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Abstract. Using the properties of planar quasiconformal mappings, we obtain the solutions
for the Grotzsch extremal problem on the annulus. We also point out the shortcoming used
in [3] for solving this extremal problem. Moreover, by the hyperbolic area distortion and the
property of domain module, one criterion for the solution of the Grotzsch annulus extremal

problem is given under some conditions.
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1. Introduction

Let ©,Q’ C C be planar domains, a sense-preserving homeomorphism f : Q — €’
is said to be K—quasiconformal mapping in €, if it satisfies: (1) f is ACL in ©; (2)
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f:(2) = u(2)f,(2) a.e.,z € Q, where esssup |u(z)| =k < 1,K = % Suppose that f(2)

2€0N
is a quasiconformal mapping in Q, let D;(z) = % The Grotzsch extremal problem
is to find a quasiconformal mapping f,(z) among all quasiconformal mappings f(2)
in Q, such that

esssup Dy (z) = i?fsupr(z). (D

z€N

It is known by [1] that the solution of the Grétzsch extremal problem from square
to rectangle is an affine mapping, and the Grotzsch extremal problem from annulus
{z|r < |z| < 1} onto {z|R < |z| < 1} was investigated in [2] and [3]. The following

result was proved in [2].

Theorem 1. If f(z) be a quasiconformal homeomorphism in the unit disk onto itself
such that

1.

F(O)=0, lim I

z—0 |Z|%
Then the solution for the Grétzsch annulus extremal problem is f (z) = eiez|z|%_1, where

0 is a real number.

Obviously, the normalized condition f (0) = 0 is unnecessary for solving the Grotzsch
annulus extremal problem. By the method of extremal length, the following result

was proved in [3].

Lemma 1. If f(z) is a K—quasiconformal homeomorphism from {z|r < |z| < 1} to
{zlr% <|z| <1}, then

F(2) = Azlz|x 7Y,

where A is a constant and |A| = 1.

. . 1. .
We point out that Lemma 1 is not true. For example, let g(z) = rke®Tkin®) where

— o0 7. — K=1 . 2K? . .
z=reY, k= kK21 then g(z) is a K—H—quasmonformal homeomorphism from

{z|r < |z| < 1} onto {zlr% < |z| £ 1}. Therefore, Lemma 1 is meaningful only under
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considering the Grotzsch extremal problem on the annulus. On the other hand, [3]
tried to prove the solution of the Gro tzsch extremal problem on the annulus by using
the method of extremal length, the property of the module of ring domain and used

the following equality
1 1

Kmod(Ry) - mod(R, ;) )

o . ' 11
However, above equality is also not true, since we find that Kmod®n) — KZlog

- and
R
1

_ 1
mod(R %) - %ilog%'

In this paper, the solution for the Grotzsch extremal problem on the annulus is
solved by using analytic method and the extremal condition. On the other hand, [3]
also tried to find the solution of the Grétzsch extremal problem for area distortion
problem. We also point out that the proved result is not correct. At last, we obtain
one criterion for the solution of the Grotzsch annulus extremal problem considering

hyperbolic area distortion.

2. Main Results and their Proofs

The notations in this paper are adopted as in [3]. Let A(ry,r,) = {z|r; < |z] <
ry},A(ry,1y;60,,0,) = {2|r; < |2| < 1y, 0, < argz < 0,}. We will prove the following

result.

1
Theorem 2. Let Q be K-quasiconformal mappings from {z|r; < |z| < 1} to {z|r <

|z| <1}, and if f € Q satisfies
ess sgp D¢(z) = ;relcf2 Slzlp D,(2),

then

l . . .
flz)= rKel(9+“), z =re'®, where a is a constant.
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Proof For any Ry,r; <Ry <1, letA={z|r; <|z| <R},B={2|R, < |2| <1}, by

the property of the module of ring domain [4], we have

L 11 t_ 1 d(A d(B
Ko Ogr_1 = E(mo (A) + mod(B))
1 11 1
< mod(f(A))+ mod(f(B)) <mod(A(r{,1)) = Ko log -
1
thus,
1 11 1
mod(f (A)) + mod(f (B)) = mod(A(r{,1)) = 2 log —
1

By Lemma 1.3 in [3], we see that f(A) and f(B) are concentric annulus, we have

|f (R,e®)] =R’,0 < 6 < 2m. By the quasi-invariant property of module, we have

mod(f (A)) > %mod(A),

mod(f(B)) > %mod(B),

that is

~
\Y

~
IA
o

Rl 2o
. -

1 . .
Thus, R’ = R¥. Therefore, we obtain that f(z) = rxel?0) 5 — rel®  Next, we will

prove that ¢(r, ) depends only on 6. By calculation, we have

1. . 1
_ =—=1_i(p+6) .
;= —rk e =+tirp, — )
fz 2 K (K Pr (109)
1., (06 1
= —ri (= +irp, + ¢y).
fo=grE (z Hire.+9q)

