y) = a > 0if 2 = y and 2, (y) = 0
otherwise for all y € U. We write z, € A if @ < A(x). The class of all F-points of U is
denoted by F'P (U) [33].

A fuzzy soft set(or FS-set) fz = (f,E) on U is a mapping f : E — IY where
f(e) = feis an F-set on U. Thus fp can be written as the set of ordered pairs
fe={(e, f(e)) :e € E, f(e) € IV}. The class of all FS-sets on U is denoted by FSS(U)
[19].

For two F'S-sets fr and gg on U, we have[19]:
1) fg is called a null (resp. universal) F'S-set, symbolized by Og(resp.1y) if f(e) =
O(resp.f(e) =1) for all e € E.
2) fr is a subset of gg if f(e) < g(e) V e € E, symbolized by f C g.
3) fg and g are equal if fp C gp and gg C fg. It is symbolized by fg = gp.
4) The union of fr and gg is an F'S-set hg defined by h(e) = f(e) Vg (e) for all e € E.
hg is symbolized by fg U gg.
5) The intersection of fr and gg is an F'S-set lg defined by I (e) = f(e) A g(e) for all
e € E. lg is symbolized by fr Mgg.

An FS-point z¢ on U is an FS-set (z€, E) given by z%,(¢') = 24 if ¢’ = e and 25,(¢') = 0
otherwise, where x,, is an F-point in U with the support x and the value o, a € (0,1].
An FS-point € fg if @ < f(e)(z). The set of all F'S-points in U is denoted by F.SP(U).
We can write zf, # yj if ¢ # y [4, 9].

The triple (U, 0, E) is called a fuzzy soft topological space ( or FSTS) where E is a
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fixed set of parameters and ¢ is the class of F'S-sets on U which is closed under a finite
intersection, an arbitrary union, and Og , 1g belong to 6. The family F.SOS(U) (resp.
FSCS(U)) refers to the set of all F'S-open(resp. F'S-closed) sets on U [4, 30].

Notation. [29] For zf, € FSP(U), Oy refers to an F'SO-set contains xf, and is called
FSO-nbd of xf, , Ng (xf,) refers to the set of all F.ISO-nbds of z{,. In general Oy, refers
to an F'SO-set contains fg.

An FS-closure of an F'S-set hg in (U, 6, E) denoted by cl(hg) is the smallest F'SC-
set on U which contains hg, and an F'S-interior of hp denoted by int(hg) is the largest
FSO-set contained in hg. It is clear that z¢€int(hg) if and only if there exists Oze € &
such that Oz¢ C hp [4].

Definition 1. [16] Let FSS(U) and FSS(V) be two classes of all FS-sets on U, V
respectively, and let p : U — V and uw : E — K be two maps, then the map fup :
FSS(U) — FSS (V) is called an FS-map for which:

i) If hp € FSS(Ug), then the image of hg denoted by fu,(hg) is an F'S-set on V' given by
fup(hp) (k) = sup{p(h (e)) : e € u=t (k)} if u=t (k) # 0 and fup (hg) (k) = Ok, otherwise
Vk e K.

ii) If g € FSS(V), then the preimage of gx denoted by fu_pl(gK) is an FS-set on U
defined by £, (910)(€) = (g (u(¢))) for all e € E.

An FS-map f,) is called one-one(onto) if u and p are one-one(onto).

For more details about the properties of image and preimage of the F'S-sets see [16].

Definition 2. [}/ The FS-sets hg and gg on U are called F'S-quasi coincident, denoted
by heqge if there is e € E and x € U such that h(e)(z) + g(e)(z) > 1. If hg is not quasi
coincident with gg, we write hgggr. In particular, x&q9r if o+ g(e)(x) > 1.

Proposition 1. [/, 29]

(i) fed9e & fE C g%

(i) fENge = 0p = fEq9E.

(i) frdge » he C gr = fEqhE.

(iv) 254 fr < 2L€ff

(v) fe E ge < (244fp = 2549E)-

(vi) fedfg-

Lemma 1. [29] For an FSTS (U,4, E) and z¢, € FSP(U), we have:
(i) 9eqfE if and only if gpgcl(fE) ¥V gk € 6,

(ii) x5,qel(fe) if and only if Oze Gfp ¥V Oge € 6.

Definition 3. [20] An FS-set hg in (U,6,E) is said to be reqular open (resp. regular

closed) if hg = int(cl(hg)) (resp. hg = cl(int(hg)). The family of all F'S-regular open
(resp. all F'S-reqular closed) on U is denoted by FSRO(U) ( resp. FSRC(U) ).
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Definition 4. [31] An F'S-set fr in (U, 9, F) is said to be fuzzy soft generalized closed (or
FSg-closed) if cl(fy) © hg for all fp C hg and hg € FSOS(U). The collection of all
FSg-closed sets in (U, 0, E) is denoted by FSgCS(U). The complement of an FSg-closed
set is called an F'Sg-open set.

Note. Clearly, every F'SC-set is an F'Sg-closed set.

Definition 5. [28] An FST(U, 0, E) is said to be:

(i) FSTy iff for any xg,, y§ € FSP(U) with z¢qy§ implies xgqcl(yg) or cl(x,)qyj -

(it) FSTy iff for any z¢,,y5 € FSP(U) with x(,qys implies zggcl(yg) and cl(zg,)qys.

(i) FSTy iff for any af, , y5 € FSP(U) with x3qy§, there are Oqe, Oyg € 0 such that
Oqg, GOys-

Definition 6. [28] An FSTS (U,0, E) is said to be:

(i) FSRa(or FS-regular) iff for any xt, € FSP(U) with 5qfr , fg is an FSC-set, there
are Oge , Oy, € 0 such that Oye GOy, .

(i) FSR3 (or FS-normal) iff for any F'SC-sets fg, ge with feqge, there are Oy, , Oy, € 0
such that O,q0g, .

(11i) FSTy (resp. FSTy) iff it is FSRy (resp. FSR3) and FSTj.
Theorem 1. /28/ FST4 = FSTg = FSTQ = FSTl = FSTO

Definition 7. [29] Let (U,T) be a topological space. The family 6 = {xa : A € T} defines
an FST on U induced by T.

Definition 8. [31] An FS-map fup : (U0, E) — (V,0, K) is said to be:

(i) FSg-continuous if fo.}(hg) € FSgCS(U) for any hg € FSCS(V).

(it) FSgc-irresolute if f,.'(gr) € FSgCS(U) for any gp € FSgCS(V).

Note. Clearly, every F'Sgc-irresolute map is F'Sg-continuous.

2. Fuzzy soft g-regular spaces

Definition 9. An FSTS (U, 4, E) is said to be:
(i) FST: iff any FSg-closed set on U is an FSC-set.
2
(1) FSTQ% iff for any zf, , y5 € FSP(U) with zgqyj, there are Oqg, Oyg € 0 such that
clOge, dclOyg .
Definition 10. An FSTS(U,), E) is said to be FSg-reqular (or FS-GR2) if for any

FSg-closed set hg and any F'S-point x¢, with xi,ghg, there are Oge, Oy, €5 such that
Oze GOy -
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Remark 1. Clearly, every F'S-GRs space is FSRyo. The next example shows that the
converse is not necessarily true.

Example 1. Let U = {CL, b}7 E = {67t}; and § = {OEa ]-E'a fE = {(67 {a0.57b0.3})7

(t,{aos,007})}, 9 = {(e,{a0s,b03}), (¢, {aos,bo7})} }, then & is F'ST on U. One can
easy to verify that (U,6, E) is F'SRy but not FS-GR.

Theorem 2. An FSTS (U,0,FE) is F'S GRy if and only if it is FSRy and FST%.

Proof. 1If (U,6,FE) is F'S-GR2, then by Remark 1 it is FSRy. For any FSg-closed
set fp and any F'S-point z¢ with x{qfg i.e. wgéfg, there are Oge, Of, €0 such that
O2¢ GOy, = Ope fp = x54cl (fg) implies that z¢ €[cl (f£)]°. Thus fEClcl (f£)° =
cl (fg)Cfg and so, fg = cl (fr) this means every F'Sg-closed set in (U, 9, F) is an F.SC-
set. The result holds.

Conversely, it is clear.

Theorem 3. An FSTS(U,0,E) is F'S-GRy if and only if for any FS-point z¢, and any
FSg-open set Oy , there is an F'SO-set O} such that cl(O;Z)EOmg.