1
Obviously, w = AzIzI%_l is a K —q.c. from {z|r; < |z| < 1} onto {z|r < |z| < 1}. If

f(2) is an extremal K — q.c., which satisfies the conditions of Theorem 2, we have

1 .
fio  xTire.—ws  K-1
=1=11 <

. tirg, +ey K+ 1
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thus,

K*p; — (K> + 1y +1+K*r?¢? <0, 2)
If ¢, # 0, by the inequality (2), we have

K*p; —(K*+1)pg+1 < —K*r?*¢? <0,
that is

(K*pg —1(pg —1) <0,

so we obtain that

1
ﬁ<(‘09<1

For any r € (0, 1), we have

27 27

po(r,0)dO < J do =2m.

0

2n = @(r,2n) — ¢(r,0) = J

0
This is impossible. So we have proved that ¢, = 0. Therefore, we may assume that

flz)= riet(®,

At last, we will prove that ¢(8) = 6 + a, where a is a constant. For any 6,,60,,0 <

0, <0, <2m, let
Ay =A(r,1;6,,0,), Ay =A(r,1; 60,6, +2m),
then

FAD = A, 1;4(6,), 9 (6,)),
F(A) = AGrE, 1;4(6,), (6, + 270).

By the quasi-invariant property of module, we have

~mod(A;) < mod(f (A,)),

%mOd(Az) < mod(f(A,)),
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that is

P(6,) —p(6,) < 6, -0y,

Y (6y) —(6,) = 6, — 6y,
therefore,

YP(6,) —(6,) =6, — 6.
For any 6,0 < 6 < 2, since

YO+ -pO) | (O+m-0

1m
h h0 h ’

Y’(0) = lim
then
Y(0) =06 + a, a is a constant,

thus, we obtain that

f(z)= r%ei(e—l-a).
The theorem is proved.

By Theorem 2, the following result can be proved.

Corollary 1. Let Q be K—quasiconformal mappings from {z|r; < |z| < 1} to {z||r} <

|z| <1}, and if f € Q satisfies
ess sgp D¢(z) = ;gg Stzlp D,(2),

then

f(Z) — T‘Kel(6+a), g = relG,
where a is a constant.

On the other hand, [3] also considered the Grotzsch extremal problem on annulus

under some restriction of area distortion, and proved the following result.
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Theorem 3. Let f : A = {z||z| < 1} — A be a K—quasiconformal mapping and f(A) =
A,f(0)=0. Forany A, = {z||z| <r} C A, if

Area(f (A, )) -1

Area(A, )K

then, f(z) = AzIzI%_l for any z € R, = {z|r < |z| < 1}, where A is a constant with

IAl=1.

We will point out that Theorem 3 is not correct. For example, if we again take

Areale(@) — 71-%, but g(z) is not
Area(A,)K

g(z) = rrel®+ksing) o — 1010 it is easy to see that
the required form, thus Theorem 3 is fault.

Next, by considering the relationship between the hyperbolic area of ring domain
and its module, we can obtain one criterion for extremal mapping under the hyper-
bolic area distortion condition.

Suppose that E C A is a measurable subset, let

| | JJ 1 | |2
h z|7,
yp 5 (1 |Z|2)2

be the hyperbolic area of E, and Area(E) be its Euclidean area. We need the following

result made in [5].

Lemma 2. Let R be a ring domain bounded by two mutually disjoint closed curves B,
and B,. For any arbitrary concentric ring R* bounded by concentric circles By and By, if

Area(R) = Area(R"), then mod(R) < mod(R").

Lemma 3. If f(x) is a positive continuous function in [0, 2], then

J f(x) fznf(x)dx

with equality if and only if f(x)=c¢ > 0.
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Proof. If f(x) € C[0,2x] and f(x) > 0, we have

[J Vf(x)- dXJ2 J f(X)dXJ f()

27 27

4% < Jf(x)dx de
B f( )

thus

0
that is,

J f(x) fznf(x)dx
Obviously, with equality if and only if f(x) = ¢ > 0. The proof of Lemma 3 is finished.

Next we will prove the following

Theorem 4. Suppose that S; =A(r,,7,),0<r, <r,<1,and S, C A is a ring domain
bounded by two mutually disjoint closed curves C; and C,, where C; = {z||z| = r;}
and C, = {z|z = f(0)e}, where f(0) is a continuous function in [0,27] and f(0) =

f(2m), are the inner and outer boundaries of S,. If

|Sl |hyp 2 |52|hypa

then

mod(S;) > mod(S,).
With equality if and only if S, = S; = A(ry, 15).