Proof. Let (U,6,E) be F'S-GRy and Oe be any FSg-open set containing F'S-point
zg, then Oz = fp which is an F'Sg-closed set. Since Oy ¢O7. we have, z7¢Ogz.. Since
(U,6,E) is FS-GRy, there are OF. ,Oo¢, € 6 such that O §Ooc, = Oyyimplies O, T

;E and so, cl(O;Z) C OJ%E. Since Oia ag OO;g = Oy, we obtain O;E C O . Hence
cl(O7e) E Oge.
Conversely, let z¢ be any FS-point and gr be any FSg-closed set with z¢Ggg, then
xg, € g = Oge which is an F'Sg-open set containing zf,. So by hypothesis, there exists
an FSO-set Oy such that cl(O.) C Oy = gf implies gp T [cl(Og’;g)]c = Oy, and
(O3 )qlcl(O3e )¢ = Ogy- Therefore O ﬁOgE. Hence the result holds.

Theorem 4. An FSTS (U, 6, E) is FS-GRy if and only if for any FSg-closed set gp and
any FS-point xf, with x¢,qgE, there are Ogze, Oy, € § such that cl(Oge )Gcl(Oyy, ).

Proof. Let (U,0, E) be an F.S-GRy space and gg be any FSg-closed set with z¢qgg,
there are OF.,0Oy, € ¢ such that Of,¢O;.. From Lemma 1, we get cl(Oy,)GO;. that
is, cl(Of,)qxs,. A gain, since (U, 6, E) is F'S-G Ry, there are Oz 7Ocl(OfE) € 0 such that
O;EqNOd(OfE) implies that Cl(O;E)chl(ofE) (by Lemma 1 ). Take Oy = O MOz and
by the above theorem, there exists Oge € 0 such that cl(Oyg ) C O} . Since cl(Of,, )40 ,
we get cl(Oy,)Gcl(Oge,).

Conversely, It follows directly from hypothesis.

Definition 11. An FSTS (U,d,E) is said to be FS-symmetric iff for any FS-points
To, Y5 € FSP(U) with xgdcl(yg) implies ygdcl(fvg).

Theorem 5. An FSTS (U, 6, E) is F'S-symmetric if and only if cl(xS,)Ggr for any FSC-
set gg with ¢ qgE.
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Proof. Suppose that gg is an FSC-set on U with z¢Ggg. Clearly cl(yf) C gg for
all y¢€gr and so, 2qcl(yf). Since (U, 4, E) is F'S-symmetric, we have ygqcl(zg,) for all
y¢€gp and so, for all yf€gp there is an FSO-set Oye containing yi such that g gOye.
Put hp = U{Oy¢ : yf€gp and x5GOye }, then hg = Oy, and z£,ghp. Thus z¢€hY, and so,
cl(z¢) C S implies cl(z¢)Ghg. Therefore cl(z)Ggr.

Conversely, it is obvious.

Corollary 1. An FSTS (U, 6, E) is said to be F'S-symmetric if and only if every F'S-point
xt, € FSP (U) is an FSg-closed set.

Remark 2. Clearly, every FST1 space is F'S-symmetric. The next example shows that
the converse may not be true.

Example 2. Let U = {z} , E = {e}, and § = {0g, 1g, z§5}, then one can verify § is
F'S-symmetric but not FSTy. Moreover, § is not FT1 .
2

Proposition 2. An F'STS (U, 6, E) is FST if and only if it is F'S-symmetric and FST).

Proof. Clearly, if (U, 6, E) is F.ST1, then it is F'S-symmetric and F'ST).
Conversely, let (U,d, E) be FS-symmetric and FSTy. Suppose z&qGys. Then either
z,qcl(yy) or yiqcel(xS,). By FS-symmetry, we have z¢gcl(y;) and yygel(z¢,) for any
xS , yi € FSP(U). The result holds.

Theorem 6. Every F'S-GRy space is F'ST,1 .
2

Proof. Let (U,d, E) be FF'S-GRy and z¢,yf € FSP(U) with 25qys. Then (U, 6, E) is
FS-symmetric and so zg, is an F'Sg-closed set. From Theorem 4 there are F'SO-sets Oge
and Oye such that cl(Oge )Gel(Oye). Hence the result holds.

i
Proposition 3. For an F'S-symmetric space (U, 0, E). The next properties are equivalent:
(1) (U6, E) is FSTy,
(2) (U,6, F) is FST% ,
(8) (U,d,E) is FST,.

Proof. 1t is obvious.

Definition 12. An FSTS (U, 4, E) is called FSGs iff it is FS-GRy and FS-symmetric.
Proposition 4. FEvery F'SG3 space is F'STs.

Proof. 1t follows directly from the above Definition, Definition 10, and Corollary 1.

The next example shows that the converse of the above proposition may not be true.
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Example 3. Let U be an infinite set and E = {e}. Forx, y € U , x # vy, let hg be an
FS-set on U given by h(e)(z) =1 if z =x , h(e)(z) =0 if z =y, and h(e)(z) = 0.5
if z # x,2z #y. Now for any z € U. Consider the FST § on U generated by the class
{(hE),, v,y €U, x #y}. Then one can check that § is FSTy but not F'S-GRy and so
not FSGjs.

Theorem 7. An FSTS(U,6,E) is FSGs if and only if it is FST3 .

Proof. Let (U, 0, E) be an F.SGs-space, then it is F'S-GRy and F'S-symmetric. Now,
every F'S-GRy is F'SRs and every FSG3 is FSTs. Thus (U, 9, F) is FSRy and F.STs. So
the result holds.

Conversely, let (U, d, E) be F.STs, then it is F'SRe and FT and so, it is F'ST1 and F'S-

symmetric. Thus (U, 4, E) is FSRy and FST% which implies that (U, 6, E) is FS-GR,.
Since (U, 6, E) is F'S-symmetric. Hence (U, 6, E) is F.SG3.

3. Fuzzy soft g-normal spaces

Definition 13. An FSTS (U,6, E) is said to be FSg-normal (or FS-GR3) if for every
FSg- closed sets fr and hg with fpghg, there are F'SO-sets Oy, and Oy, containing fr
and hg respectively, such that O¢,q Op,.

Remark 3. Clearly, every F'S-GR3 space is FSR3.

Theorem 8. An FSTS (U, 6, E) is FS-GR3 if and only if for any F Sg-closed set fp and
for any F'SO-set Oy, containing fg, there is O}, € & such that cl(O},) C Oy,

Proof. Let (U,0,E) be an F'S-GR3 space, hg be any FSg-closed set, and let Oy,
be any FSO-set containing hp, then OfLE is an F'SC-set. It is known that OhEﬁOfLE
and so, hgqOj, . Since (U,d,FE) is FS-GR3, there are FSO-sets 0j,, and OO;:LE such
that O?LEQOOEE and so, OZE C ngE and cl(O;‘LE) C OCOEE' Since O(;LEEOO?LE we get
O%ZE COp,, and cl(O;‘LE)QOC 5 CO j,,. Hence the result holds.

Conversely, It follows directly from hypothesis.

Theorem 9. An FSTS (U,0,E) is FS-GRs if and only if for any FSg-closed sets fg
and gg with fgqge, there are FF'SO-sets Oy, and Oy, containing fr and hg respectively,
such that cl(Oy,)q cl(Oyy).

Proof. Let (U,6,F) be FS-GR3 and fg,gr be any FSg-closed sets with frGggp,
there exist Ojﬁ;, Oy, € 6 such that O?EQ’OQE = Oidcl(OgE) ( by Lemma 1 ). A gain,
since (U, 6, F) is F'S-GR3, then there are O}, Ocl(OgE) € 4 such that O}qucl(OgE) =
cl(O}E)dOcl(OgE) ( by Lemma 1 ). Now we put Oy, = Ojﬁ; MOj,. Since (U, 4, E) is F'S-
GR3 and O#E € 6, by the above theorem there is Oy, € § such that cl(Oy,) T O?E. Since
O?EQCZ(OQE% we get cl(Oy,)qel(Ogy ).

Conversely, It follows directly from hypothesis.
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Definition 14. An FSTS(U, 6, E) is called FSGy iff it is FS-GR3 and F'S-symmetric.
Theorem 10. Fvery FSGy4 space is FSGj.