Proof. Since

27 Ty r
= dz|? ———drdf
Sl “ - |z|2)2' | J J -’

2

1—r2 1—r2



X. Zhichun and H. Xinzhong / Eur. J. Pure Appl. Math, 2 (2009), (532-543) 540

1 f(6)
[Salnyp = ” P IZ)Z f f (1_r2)2drd9

5)do,

N J(1 £2(60) 1—r1

by the condition S|, = [S24,,, We have

no 1 S | 6
1-ry 2 0 1—£2(6)

By Lemma 3, we obtain

1 >1F“ 1 d9>1 42
s > = —— 40 2 - —— )
=37 2], 1-f%6) " 721 _r26)do
thus,
1 1 1
>

2m1—r7 " "1 f2(0)d6

by calculation, we get

27
1
Area(S;UA, ) > 3 J f(6)*d6 = Area(S,U A, ),
0

thus
Area(S;) > Area(S,),

owing to Lemma 2, we obtain

mod(S;) > mod(S,).

Next, we will discuss the equality.
If mod(S,) = mod(S,), we conclude that Area(S,) = Area(S,). Otherwise, if

Area(S;) > Area(S,), then there exists an A(ry,1r’) € S; = A(ry,15), 1" < 1y, such

that Area(A(r;, ")) = Area(S,). By Lemma 2, we get

mod(S,;) > mod(A(ry, ")) > mod(S,),
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this is a contradiction with mod(S;) = mod(S,). Therefore, if mod(S;) = mod(S,), by

Lemma 3 and the proof above, we have

|S1 = |52

|hyp |hyp:

f(@)=c=r,.

<:>81 :Sz.

The proof is complete.

We have pointed out that the area distortion used in [3, Theorem 2.1] could not

characterize extremal quasiconformal mapping. We will prove the following

Theorem 5. Let w = f(2) be a quasiconformal mapping from S = {z|R; < |z]| <R,,0 <
R, <R, < 1} onto S/, where S’ C D = {w||lw| < 1} is a ring domain bounded by two
1 .
mutually disjoint closed curves T'y = {w|lw| =R} and T'y = {w|w = f(R,e?),0 < 6 <
2m}. If f (2) satisfies
2 2
F Sy _ Ry —RY)A —R})(1-R})

2 2

2 2
ISlhys (R2 - R2)1 - R)A -R)

and K[f] =K, then f(z) is an extremal quasiconformal mapping from S onto S’, and
f(z)= r%ei(em), 2= reie,
where a is a constant.
Proof. Let S” :A(R%,RZ% ), by calculation, we have

2 2
2 2 X X
RZ_Rl R§ _Rf

Slhy, =T ,
P T (1-R2)(1-RY)

|S//|hyp =7 2 2

2 2
(1-R5)(A—RY)
by the hypothesis that

Sy _ RS —RD( =R —RY)
Sl (R2— R2)(1 - RE)(1 - RY)
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we have

(R —R¥)(1—R2)(1-R?)

|f(5)|hyp = |S|hyp 2 2
(R3 —RD(A—R5)(A—-RY)
2 2
_ R:-R? .(Rg —R(1-R3)(1-R?)
_R2 _ R2 2 2
(1=RIA =R (R2—R2)(1—R§)(1—RY)
2 2
_ . R-R
2 2
(1-R5)(1—RY)
= |S//|hyp'

Using Theorem 4, we get

mod(S”) > mod(f(S)),
and by the quasiconformallity of f (z), we have
mod(f(S)) > %mod(S),
thus, mod(f(S)) = %mod(S ) = mod(S”), again by Theorem 4, we obtain
£(S)= 5" = AR¥,RY).
Therefore, as it is proved in Theorem 2, we have
f(z)= r%ei(em)’z — rei@}
where «a is a constant.
Using Theorem 5, we have the following

Corollary 2. Let w = f(z) be a quasiconformal mapping from S onto S’ = {w|RX <
lw| <R5,0 <R, <R, < 1}, where S C D = {z||z| < 1} is a ring domain bounded by
two mutually disjoint closed curves 'y = {z||z| =R;} and 'y = {z||f (z)| = R }. If f(2)
satisfies

Shy, (R —R2)(1—RZ)(1 - RX)

f Sy,  RF —RF)A-RH(1—R3)’
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and K[f] =K, then f(z) is an extremal quasiconformal mapping from S onto S’, and
f(Z) — rKei(G—Hz)’ g = rei@}

where a is a constant.
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