Proof. Let (U,6, F) be FSGy, then it is F'S-GR3 and FS-symmetric. Let hg be an
F'Sg-closed set with xf,ghg. Then x¢, is an F'Sg-closed set, because U is F'S-symmetric.
Since (U, 0, E) is F'S-GR3, there are F'SO-sets Ope and Oy, such that Oge GOy, Thus U
is F'S-GRy and so, (U, 4, E) is FSGs.

Corollary 2. FEvery F'S-GRs and FS-symmetric space is FS-GRs .
Proposition 5. An FSTS(U,, F) is FS-GR3 if and only if it is FSRs and FST% .

Proof. By similar way as that of Theorem 2.

Theorem 11. An FSTS(U, 6, E) is FSGy if and only if it is F'STy.

Proof. By similar way as that of Theorem 7.

4. Some properties and relations

Here we shall investigate some preservation theorems and relationships of F.S-GRs and
FS-GR3 spaces.

Definition 15. [31] An F'S-map fup : (U, 9, E)—(V, 0, K) is said to be:
(1) F'Sg-closed if fup(hg) is F'Sg-closed in (V, o0, K) for any FSC-set hg in (U,§,E).
(it) F'Sg-open if fup(hg) is FSg-open in (V,o0, K) for any FSO-set hg in (U, 4, E).

Lemma 2. If fu, : (U,d,E) — (V,0,K) is an FS-open, FSg-continuous bijection map,
then fup is F'Sgc-irresolute.

Proof. Let hp € FSgC(V) and f,'(hg) E gg, where g5 € FSO(U), then hy C
fup(gr). Since fy, is F'S-open, we have f,,(9r) € FSO(V). Since hg is an FSg-closed
set on V, we obtain cl(hg) T fup(ge). Hence fi}(cl(hp) T gp (because fup, is one-
one). Since fy, is FSg-continuous, we have f!(cl(hg) is an F.Sg-closed set in U and so,
Ad(fup (he ) C cl(fy) (cl (hg))) C ge. Hence f}(hg) is an FSg-closed set on V.

Theorem 12. If f,;, : (U,§, E)—(V, 0, K) is an F'S-open, F'Sg-continuous bijection map
and (U,d, E) is FS-GRy, then (V,0,K) is F'S-GRs.

Proof. Let hy € FSgC(V) and ySghg. Since fy, is F'S-open, F'Sg-continuous bijec-
tive, by the above lemma, f,, is F'Sgc-irresolute and so, fu*pl(hE) is F'Sg-closed. Take
fup (x8) = y&, then :cg(]f;pl(hE)). Since U is F'S-GRy, there are F'SO-sets O,c and
Of;,}(hE) such that Oze (jOf;;(hE). ?ince fup 18 F'S-open and bijective, we have y& € fup(Oge ),
hg C fUP(Oprl(hE)) and fup(Ozg)qfup(OfJ;(hE)). The result holds.
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Theorem 13. If f,, : (U,d, E)—(V,0,K) is an FSg-continuous, FSg-closed one-one
map and (V,o0,K) is FS-GRy, then (U, 0, E) is FS-GRs.

Proof. Let hgp € FSgce(U) and z&Ghg. By FS-continuity and F'Sg-closedness we
have fup(hg) € FSgc(V). Indeed, if fi,(hg) C gp and gg is an FSO-set in (V, 0, K),
we have hg T f}(ge), and so cl(hg) T fl(ge). Thus fuy(hg) T fu(cd(hg)) E
fupqupl(gE) C gg. So cl(hg) C gg. Thus fu,(hg) is F'Sg-closed. Since f,,;, is one-one,
we get fup (25) @fup(hr). Since (V,o, K) is F'S-G Ry, there exist F'SO-sets Oy, (,e) and
Ojup(h) such that Oy, (26)GO0 s, h)- S0 We get € iy (O a) + b C fup (Ofiyiin)
and fljpl(Ofup(xg))cjfﬁl(Ofup(hE)). Since fyp is F'S-continuous, we get f,u;}(Ofup(xg)) and
f;pl(Ofup(hE)) are F'SO-sets in (U, d, E'). The result holds.

Theorem 14. If f,, : (U,d, E)—(V,0,K) is F'S-continuous, FSg-closed one-one and
(V,o,K) is FS-GRs3, then (U,d, F) is FS-GRs3.

Proof. Let hg,gp € FSgCS(U) with hgdgr. As in the above theorem f,, (hg) and
fup (gg) € FSgC (V). Since fy, is one-one, we have f,,(hg)qfup(gr). Since (U, 9, E) is
FS-GRg3, there are F'SO-sets Oy, (ny); Of,.(gp) Such that Oy 4,04 Oy, (g5)- SO we get,
hE = fu—pl(Ofup(hE))’ 95 & fu_pl(ofup(gE)) and fu—pl(Ofup(hE))Qf’uz’l(ofup(gE))‘ Since fup Is
F'S-continuous, we get qupl(Ofup(hE)) and qupl(O ) are F'SO-sets in (U, 0, E). The
proof is complete.

fup(gE)

Theorem 15. If f,, : (U,d,E)—(V,0,K) is FS-open, FSg-continuous bijection, and
(U,0,E) is FS-GR3, then (V,0,K) is FS-GR3.

Proof. 1t is analogous to that of the above theorem.
Theorem 16. If f,, : (U, 6, E)—(V, 0, K) is FSgc-irresolute, F'S-open onto and (U, 0, E)
is FS-GR3, then (V,0,K) is FS-GR3.

Proof. 1t is similar to that of Theorem 14.
The next two theorems show that F'S-G Ry and F'S-GR3 are hereditary property.
Theorem 17. Every FS-subspace (VE,5V, E) of FS-GRy is FS-GRy .

Proof. Let (U,6, E) be FS-GRy. Suppose that hy any FSg-closed set in (Vg, dy, E)
with zghg for any F'S-point in (Vi, 6y, E), then there is an FSC-set and so FSg-closed
set fp in (U,6, F) with hg = Ve M fg and xqfg. Since (U,6, F) is F'S-GRy, there are
Ous,, Oy, € 6 such that Oy GOy,. Now take Ofe = Ve Oy € 6y and O3, = Ve Oy, €
dy, then 0;‘3 and O}E are F'SO-sets in (VE,dv,E) containing x¢, and fg respectively,
such that Oy gO%, . The result holds.

Theorem 18. Fvery F'SC-subspace (VE, ov,E) of FS-GR3 is FS-GRs3.

Proof. 1t is similar to that of the above theorem.
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Theorem 19. (U, 6., F) is FS-GRy if and only if (U, T) is g-regular.

Proof. Let (U,0,, E) be F'S-GRs and B any closed set in (U, 7) with « ¢ B, then B is
a g-closed set and there is an F'SC-set fg such that fg = Xp. Clearly fg is an F.Sg-closed
set with 2¢fg. Since (U, ;, E) is F'S-G Ry, there are Oy, Oy, € 0 such that OGOy,,.
Thus there are O,, Op € 7 such that O, = Xo,,0f, = Xo, and O, NOp = (). Therefore
(U, T) is g-regular.
Conversely, let (U, T) be g-regular and hg any closed set in (U, d,, E) with z&Ghg. Then
hg is an F'Sg-closed set and there is a closed set F' in (U, ) such that hp = Yo, and
x ¢ F. Clearly F is g-closed and (U, T) is g-regular, then there are O,,Or € 7 with
O, N Op = 0 and so, there are Oye and Oy, € 0, such that O, = Xo0,, On, = Xop and
Oy GOp,,. Hence (U, 67, E) is F'S-GRs.

Theorem 20. (U, 0., F) is FS-GR3 if and only if (U, T) is g-normal.
Proof. 1t is similar to that of the above theorem.

From the obtained results in section 2, 3. we conclude the next relations.

Corollary 3. For An FSTS (U, T, E), the next implications hold.
1) FSGy < FST, = FST3 < FSG3 < FS-GRy A FS-symmetric = FSR;.
2)FSGs3 = FSTQ% = FST, = FST, = FSTy.

5. Conclusion

The topological structures play an important role in many applications of complex real-
life problems in various field, specially the fields that concerned with handling all cases
that contain uncertainties such as medical diagnosis , economic, and decision making,..etc.
In this work, we introduced and studied the new classes of spaces namely, F'Sg-regular and
F'Sg-normal space via fuzzy soft generalized closed sets. We investigated some characteri-
zations for them. Some related theorems and relations are presented with some necessary
examples. In addition, the hereditary property and some preservation theorems. In the
future work we will try to present some applications for fuzzy soft generalized sets in
different aspects.
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